PRO
MATHEMATI CA

SSSSSSSSSSSS







Director

Alfredo Poirier Schmitz
Departamento de Ciencias, Pontificia Universidad Catdlica del Peru
apoirie@pucp.edu.pe

Consejo Directivo

Johel Beltran Ramirez
Departamento de Ciencias, Pontificia Universidad Catdlica del Peru
johel.beltran@pucp.edu.pe

Rudy Rosas Bazan
Departamento de Ciencias, Pontificia Universidad Catdlica del Peru
rudy.rosas@pucp.pe

Victor Sal y Rosas Celi
Departamento de Ciencias, Pontificia Universidad Cat6lica del Per(
vsalyrosas@pucp.edu.pe

Consejo Editorial

José Manuel Aroca Hernandez-Ros
Universidad de Valladolid
aroca@agt.uva.es

Arturo Kohatsu Higa

Osaka University, Japon
arturokohatsu@gmail.com

César Silva
Williams College — Massachusetts, Estados Unidos
cesar.e.silva@williams.edu

Mauricio Zevallos Herencia
IMECC, Universidade Estadual de Campinas, Brasil
amadeus@ime.unicamp.br


mailto:rudy.rosas@pucp.pe
mailto:vsalyrosas@pucp.edu.pe

Oswaldo Velasquez Castafion
IMCA, Instituto de Matematica y Ciencias Afines
ovelasquez@imca.edu.pe

Abel Cadenillas
University of Alberta, Canada
acadenil@math.ualberta.ca

Fernando Torres Orihuela
UNICAMP, Universidade Estadual de Campinas, Brasil
ftorres@ime.unicamp.br

Richard Gonzales Vilcarromero
Departamento de Ciencias, Pontificia Universidad Cat6lica del Per
rgonzalesv@pucp.edu.pe


mailto:acadenil@math.ualberta.ca
mailto:ftorres@ime.unicamp.br

PRO
MATHEMATICA

La revista PRO MATHEMATICA, fundada en 1987, es una publicacion del
Departamento de Ciencias, Seccién Matematicas, de la Pontificia Universidad
Catdlica del Per0. Esta dedicada a articulos de investigacion en las areas de
Matematicas Puras y Aplicadas, y busca mantener un alto estandar tanto en la
exposicion como en el contenido matematico. Anualmente se edita un
volumen compuesto por dos nimeros. La revista publica trabajos originales de
investigacion o inéditos de divulgacion sobre el desarrollo actual en las areas
de Algebra, Anélisis Matematico, Ciencia de la Computacion, Estadistica y
Probabilidad, Geometria, Investigacion de Operaciones, Topologia,
Matematicas Aplicadas y Educacién Matematica. Todos los articulos son
arbitrados. PRO MATHEMATICA se encuentra indexada en el catalogo
Latindex y en el sistema Redalyc.

Founded in 1987, PRO MATHEMATICA journal belongs to the Sciences
Department, Mathematics Section, of the Pontificia Universidad Catolica del
Perd. It publishes research articles in the Pure and Applied Mathematics areas,
and seeks to maintain a high standard for exposition as well as for
mathematical content. A volume composed by two numbers is published every
year. The journal publishes original papers on mathematical research or review
articles on new developments in the areas of Algebra, Mathematical Analysis,
Computer Science, Statistics and Probability, Geometry, Operations Research,
Topology, Applied Mathematics and Mathematical Education. All papers are
refereed. PRO MATHEMATICA is indexed in the Latindex catalogue and in
the Redalyc system.






PRO
MATHEMATICA

VOLUMEN XXX /N°60/2019 ISSN 2305-2430

Fabricio Valencia
Notes on flat pseudo-Riemannian manifolds

Jorge Guccione, Juan Guccione, Rodrigo Horruitiner,
Christian Valqui

The Jacobian conjecture: approximate roots and
intersection numbers

Evelia Garcia, Arkadiusz Ploski

A simplified proof of the Granja-Merle factorization
theorem

Beatriz Motta, Fernando Torres
On arcs and plane curves






CONTENIDO

Fabricio Valencia
Notes on flat pseudo-Riemannian manifolds 11

Jorge Guccione, Juan Guccione, Rodrigo Horruitiner, Christian Valqui
The Jacobian conjecture: approximate roots and intersection numbers 51

Evelia Garcia, Arkadiusz Ploski
A simplified proof of the Granja-Merle factorization theorem 91

Beatriz Motta, Fernando Torres
On arcs and plane curves 101






Notes on flat pseudo-Riemannian manifolds

Fabricio Valencia'
(Traslated into English by Elizabeth Gasparim?)

August, 2018

Abstract

In these notes we survey basic concepts of affine geometry and their inter-
action with Riemannian geometry. We give a characterization of affine
manifolds which has as counterpart those pseudo-Riemannian mani-
folds whose Levi-Civita connection is flat. We show that no connected
semisimple Lie group admits a left invariant flat affine connection. We
characterize flat pseudo-Riemannian Lie groups. For a flat left-invariant
pseudo-metric on a Lie group, we show the equivalence between the com-
pleteness of the Levi-Civita connection and unimodularity of the group.
We emphasize the case of flat left invariant hyperbolic metrics on the
cotangent bundle of a simply connected flat affine Lie group. We also
discuss Lie groups with bi-invariant pseudo-metrics and the construction
of orthogonal Lie algebras.
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Fabricio Valencia

1 Introduction

A real smooth manifold M of dimension n is called an affine manifold
if it admits a maximal atlas whose change of coordinates are restrictions
of affine transformations of R™. Having an affine structure over M is
equivalent to having a flat and torsion free linear connection V on T'M
(see Theorem 2.5). A pair (M, V), where V is a flat affine connection
(i.e. Vis a flat and torsion free linear connection) on M, is called a flat
affine manifold. When M = G is a Lie group and V is a left invariant
flat affine connection, the pair (G, V) is called a flat affine Lie group.
If g is a pseudo-metric on M (respectively u is a left invariant pseudo-
metric on G) such that the Levi-Civita connection associated to g has
vanishing curvature tensor, the pair (M, g) (respectively (G, p)) is called
a flat pseudo-Riemannian manifold (respectively flat pseudo-Riemannian
Lie group).

These notes are organized as follows. The first two sections are
devoted to the study of flat affine manifolds. Theorem 3.2 is essential
because it gives a characterization of flat affine Lie groups that we will
use throughout these notes. We show that no connected semisimple real
Lie group admits a left invariant flat affine connection (Theorem 3.6).
In Section 3 we introduce some basic concepts of Riemannian geometry
and exhibit examples of flat affine structures compatible with pseudo-
metrics. Section 4 is dedicated to the study of flat pseudo-Riemannian
Lie groups. We give a characterization of such Lie groups and we show
that the left-invariant affine structure defined by the Levi-Civita con-
nection is geodesically complete if and only if the group is unimodular
(Theorem 5.3). We also show that the cotangent bundle of a simply con-
nected flat affine Lie group is endowed with an affine Lie group structure
and a left invariant flat hyperbolic metric (Proposition 6.1). In the Sec-
tion 7 we study orthogonal Lie groups, that is, Lie groups endowed
with bi-invariant metrics. To study properties of orthogonal Lie groups
we introduce the notion of orthogonal Lie algebra, which will be used
in the method of double orthogonal extension. As an application, we
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Notes on flat pseudo-Riemannian manifolds

describe how to construct the oscillator Lie algebra of the oscillator Lie
group which appear in several branches of Physics and Mathematical-
Physics and give rise to particular solutions of the Einstein-Yang-Mills
equations. Finally, we present another characterization of flat Rieman-
nian Lie groups using some consequences of the presence of an orthogonal
structure in a Lie algebra (Theorem 7.9).
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2 Flat affine manifolds

In what follows M will denote a connected paracompact real smooth
manifold of dimension n. We will denote by X(M) the Lie algebra of
smooth vector fields over M and by C°°(M) the associative algebra of
functions on M with values in R.

The objects of study of these notes are flat affine paracompact man-
ifolds. In particular, we study flat affine structures that are compatible
with pseudo-Riemannian metrics. A good understanding of the category
of Lagrangian submanifolds requires a good knowledge of the category
of flat affine manifolds (see [26, Thm 7.8]). Also, flat affine manifolds
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Fabricio Valencia

with holonomy reduced to Gl(n,Z) appear naturally in integrable sys-
tems and Mirror symmetry (see [12]). Further applications of flat affine
manifolds appear in the study of Hessian structures and Information
Geometry (see [23, c.6]).

Let V be a real finite dimensional vector space. The space of affine
transformations of V is the Lie group Aff(V) =V x4 GL(V) deter-
mined by the semi-direct product of the Abelian Lie group (V,+) with
the Lie group GL(V') via the identity representation. Its Lie algebra is
the product vector space aff(V') = V x;4 gl(V') with Lie bracket given by

[(z,1), (y,8)] = (t(y) — s(z), [t, S]gI(V))a

for all z,y € V and t, s € gl(V).

We say that M admits an affine structure if there exists an
maximal atlas {(Ua, pa)}acs of M having change of coordinates that
are restrictions of affine transformations of R™, that is, for each o, 5 € J
with U, NUg # 0, there exists 0,3 € Aff(R™) such that

-1 .
¥6 ° Pa ‘%(UQHUB) - Uo‘ﬂ|wa(UaﬁUﬂ) ’

If G is a discrete Lie subgroup of Aff(R™) that acts freely and prop-
erly discontinuously over R™, then the quotient manifold R"/G admits
an affine structure such that the coordinate changes are restrictions of
elements of G (see [22, p. 349]).

Example 2.1. Let S' = {z € C: |z|] = 1}, U; = S - {(1,0)} and
Us = 8" — {(0,1)}. If 1 : Uy — (0,27) and s : Uy — (-%3%) are
defined respectively by
T T
arg(z) — 5 if arg(z) € (5, 277)
zrarg(z) and 2z ,
T 7r
arg(z) + 35, if arg(z) e (07 5)

then the atlas {(U1, ¢1), (U2, ¢2)} determines an affine structure for S*.

14 Pro Mathematica, XXX, 60 (2019), 11-50, ISSN 2305-2430
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Example 2.2. Hopf manifolds. Let A > 1 be a fixed real number.
Denote by G the group of transformations of R™\{0} defined by

T, : R"™\{0} — R™\ {0}

x> Tp(r) =" o,

for all n € Z. The set G is a discrete subgroup of Aff(R™) that acts
freely and properly discontinuously over R™\{0}. Therefore R"\{0}/G
is an affine manifold called a Hopf manifold which we will denote by
Hopf(\,n). Topologically these manifolds are either the disjoint union
of two Hopf circles R* /G, when n = 1, or diffeomorphic to St x S*
when n > 1.

Recall that a linear connection on a smooth manifold M is an
R-bilinear map V : X(M) x X(M) — X(M) that is C*°(M)-linear on
the first component and satisfies

VxfY =X(f)Y + fVxY,

for all X,Y € X(M) and f € C*(M). The torsion tensor Ty and
curvature tensor Ry associated to a linear connection V are defined
respectively by

Ty (X, Y)=VxY - VyX — [X,Y] (2.1)
and
Ry(X,Y)Z =VxVyZ—-VyVxZ— Vix,y1%, (2.2)

for all X,Y,Z € X(M). When Ty = 0 and Ry = 0 we say that V is
a flat affine connection and the pair (M, V) is called a flat affine
manifold.

Remark 2.3. The pair (M,V) is a flat affine manifold if and only if
there exists an atlas for M such that the Christoffel symbols associated
to V vanish identically on all charts (see [5, p. 108]).

Pro Mathematica, XXX, 60 (2019), 11-50, ISSN 2305-2430 15
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Example 2.4. If (z!,---  2") are the usual coordinates in R", the usual
linear connection V° on R” is defined as

n 9 9
0 = 7 — = J —
VY jE=1 X(f )&Ej’ where Y 3221 f pvE

It is simple to verify that VY is a flat affine connection on R" and that
we have Ffj =0foralli,jk=1,---,n.

From now on, by smooth manifolds we mean real manifolds that
are C* differentiable. The following characterization of affine manifolds
appears in [2].

Theorem 2.5 (Auslander-Markus). A real smooth manifold M has an
affine structure if and only if there exists a flat affine connection on M.

Proof. Suppose that {(Uy,¢a)}tacs is an affine structure for M. For
each a € J, we endow the open set ¢, (U,) C R™ with the usual linear
connection V°. The pullback of VO|%(UQ) by the diffeomorphism ¢,
defines a flat affine connection V., over U,. We choose V over M as the
linear connection subjected to V|U0 =V, for all @ € J. To verify that
V is well defined observe that, for o, 8 € J with U, N Ug # 0, setting

0o = (x',---  2") and pg = (y*, -+ ,y") on U, NUg, we have
. " 9%yt 0gt - oy™ Oy? Oxt
iy, =S 27 IR P iy 2.3
(T%k) 121 DI 9k Byl +z Z 1( mq)B Oz Oz Oyl (2.3)
= m,q=
Given that the Christoffel symbols of V vanish, we obtain (I',,,)s =0
82yl ] . )
on Ug. Moreover we have Do 0, since g o ¢, {%(UQQUﬂ) is the

restriction of an element of Aff(R™), and hence we obtain (1"; wa =0,
showing that V is well defined. Furthermore, using equation (2.3) we can
verify that V is the unique flat affine connection that can be obtained
in this fashion.

Reciprocally, suppose that V is a flat affine connection on M. For
each p € M there exists a neighborhood V), of 0 in T, M and a neigh-
borhood U, of p in M such that the exponential map associated to V,

16 Pro Mathematica, XXX, 60 (2019), 11-50, ISSN 2305-2430
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denoted by exp,: V,, = Up, is a diffeomorphism (see [11, p. 148]). Given

a basis {X1,---, X, } for the tangent space T,,M, we define local charts
on U, by
n
z! exp,, Zanj =a,
j=1

if Z;’:l anj €V, foralli=1,--- ,n. Since V is flat affine, there exists
an atlas over M with respect to which we have Ffj = 0 for every chart.
The computation of geodesic curves « in a chart (U, (y,--- ,y™)) of such
an atlas amounts to solving the system of ordinary differential equations

Py’ (y(1))
2 l

e
t; " @iX.) € TM, is unique. Theref ting 255 g
ion (p7 ijl a J) € , is unique. erefore, setting - - =

=0fori=1,---,n, whose solution, for a fixed initial condi-

on each intersection, these normal coordinates (U, (z',---,z™)) gen-
erate a unique atlas over M for which the changes of coordinates are
restrictions of elements of Aff(R™). O

In general, determining whether a smooth manifold admits a flat
affine structure or not is a difficult question, and there are obstructions
for the existence of said structures.

Example 2.6. We list some manifolds that do not admit flat affine
structures:

e Compact simply connected manifolds (see [7]).
o Compact manifolds with finite fundamental group (see [2]).

e In particular for n > 1 the real n-sphere S™, the real projective
space RP" and the group of rotations O(n)* do not admit flat
affine structures.

Further topological obstructions for the existence of a flat affine
structures are listed in [24].

Pro Mathematica, XXX, 60 (2019), 11-50, ISSN 2305-2430 17
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Remark 2.7. There is no direct relation between the notion of affine
variety as given in algebraic geometry (namely a set cut out by polyno-
mial equations) and the definition of affine manifold in the way that we
present it (when a manifold admits an affine structure). For example,
for n > 1 the n-dimensional real sphere S™ is an affine algebraic variety
but is not a flat affine manifold in the sense of our definition.

3 Flat affine Lie groups

In what follows G denotes a connected real Lie group. For each o € G,
we denote by L, : G — G the map left multiplication by ¢ in G, that
is, the map defined by 7 +— L, (7) = o7. The tangent space T.G of G at
the identity and the Lie algebra of left invariant vector fields X;(G) on G
are isomorphic vector spaces as follows. For each x € T.G, we associate
the left invariant vector field x* defined by

d

+ = (L = —
l‘o’ ( U)*7€(x) dt o

(0 - expg(tr)),

for all o € G. Under this isomorphism we give a structure of Lie algebra
to g = T.G and call it the Lie algebra of G.

A linear connection V on G is called left invariant if L, is an affine
transformation of (G, V) for all ¢ € G. More precisely, we must have

(Lo-1)s (V(£,).x(Lo):Y) = VXY,

for all X,V € X(G) and 0 € G. From this definition it follows imme-
diately that a connection V on G is left invariant if and only if for all
zt yt € X/(G) we have V +yt € X(G).

Lemma 3.1. There exists a bijective correspondence between left invari-
ant linear connections on G and bilinear maps on g.

Proof. 1If V is a left invariant linear connection on G, then the assignment
-1 gxg— g given by (z,y) = z-y = (VeryT)(e) for all z,y € g,

18 Pro Mathematica, XXX, 60 (2019), 11-50, ISSN 2305-2430
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defines a bilinear map on g. Conversely, suppose that - : g x g — g is
a bilinear map on g. Define V on G as the linear connection such that
Vetyt = (z-y)*t verifies

Vieryt = fzy)™  and Vo fy" =2t (fly" +f(z-y)", (31)

for all z,y € g and f € C*°(G). Since the left invariant vector fields
determine an absolute parallelism over G, we have that X;(G) generates
X(G) as a C*°(G)-module. Hence, each smooth vector field over G can
be written as a C°°(G)-linear combination of left invariant vector fields.
Using this fact together with the identities exhibited in (3.1) we can
easily conclude that V is a left invariant linear connection on G. O

When there exists a left invariant flat affine connection V on G,
the pair (G, V) is called a flat affine Lie group. To characterize flat
affine Lie groups and to study their structure is an open problem which
was proposed by J. Milnor in [20]. The following characterization of flat
affine Lie groups was given in [10] and [15].

Theorem 3.2 (Koszul and Medina). Let G be a connected n-dimensional
real Lie group, g its Lie algebra and G its universal covering Lie group.
Then, the following are equivalent.

1. There exists a left invariant flat affine connection on G.

2. There exists a bilinear map - : g X g — g on g such that

[z, yl=2-y-y-2 (3.2)
and

L[Ly] = [LCMLy]g[(g)a (3.3)
for all x,y € g, here L, : g — g is the map defined by y — L, (y) =
T y.

3. There exists a real n-dimensional vector space V and a Lie group
homomorphism p: G- Af(V) such that the left action ofé over
V defined by o - v = p(c)(v) for all (o,v) € G x V, allows a point
having open orbit and discrete isotropy.

Pro Mathematica, XXX, 60 (2019), 11-50, ISSN 2305-2430 19
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Proof. We first show that 1 implies 2. Let V be a left invariant flat affine
connection on G. By Lemma 3.1 we have that L, (y) = z-y = (Va+y7)(e€)
defines a bilinear map on g. Substituting this equality into the formulas
of torsion and curvature (2.1)-(2.2) for V, we obtain identities (3.2) and
(3.3), respectively.

To get 2 implies 3, suppose that there exists a bilinear map - :
g X g — g on g satisfying (3.2) and (3.3), where L, : g — g is the linear
map defined by y — L,(y) = x -y, for all ,y € g. Then the map
0 : g — aff(g), defined by = — (z,L;), is a well defined Lie algebra
homomorphism. This follows from the fact that (3.2) and (3.3) imply
that the map L : g — gl(g), defined by « — L,, is a well defined Lie
algebra homomorphism which satisfies [z,y] = Lg(y) — Ly(z) for all
z,y € g. On the other hand, for 0 € g the map ¥y : g — g given
by x — x4+ L,(0) = z is a linear isomorphism. Thus, by means of
the exponential map of G, we obtain a homomorphism of Lie groups
p: G — Aff(g) given by 0 — (Q(0), F,), where for o = expg(x) we have

Qo) =)

k=1

N“)—n

!(Lx)k_l(x) and F, = Exp(L,) = kz %(Lgﬂ)k.
=0

Since 1) is surjective, the orbit of 0 € g by the left action of G over
g, defined by o -0 = Q(o) + F,(0) = Q(o) for all o € G, is open.
Moreover, by the injectivity of g it follows that the isotropy of 0 € g
by the given action is dicrete. The latter implies that the orbital map
TG = Orb(0), given by o — Q(o), is a local diffeomorphism and
hence a covering map (see [15]).

Finally let us show that 3 implies 1. Let V' be a real vector space
of dimension n and assume that there exists a Lie group homomorphism
p: G — Afi(V), defined by o — (Q(c), F,), which admits a point v € V
with open orbit and discrete isotropy for the action of G on the left over
V induced by p. The latter implies that the map F' : G — GL(V) defined
by ¢ — F,, is a Lie group homomorphism and @ : G — V, given by
o — Q(0), is a smooth map that satisfies

QoT) = Qo) + F+(Q(7)),

20 Pro Mathematica, XXX, 60 (2019), 11-50, ISSN 2305-2430
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for all 0,7 € G. Moreover, the orbital map 7 : G — Orb(v) given
by o — Q(o) + F,(v) is a local diffeomorphism. Differentiating at the
identity of G, we obtain the Lie algebra homomorphism 6 : g — aff(V)
given by x — (q(x), f,) for all € g, where the map f : g — gl(V)
defined by = — f,, is a Lie algebra homomorphism and ¢ : g — V, given

by « — ¢(z), is the linear map

q([z,y]) = fz(a(y)) — fy(q(2)), (3.4)

for all z,y € g. Moreover, the map 1, : g — V defined by = — q¢(x) +
f=(v) is a linear isomorphism. Now, for each © € g we define

Lz=7/)510fx0¢v~

Since f : g — gl(V) is a Lie algebra homomorphism, we have L, ,; =
[Lay Lylgi(g) for all 7,y € g. On the other hand, since ¢ : g — V satisfies
(3.4), we conclude [z,y] = L,(y) — Ly(z) for all ,y € g. Therefore,
using Lemma 3.1, we obtain that the linear connection V defined by

Veryt = (z-y)* = (La(y)",

for all z,y € g, is a left invariant flat affine connection on G. Using the
linear isomorphism %, it can be easily drawn that the Lie algebra ho-
momorphisms in g — aff(V') defined by z — (z, L,) and = — (q(z), fz)
are isomorphic. O

Example 3.3. Dimension 2. Recall that the Lie group of affine transfor-
mations of the real line is given by the product manifold Aff(R) = R* xR,
with product (a,b)-(¢,d) = (ac,ad+b). Its Lie algebra is identified with
the vector space aff(R) = Vectg{e1, ez} with Lie bracket [eq, es] = eo.
Next we introduce is a family of left invariant flat affine connections on
Aff(R) which are not isomorphic. For « real, set

Ve;ref = aef, Vej@_ =ef, Ve;ef' = Ve;e; =0.

0 0 . . .
Here e = 2—— and ej = z— are the left invariant vector fields associ-

Or oy
ated to e; and es, respectively. A description of left invariant flat affine

structures over Aff(R) can be found in [18].
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Example 3.4. Dimension 3. The Heisenberg Lie group of dimension
3 is given by the set of matrices

1 =z
Hs = 0 1 z,y,z€R
0 0

— QW

The Lie algebra of Hj is identified with h3 = Vectr{e1,ez2,e3} with
Lie bracket [e1,es] = e3. The following is a left invariant flat affine
connection on Hs:

e e 82 e 62
0 0 0 0
The vector fields e] = 2’ ey = a—y + x&, and eg =55 denote the

left invariant vector fields associated to e, es and eg, respectively.

Example 3.5. Dimension 4. The product manifold R x, R® has the
structure of a Lie group given by the semidirect product of the Abelian
Lie group (R3,+) with (R, +) via the Lie group homomorphism

p: R — GL(R?)

et 0 0
t— [0 et 0
0 0 1

Next we introduce a family of flat left invariant affine connections on
R, R3:
_ _ _ + ot
V62+ —Ve;r —VSI—O, Vefel =oeq,
+ _ _+ + _ o+ + _
Veres =e5, Voreg =—e3, V ey =0,
for all @ € R. The vector fields

0 0 0
+ _ Lt + —t
5 2 =€ O

ox

el
determine a basis for X;(R x, R?).

22 Pro Mathematica, XXX, 60 (2019), 11-50, ISSN 2305-2430
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Recall that a Lie group G is called semisimple if its Lie algebra
decomposes into a direct sum of simple Lie algebras. An interesting
result, due to C. Chevalley and S. Eilenberg (see [6]) states that a Lie
algebra g is semisimple if and only if we have H(g,6) = 0 for every real
representation 6 of g over a finite dimensional vector space. Accordingly,
we have the following beautiful result of A. Bon-Yau Chu in [4].

Theorem 3.6 (Bon-Yau Chu). Let G be a real semisimple Lie group.
Then G does not admit a left invariant flat affine connection.

Proof. Let G be a semisimple real Lie group of dimension n and g its Lie
algebra. Since g is semisimple, its derived ideal satisfies g = [g, g]. This
implies that every linear representation 6 of g on a finite dimensional
vector space has trace tr(6(z)) = 0 for all x € g. Suppose that there
exists a left invariant flat affine connection V on G. Then, by Theorem
3.2, the map L : g — gl(g) defined by « — L,, where L, : g — g is
the linear map given by y — L,(y) = x -y = (Vz+y7)(¢), is a linear
representation of g on the vector space g. We denote by CP(g, L) and
HP(g, L) the spaces of p-cochains and the p-th cohomology group of g
associated to the linear representation L, respectively. We define ~ €
Cl(g,L) by v(z) = x for all z € g. Then, since V is torsion free and left
invariant, we have

dy(z,y) = Lo(7(y)) — Ly(v(z)) = v([z,9]) =2y —y -2 — [2,y] =0,

for all x,y € g. Therefore, we have dy = 0. Since g is semisimple, we
obtain H'(g, L) = 0. Hence, there exists z € C°%(g,L) = g such that
x = y(x) = dz(x) = Ly(2) for all x € g. Once again, since the torsion
tensor of V is null we reach

x=Ly(2)=x-z=z-2—[z,2] = (L, — ad,)(z),

which implies the relation L, = I +ad,, where I and ad are the identity
map and the adjoint representation of g, respectively. Since L and ad
are linear representations of g, we obtain 0 = tr(L,) = tr(I) + tr(ad,) =
dim(g) = n, which is a contradiction. O
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Example 3.7. The special linear group SL(n,R), the special orthogonal
group SO(n,R) and the symplectic linear group Sp(n,R) do not allow a
structure of flat affine Lie group, given that they are semisimple.

4 Flat pseudo-Riemannian manifolds

Our next objective is to study left invariant flat affine structures over Lie
groups in the case when these structures are compatible with a pseudo-
Riemannian metric. To do so, we introduce the following structures
from Riemannian geometry. Let M be a smooth connected paracompact
manifold of real dimension n. For each p € M, we denote by L2(TpM ,R)
the set of all bilinear maps 3 : T, M x T,,M — R. Recall that the index
v of a symmetric bilinear form £ on a real finite-dimensional vector space
V' is the largest integer that is the dimension of a subspace W C V on
which S|w is negative definite. Equivalently, if 8 is also non-degenerate,
the index v of V is the number of —1 in the diagonal of the matrix
representation of 5 with respect to any orthonormal basis of V.

A pseudo-metric g on M is an assignment p — g, € L?(T,M,R)
such that the following conditions are met:

1. gp(Xp, Yy) = gp(Yp, X,p) for all X,,.Y, € T,M,
2. gp is non-degenerate for all p € M,

3. if (U, (z',--- ,2™)) is a chart of M, the coefficients g;; of the local
representation

n
9p = Z 9ij(p) - dz*], @ da’|p,
ij=1
are smooth functions,
4. the index of g, is the same for all p € M.

In other words, a pseudo-metric is a field of tensors of type (0,2) that
is symmetric, non-degenerate and of constant index. The pair (M, g),
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where ¢ is a pseudo-metric on M, is called a pseudo-Riemannian
manifold.

The common index v of g, in a pseudo-Riemannian manifold (M, g)
is the index of M. When v = 0 we say that (M, g) is a Riemannian
manifold. In such case g, determines an inner product over T,,M for
all p € M. On the other hand, when v = 1 and n > 2 the pair (M, g)
is called a Lorentzian manifold. In the first case, the signature of g
is (0,n) while in the second case (1,m). A bilinear form over a finite
dimensional real vector space that satisfies the first two conditions of
our definition is called a scalar product. An inner product is a scalar
product that is positive definite.

A linear connection V on a pseudo-Riemannian manifold (M, g) is
said to be compatible with the pseudo-metric structure of M if it
satisfies Vg = 0, that is, if

X g(Y,2)=g(VxY,Z2)+g(Y,VxZ), (4.1)

for all X,Y,Z € X(M). The following result is usually called the Fun-
damental theorem of pseudo-Riemannian Geometry.

Theorem 4.1 (Levi-Civita). Given (M,g) a pseudo-Riemannian man-
ifold, there exists a unique linear connection V on M that is compatible
with the pseudo-metric structure of M and has vanishing torsion tensor.
Such a linear connection is characterized by the Koszul formula

29(VxY,Z) =X-g(Y,2)+Y -9(Z,X)-Z -g(X,Y)+
_Q(X7 [Y7Z])+9(Y7 [Z7X])+Q(Zv [X7Y])7
forall XY, Z € X(M).

The linear connection of Theorem 4.1 is called the Levi-Civita
connection. It is important to observe that the Koszul formula implies
that the Christoffel symbols associated to the Levi-Civita connection
satisfy the relation

= 1 (Ogri | Ogjr  0gji
S gl = 5 (i Ok S5 4.2
— JiZ5i =5 (63:3 + ozt Oxk )’ (42)
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for all 7,5,k = 1,--- ;n. When the curvature tensor of the Levi-Civita
connection V associated to a pseudo-Riemannian manifold (M, g) van-
ishes, the pseudo-metric g is called flat, and the pair (M, g) is a flat
pseudo-Riemannian manifold.

The basic model of flat pseudo-Riemannian manifolds is the space
(R?, g¥, V) where R equals R™ with pseudo-metric g§ of index v with
0 < v < n, defined by

90 = —dej ® da’ + Z dr? ® da’.
J=1 Jj=v+1

A simple computation shows that the usual linear connection V°
of R™ is the Levi-Civita connection associated to gj. When v = 0, the
pseudo-Riemannian manifold R reduces to R™. On the other hand,
for v = 1 and n > 2, the manifold R} is known as the n-dimensional
Minkowski space. The Lorentzian manifold (R}, g3) is the basic model
for relativistic space-time.

An isometry between two pseudo-Riemannian manifolds (M, g1)
and (Ms, g2) is a diffeomorphism f : My — M, satisfying f*gs = g1,
that is,

(92) p(p) (Fip(Xp), Fip(Yp)) = (91)p(Xp, Yp),

for all X,,,Y, € T,M; with p € M;.

Remark 4.2. If (M, g) is a pseudo-Riemannian manifold and f: M —
M is an isometry, the uniqueness of the Levi-Civita connection V asso-
ciated to g implies that f is an affine transformation of (M, V). More
precisely, we have

[ (Ve x[Y) = VxY, (4.3)

for all X,Y € X(M) (see [11, p.161]).

If O(n,R) denotes the linear orthogonal group, the group of isome-
tries of (R, go) is the Lie group OAff(R™) = R™ x74O(n,R) determined
by the semi-direct product of the Abelian Lie group (R™, +) and the or-
thogonal group O(n,R) via the identity representation. An important
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consequence of Theorem 2.5 to the case of Riemannian manifolds, which
can be proven in a similar way, is the following result (see for instance

[20]).

Proposition 4.3. A real smooth manifold M of dimension n admits a
flat Riemannian metric if and only if there exists an atlas {(Uy, 0a)}tact
of M for which the changes of coordinates are restrictions of the elements
of the group of isometries of (R™, go); that is, for each o, € J with
UoNUg # 0, there exists 0,5 € OA[f(R™) such that

1 _
PB O Pa ‘@a(UQQU@) = Uaﬂ|%(UamU,3)-
O

For the next examples, we denote by G; the discrete subgroup of
OAff(R?) which acts freely and properly discontinuously over R?, for
j = 1,2,3,4. Recall that in such a case the quotient manifold RQ/GJ-
admits an affine structure whose changes of coordinates are restrictions of
elements of G; (see [22, p. 349]). There exists four types of flat complete
2-dimensional Riemannian manifolds other than (R2, g) they are given
in the following example. See for instance [11, p.209-224] for further
details.

Example 4.4. Ordinary cylinder. Let GG be the set of transformations
of R? defined by

Cn(z,y) = (x+n,y), foral neZ.

The quotient manifold R?/G; determined by the action of Gy over R?
is diffeomorphic to the ordinary cylinder S* x R.

Example 4.5. Ordinary torus. Consider the set G5 of transformations
of R? given by

T (x,y) = (z+ma+n,y +mb),

for all n,m € Z and a,b € R, b # 0. The quotient manifold R?/Go
determined by the action of G5 over R? is diffeomorphic to the ordinary
torus.
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Example 4.6. Infinite Mobius band. We denote by G3 the set of trans-
formations of R? defined by

Mn(xvy) = (‘r +n, (_1)ny)’

for all n € Z. The quotient manifold R?/G3 determined by the action of
G5 over R? is diffeomorphic to the infinite Mébius band.

Example 4.7. Klein bottle. Let G4 be the set of transformations of R?
given by
Kg,m(xﬂ y) = (1‘ +n, (_1)ny + bm)7

for all n,m € Z and b € R\{0}. The quotient manifold R?/Gy deter-
mined by the action of G4 over R? is diffeomorphic to the Klein bottle.

The existence of partitions of unity for M helps us guaranty the
existence of Riemannian metrics on M. Nevertheless, partitions of unity
do not allow us to prove the existence of pseudo-metrics on M with index
at least 1. In fact, there are topological obstructions to the existence of
such pseudo-metrics. For example, a compact manifold M admits a
Lorentzian metric if and only if its Euler characteristic x(M) is equal
to zero. This because in such cases we can guaranty the existence of a
nowhere vanishing vector field on M (see [14] or [25, p.207]). The only
compact two dimensional surfaces satisfying this condition are the torus
and the Klein bottle.

5 Flat pseudo-Riemannian Lie groups

Let G be a real connected Lie group of dimension n and g its Lie algebra.
The goal of this section is to discuss the open problem proposed by J.
Milnor in [20] of describing left invariant flat affine structures in the case
when G admits left invariant flat pseudo-metrics.

A pseudo-metric p on G is called left invariant if L}y = p for all
o € G. In other words, u is left invariant if L, is an isometry of (G, u)
for all o € G. The pair (G, ), where p is a left invariant pseudo-metric
on G, is called a pseudo-Riemannian Lie group.
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There is a faithful correspondence between left invariant pseudo-
metrics on G and scalar products on g, depicted as follows. If p is a
left invariant pseudo-metric on G, then p. : g x g — R defines a scalar
product on g. On the other hand, given a scalar product pg: gx g — R
for g, as a consequence of the chain rule, we can define a left invariant
pseudo-metric g on G by the formula

,UU(XU’ YU) = MO((Lcrfl)*,U(XU)’ (L071)*,0(Y0)), (51)

for all X,,Y, € T,G with o € G. If (G, 1) is a pseudo-Riemannian Lie
group, identity (4.3) implies that the Levi-Civita connection V associ-
ated to p is a left invariant linear connection. On the other hand, since
w is a left invariant pseudo-metric we get

Ma($;7y;_) = o (Lo )s,e(®), (Lo )we(y) = pe(z, ),

for all x,y € g. This implies that the map u(z",y") : G — R defined by
o+ pe(x},yl), is constant for all z*,y* € X;(G). Therefore, putting
z-y=Ly(y) = (VeryT)(e) for z,y € g, we have

[,y =2 -y—y-z and (5.2)

pe(La(y), 2) + pe(y, La(2)) = 0, (5:3)

for z,y,z € g. The bilinear map - : g X g — g defined by -y = L, (y) =
(Va+yT)(€) is called the Levi-Civita product. The Koszul formula
implies that the Levi-Civita product is characterized by the expression

pe(La(y), 2) = %(ue([x,yL z) = pe(ly, 2], x) + pe([z,2],9)),  (5.4)

where z,y,z € g.
A pseudo-Riemannian Lie group (G, u) is called flat if the curvature
tensor of the Levi-Civita connection associated to p is identically zero.
Let (V, ug) be a real finite-dimensional vector space with a scalar
product po. The group of orthogonal transformations of (V, o),
denoted by O(V, o), is defined as the set of transformations T : V — V
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which satisfy po(T(z),T(y)) = po(z,y) for all z,y € V. It is a Lie
group whose Lie algebra is the set o(V, po) of endomorphisms ¢ : V. — V
verifying the identity po(t(z),y) + po(z,t(y)) = 0 for all z,y € V. The
group of isometries of (V, 1), denoted by OAff(V), is defined as the
semi-direct product V' x4 O(V, ug) of the Abelian Lie group (V,+) and
O(V, o) via the identity representation.

Remark 5.1. If (G,p) is a flat pseudo-Riemannian Lie group and V
is the Levi-Civita connection associated to p, the map L: g — o(g, ttc)
defined by « — L,, where L,: g — g is the linear map defined by
L. (y) = (Varyt)(e) for all z,y € g, is a well defined Lie algebra homo-
morphism.

We can now have a first characterization of flat pseudo-Riemannian
Lie groups as given by A. Aubert and A. Medina in [1].

Proposition 5.2 (Aubert-Medina). Let G be a real connected Lie group
of dimension n, g its Lie algebra, and G its universal covering Lie group.
Then, the following are equivalent.

1. There exists a left invariant flat pseudo-metric on G.

2. There exist a scalar product po : g X g — R and a bilinear map
-1 g xg— g overg such that (5.2) and (5.3) are satisfied together
with L[»L,y] = [Lm,Ly]g[(g)} forallz,y € g.

3. There exist a real n-dimensional vector space (V, uo) together with
a scalar product po and a Lie group homomorphism p : G —
OAff(V, o) such that the left action ofé over'V defined by o-v =
p(o)(v) for all (o,v) € G x V admits a point with open orbit and
discrete isotropy.

Proof. We first prove that 1 implies 2. If (G, u) is a flat pseudo - Rie-
mannian Lie group and V is the Levi-Civita connection associated to
1, from our previous observations we know that u. and the Levi-Civita
product associated to V satisfy the required identities.
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To see 2 implies 3 recall the proof of Theorem 3.2. By hypothesis,
the map 6: g — gx;q40(g, po) defined by x — (z, L) for all z € g is a well
defined Lie algebra homomorphism. Therefore, using the exponential
map of GG, we obtain a homomorphism of Lie groups p: G — OAff(g, o)
for which 0 € g is a point with open orbit and discrete isotropy for the
left action of G over g defined by o - z = p(c)(z) for all (o,2) € G x g.

Finally 3 implies 1. Let p: G — OAff(V, 1) be a homomorphism of
Lie groups, defined by o — (Q(0), F,,) for all o € é, where (V, po) is a
real vector space of dimension n together with a scalar product g such
that the orbital map 7: G — Orb(v) defined by ¢ — Q(o) + F,(v) is
a local diffeomorphism for some v € V. Differentiating on the identity
of G, we obtain a Lie algebra homomorphism 6: g — g x;q 0o(V, o)
given by z — (q(z), f.), where the linear map ,: g — V defined by
x +— q(z)+ fz(v) is an isomorphism. Now, define on g the scalar product
1to and the bilinear map - respectively by

/76(1:7 y) = MO('(/)v (x)’ wv(y))

and
szi/Jv_lowal/)W ny'y:Lw(y)’

for all x,y € g. If p denotes the left invariant pseudo-metric on G induced
by po through Formula (5.1), it is easy to check that - is the Levi-Civita
product associated to the Levi-Civita connection determined by p, given
that we have f, € o(V, o) for all x € g. Therefore, as in the proof of
Theorem 3.2 we conclude that p is a left invariant flat pseudo-metric on

G. O

The following result allows us to determine when the Levi-Civita
connection associated to a left invariant flat pseudo-metric is geodesically
complete. Recall that a linear connection V over a smooth manifold M
is geodesically complete if for any initial condition (p, X,,) € TM its
geodesics are defined for all t € R. If (G,V) is a flat affine Lie group,
J. Helmstetter showed in [8] that V is geodesically complete if and only
if tr(R,) =0 for all = € g, here R, : g — g is the linear map defined by
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R.(y) = (Vy+at)(e) for all z,y € g. On the other hand, a Lie group
G is called unimodular if its left invariant Haar measure is also right
invariant. J. Milnor showed in [19] that a Lie group G is unimodular
if and only if det(Ad,) = £1 for all 0 € G. If G is connected, this is
equivalent to requiring tr(ad,) = 0 for all = € g (compare [19]). For the
next result see [1].

Theorem 5.3 (Aubert-Medina). Let (G, p) be a connected flat pseudo-
Riemannian Lie group. Then the Levi-Civita connection associated to p
is geodesically complete if and only if G is unimodular.

Proof. Let V be the Levi-Civita connection associated to the left invari-
ant flat pseudo-metric u. We denote by L,(y) =z -y = (V,+y")(€) the
Levi-Civita product on g associated to V. If u. is the scalar product on
g induced by p, we have

pre(Lz(y), 2) + pe(y, Lz(2)) = 0,

for all z,y,z € g. This implies that L, is antisymmetric with respect
to . Therefore, if L’ : g — g denotes the adjoint operator of L, with
respect to p., we have L} = —L, for all x € g. On the other hand,
if g* denotes the dual space associated to g and ‘L, : g* — g* is the
transposed of the linear map L,, the linear isomorphism ¢: g — g*
defined by ¢(x) = p(z,-) where p(x)(y) = pe(z,y) for all z,y € g, fits
into the following commutative diagram for all z € g

QH

©

B Sl )

*

*

©
g /=9

L;
th

thus, we have L = ¢! o L, o ¢ and so
—tr(L,) = tr(LE) = tr(p ' of Ly 0¢) = tr(*L,) = tr(L,),

for all € g. This implies tr(L,) = 0 for x € g.
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Now suppose that V is geodesically complete. Since this is a left
invariant flat affine connection, we have tr(R,) = 0, where R,: g — g is
the linear map defined by R,(y) = y -« for all z,y € g. On the other
hand, identity (5.2) implies ad, = L, — R,, and therefore we get

tr(ad;) = tr(L, — R,) = tr(Ly) — tr(R;) =0,

for all x € g, which shows that G is a unimodular Lie group.
Reciprocally, if G is a unimodular Lie group, we have tr(ad,) = 0
for all z € g. As we have ad, = L, — R, and tr(L,) = 0, we obtain
tr(R;) = 0 for all z € g. From the fact that V is a left invariant flat affine
connection and tr(R;) = 0, we get that it is geodesically complete. [

Example 5.4. The group of affine transformations of the line Aff(R)
has a natural left invariant flat Lorentzian metric given by u = —Z(daz ®
x

dy+ dy ® dx). The Levi-Civita connection associated to p is determined
by the rules

+_ + ot +_ + _
Verel = —e], V61+62 =e;, Ve;el —Ve;eQ =0.

Since Aff(R) is not unimodular, we have that V is not geodesically com-

plete. The natural left invariant Riemannian metric on Aff(R) given by

1

fi = —(dr ® dz + dy ® dy) is also not flat. The Levi-Civita connection
T

associated to i is determined by
Verel =Vres =0, Vel =—e3, V,ieg =ef.

It is easy to verify that the curvature tensor of V is not identically zero.
As a consequence of Theorem 7.9 (of next section) it is possible to show
that there does not exist left invariant flat Riemannian metrics on Aff(R).

Example 5.5. Over the Heisenberg group Hj3, we can define a left
invariant flat Lorentzian metric by

p=dr®dz+dy®@dy+dz®de — z(dx ® dy + dy @ dz).
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The Levi-Civita connection associated to p is determined by
_ _ + _ + _ + + _
Ver = Ve; =0, Vel =—e3, Vey =ef, Vey =0.

Since Hj is unimodular, we have that V is geodesically complete. If
Hy,, 11 denotes the Heisenberg group of dimension 2n+1 for n € N, then
Hsy, 41 is a flat pseudo-Riemannian Lie group if and only if n = 1 (see

[1])-

6 The classical pseudo-Riemannian cotan-
gent Lie groups of connected flat affine
Lie groups

A simple construction that allows us to obtain flat pseudo-Riemannian
Lie groups starting out with connected flat affine Lie groups is the fol-
lowing (see [1]).

Let (G,V) be a connected affine flat Lie group of dimension n, g
its Lie algebra, and G its universal covering Lie group. Since V is a
left invariant flat affine connection, the map L: g — gl(g) defined by
x > Ly, where L;(y) = x -y = (Vyryt)(e) for all z,y € g, is a Lie
algebra homomorphism. The dual representation associated to L is the
Lie algebra homomorphism L*: g — gl(g*), defined by z + L% = —'L,,
where L (a) = —ao L, for all a € g*. Using the exponential map of G,
we obtain a Lie group homomorphism ®: G — GL(g*) via expg(z) —

oo

Bexpg(e) = 3 1 (L), namely
k=0
bo(o)= 5| @) =L,

for all x € Lie(é) = g. Therefore, the product manifold T*G = G x g*is
endowed with the structure of a Lie group given by the semidirect prod-
uct of G with the Abelian Lie group (g*,+) through ®; more precisely
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we have

(0,a) - (7,8) = (o7, 2(0)(B) + ),
for all 0,7 € G and «, B € g*. The Lie group TG = G xg g* is called
the classical pseudo-Riemannian cotangent Lie group associated
to the flat affine connected Lie group (G, V).

Here the term ‘classical’ stands in contrast to the more general con-
struction of twisted cotangent Lie groups as used by A. Aubert and
A. Medina (see [1]). The Lie group T*G is then characterized by the
following result.

Proposition 6.1 (Aubert-Medina). The Lie algebra of T*G = G xo g*
is the product vector space g X 1, g* with Lie bracket

[(z, ), (y,8)] = ([z, y], L(B) — Ly(a)), (6.1)
forall x,y € g and o, 5 € g*. Moreover,
w((z,a),(y,a)) = aly) + B(z), (6.2)

for all x,y € g and a,B € g*, is a scalar product over g xp g* with
signature (n,n) which, by formula (5.1), defines a left invariant flat
pseudo-metric T*G whose Levi-Civita connection is determined by

v(x,a)*(%a)-i_ = (w : y,L;(ﬁ))+7
forallz,y € g and o, 8 € g*.

Proof. As the Lie group structure of T*G is given by a semidirect prod-
uct, it is simple to check that its Lie algebra is the vector space g x, g*
with Lie bracket given by (6.1). On the other hand, as the Levi-Civita
connection is unique, the proof of the last statement is an immediate
consequence of Proposition 5.2. O

A more general construction appears in the study of the twisted
pseudo-Riemannian cotangent Lie group of a connected flat affine Lie
group (see [1, Proposition 2.1]).
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Remark 6.2. If G is simply connected flat affine Lie group, then TG
is a trivial vector bundle isomorphic to the cotangent bundle 7*G of G.
It is well known that there is a natural way to associate a structure of
Lie group to T*G given that it is isomorphic to the trivial bundle G x g*
through the vector bundle isomorphism

TG — G xg*
(07 ao‘) — (Ua Qg O (LU)*7€)'

If Ad*: G — GL(g*) denotes the co-adjoint representation of G, then
the product manifold G x g* has a Lie group structure given by the
semi-direct product of G with the Abelian Lie group g* through Ad*;
consequently we have

(0,0) - (7,8) = (07,Ad;(8) + a), (6.3)

for all o,7 € G and «, 8 € g*. Therefore, T*G has the structure of a
Lie group induced by (6.3). If ad*: g — gl(g*) denotes the co-adjoint
representation of g, the Lie algebra of T*G is the product vector space
g Xgg+ g with Lie bracket

(=, ), (9, 8)] = ([, ylg, ad(8) — ad,(a)), (6.4)

forall z,y € g and o, 8 € g*. As G is a simply connected Lie group, then
it is elementary to verify that T*G is locally isomorphic to the cotangent
bundle T*G as Lie groups if and only if the maps L*: g — gl(g*) and
ad”: g — gl(g*) are isomorphic representations, that is, there exists a
linear isomorphism ¢ : g* — g* such that ad} o4 = ¢ o L% for all
x € g. In this case, the linear map [ : g X ¢* — g Xaq+ g defined by
(z,a) — (z,v¥(w)) is a Lie algebra isomorphism.

7 Orthogonal Lie groups

In this section we will study some elementary properties of those Lie
groups which have bi-invariant pseudo-metrics. These will be called
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orthogonal Lie groups (see the definition a few lines down). To study
the main characteristic of orthogonal Lie groups we introduce the notion
of orthogonal Lie algebra which we will be used in the method of
double orthogonal extension described by A. Medina and Ph. Revoy
(see [17]).

We describe how to construct the oscillator Lie algebra of the oscil-
lator Lie group which appears in various branches of Physics and Math-
ematical Physics and give rise to particular solutions of the Einstein-
Yang-Mills equations (see [13]). Finally, we will provide another char-
acterization of flat Riemannian Lie groups due to J. Milnor (compare
[19]).

For each o € G, we denote by R,: G — G the right multiplications
by o in G, which is defined by R,(7) = 7o for all 7 € G.

A pseudo-metric ¢ on G is right invariant if RXuy = p for all
o € G. In other words, u is right invariant if R, is an isometry of (G, u)
for all 0 € G. A pseudo-metric p on G is called bi-invariant if it is left
invariant and right invariant. The pair (G, ), where p is a bi-invariant
pseudo-metric over G, is called an orthogonal Lie group.

If i is a left invariant pseudo-metric on G, it is easy to show that u
is right invariant if and only if

He (Ada (Z‘), Ad, (y)) = He (J?, y) (71)

holds for all o € G and z,y € g. This implies in the context that y is right
invariant if and only if the adjoint representation of g is antisymmetric
with respect to .. The latter implies ad, € o(g, p) for all z € g, namely

ue([x,y], Z) + /Le(ya [Iv Z]) =0, (72)

for all z,y,z € g.

A scalar product over g which satisfies identity (7.2) is called an in-
variant scalar product. A pair (g, 110), where g is a finite dimensional
real Lie algebra and pg is an invariant scalar product over g is named
an orthogonal Lie algebra.
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If po is an invariant scalar product over g, the left invariant pseudo-
metric defined by the formula (5.1) is also right invariant. On the other
hand, if (G, u) is an orthogonal Lie group, the Koszul formula reduced
at the identity (5.4) and expression (7.2) imply that the Levi-Civita
connection V associated to u is determined by

1
vm+y+ = i[xay]+7 (73)

for z,y € g. Moreover, as a consequence of the Jacobi identity in g, it
follows that the curvature tensor of V is given by the expression

Ro(at,yt)st = —i[[x,y],z]t (7.4)

with z,y, z € g.

Remark 7.1. A left invariant linear connection on G is called a Cartan
0-connection if for all x € g, the 1-parameter subgroups of G and the
geodesic curves of V determined by the initial condition (e,z) € G x g
coincide. It is easy to see that every Cartan 0-connection is geodesically
complete. Moreover, there exists a unique Cartan 0-connection on G
with vanishing torsion, as it is completely determined by Equation (7.3)
(see [21, p. 72]).

As an immediate consequence of Identity (7.4) we have the following
result (see for instance [1]).

Proposition 7.2 (Aubert-Medina). Let (G,p) be an orthogonal Lie
group. The bi-invariant pseudo-metric p is flat if and only if G is a
2-nilpotent Lie group. (I

Example 7.3. Semisimple Lie groups. Let G be a semisimple Lie group.
It is well known that G is a semisimple if and only if the Killing form
of g, which we denote by k: g X g — R, defined by (z,y) — k(z,y) =
tr(ad, o ady) for x,y € g, is non-degenerate. Direct computation shows

k([z, 4], 2) = —k(y, [z, 2]),

for z,y, z € g. Therefore (g, k) is an orthogonal Lie algebra.
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Example 7.4. The cotangent bundle of a Lie group. Let G be a real
connected n-dimensional Lie group, g its Lie algebra, 7" G the cotangent
bundle of G, and g* the dual vector space of g. Recall that T*G is
isomorphic to the trivial bundle G x g* and this is endowed with a
natural Lie group structure given by

(0’ a) : (T, 6) = (UT’ Ad:(ﬁ) + a)? (75)

for all 0,7 € G and «, 8 € g*. Therefore, the Lie algebra of T*G is the
product vector space g Xqq+ g* with Lie bracket

[(z, ), (y,8)] = ([z,y]g, ad(8) — ad(a)), (7.6)

for all x,y € g and a, 8 € g*.
We define over g X 44+ g* the function

NO(($7a>7(y76)) :a(y) +ﬂ($), (77)

forall z,y € gand o, 8 € g*. It is easy to see that pg defines an invariant
scalar product over g X .4« g*, of signature (n,n), so that (g X4+ g%, to)
is an orthogonal Lie algebra.

Example 7.5. Oscillator Lie group. For A = (A1, ,\,) € R™ with
0< A\ <+ <\, the Moscillator Lie group, denoted by G, is deter-
mined by the product manifold R?**2 = R x R x C" endowed with the
product

(t, 8,21, y2n)  (t', 8,21, ,20) =

n
1 . . _
/ / — 1 i\t ! _iAt ! _idnpt
=|t+t,s+s —|—§§ Im(Zjz5e"™%), 21 + 21€7, - 2 + 2€"
=1

where ¢,t',s,5" € Ry 2;,2; € C for all j =1,---,n. The Lie algebra of
G, denoted by gy, is isomorphic to the vector space Re x R?” x Ré =
Vectg{e, ¢;,€;,é}j=1,... n , with Lie bracket

le,ej] = Nj€s, e, €5] = —Njej,  [ej, €5] = ¢,
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forall j=1,---n.

If £ = e+ ijej + Zyjéj + (Bé denotes an element of gy, the
j=1 j=1
function pg defined over gy x g by

n

1
po(z,y) = r(l‘jx;‘ +y;y;) +af +a'B
J

j=1

is an invariant scalar product over gy. This allow us to conclude that
G, is an orthogonal Lie group. The signature of the scalar product pg is
(1,2n+1) so that it determines, by means of Formula (5.1), a bi-invariant
Lorentzian metric over G.

Remark 7.6. The A-oscillators Lie groups are the only solvable simply
connected non-Abelian Lie groups that admit a bi-invariant Lorentzian
metric (see [16]). The oscillator 4-dimensional Lie group has its origin
in the study of the harmonic oscillator which is one of the simplest non-
relativistic systems where the Schrodinger equation can be completely
solved. Moreover, oscillator Lie groups are particular solutions to the
Einstein-Yang-Mills equations (see [13]). Over oscillator Lie groups there
exist infinitely many solutions to the Yang-Baxter equations (see [3]).

Example 7.7. A non-orthogonal Lie group: Aff(R). The Lie group
of affine transformations of the line Aff(R) is a classical example of a
non-orthogonal Lie Group. If there were an invariant scalar product pug
over aff(R), we will get

/j,o([.lf,y],Z) + Mo(y’ [a:,z]) =0,

for all z,y,z € g. If we replace here z = €1, y = es and z = e, we
obtain ug(er,ez) = 0. On the other hand, if we replace z = ey, y = es
and z = ey we get pg(es, ea) = 0. Therefore, the element e, is orthogonal
with respect to g to all elements of aff(R), which contradicts the fact
that po is non-degenerate. The bottom line is that there does not exist
an invariant scalar product over aff(RR).
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If G is a compact Lie group, using the Haar measure on G we can
construct a bi-invariant Riemannian metric over G (see [21, p. 340]). In
further generality, a connected Lie group G admits a bi-invariant metric
if and only if it is isomorphic to the Cartesian product of a compact
group and an additive vector group (see [19]). On the other hand, if
(g, o) is an orthogonal Lie algebra with an invariant inner product pg
and b is an ideal of g for each y in the orthogonal complement h-#o of
b with respect to po, we have

po([x, ], h) = —po(y, [z, h]) =0,

for z € g and h € h. This implies that h+o is also an ideal of g. There-
fore, by induction, have shown that g can be expressed as an orthogonal
direct sum of simple ideals (see [19]).

Remark 7.8. K. Iwasawa showed in [9] that if G is a connected Lie
group, then every compact subgroup is contained in a maximal compact
subgroup H, which is also connected. Moreover, topologically G is iso-
morphic to the Cartesian product of H with an Euclidean space R¥. For
(G, 1) a flat Riemannian Lie group, if we ignore for a moment the group
structure of G and think of it just as a Riemannian manifold, we have
that G is isometric to Euclidean space. Therefore, as a consequence of
Iwasawa’s theorem, every compact subgroup of (G, u) is commutative
(see [19]).

The following characterization of flat Riemannian Lie groups is due
to J. Milnor (see [19]).

Theorem 7.9 (Milnor). Let (G,u) be a Riemannian Lie group. The
metric u is flat if and only if the Lie algebra g decomposes as an or-
thogonal direct sum b ® u, where b is an Abelian subalgebra and u is
an Abelian ideal such that the linear maps ady are antisymmetric with
respect to pe for allb € b.

Proof. Suppose that (G,u) is a flat Riemannian Lie group. If V is
the Levi-Civita connection associated to u, then by Proposition 5.2, we
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know that the linear map L: g — o(g, pe) defined by « — L,, where
L.(y) =z -y= (Vgryh)(¢) for all z,y € g, is a well defined Lie algebra
homomorphism. We denote by u the kernel of L. Clearly u is an ideal of
g. Since the torsion tensor of V vanishes, we have [z,y] = L,(y) — Ly (z)
for all z,y € g. In particular, for u,v € u we have [u,v] = 0 and it
follows that u is an Abelian ideal. Let b be the orthogonal complement
of u with respect to p.. For each b € b we have the identity

adp(u) = [byu] = Lp(u) — Ly (b) = Ly(u),

for u € u. Given that u is an ideal of g, the linear map L; takes u onto
itself. Therefore, L; takes the orthogonal complement b to itself, and
since this is true for all b € b, we conclude that b is a Lie subalgebra
of g. On the other hand, since L is a Lie algebra homomorphism and
u = Ker(L), we have that b is sent isomorphically to a Lie subalgebra
L(b) of o(g, te). For simplicity, we denote L(b) also by b. Given that
o(g, pte) is the Lie algebra of the compact Lie group O(g, tc), which
admits a bi-invariant Riemannian metric, we deduce the existence of an
invariant inner product ug over o(g,ue). Since b is a Lie subalgebra
of o(g, 1), it is easy to verify that pg restricts naturally to an invariant
inner product over b. Therefore, b can be written as an orthogonal direct
sum by @ --- @ by of simple ideals. If any of these simple ideal, say b,
were non Abelian, then the corresponding simple Lie group G; must be
compact (see [19, Thm 2.2]) and the inclusion b; C b C g would imply
the existence of a nontrivial Lie group homomorphism G; — G. Hence,
G must contain a non-trivial compact subgroup, which is a contradiction.
Therefore, each b; must be Abelian and accordingly b is an Abelian Lie
subalgebra. Finally, since for each b € b the restriction of ad, to b is
the trivial map, whereas we have ad, = L; when restricting ad; to u, we
obtain ad, € o(g, i) for all b € b.

Reciprocally, suppose that the Lie algebra g decomposes as an or-
thogonal direct sum b @ u, where b is an Abelian subalgebra and u is
an Abelian ideal such that ady, € o(g, pe) for all b € b. As p, is non-
degenerate, the Koszul formula reduced to the identity (5.4) and both
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formulas (5.2) and (5.2) imply that the Levi-Civita product associated
to u. satisfies the identities

Lu = O, Lb = adb,

for all u € wand b € b. It is easy to verify that this implies L, ., =
(L, Lylgi(g) for all z,y € g. Therefore, by Proposition 5.2 we have that
1 is a left-invariant flat Riemannian metric. O

Example 7.10. Aff(R) does not admit a left-invariant flat Riemannian
metric. Recall that the Lie Algebra of Aff(R) is aff(R) = Vectg{e1,ea}
with Lie bracket [e;,e2] = ea. Suppose that Aff(R) admits a left-
invariant flat Riemannian metric p. Let V be the Levi-Civita connection
associated to p and L, (y) = (Vz+y7)(€) the Levi-Civita product deter-
mined by V. By Theorem 7.9 aff(R) decomposes as an orthogonal direct
sum b @ u where u = Ker(L) is an Abelian ideal of aff(R) and b is an
Abelian subalgebra of aff(R) such that ad, € o(aff(R), uc) for all b € b.
Given these conditions, it is clear that we have u = Res and b = Re;y.
Therefore, from ade, € o(aff(R), ue) we get pe(er, ea) = 0, and since

ez = [e1,ea] = L, (€2) — Ley(e1) = Le, (€2),

the condition L., € o(aff(R), u.) implies p.(e2,e2) = 0. Consequently,
€2 is orthogonal to every element of aff(R) with respect to p, which
contradicts the fact that u. is non-degenerate.

8 The double orthogonal extension

In what follows we describe a construction method known by the name
of double orthogonal extension which is due to A. Medina and Ph.
Revoy (compare [17]). This method provides, among other things, a way
to construct all finite-dimensional orthogonal Lie algebras. As an appli-
cation of the double orthogonal extension we indicate how to construct
the Lie algebra of the A-oscillator Lie group.
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Given an orthogonal Lie algebra (g, 1), the space of skew - sym-
metric derivations of g with respect to ug, denoted by Der,(g, ), is
defined as the set of derivations D: g — g that verify uo(D(x),y) =
—puo(z, D(y)) for all x,y € g. It is easy to check that Der,(g,u) is a
Lie subalgebra of Der(g). Suppose that there exists a Lie algebra ho-
momorphism : § — Der,(g, 1) for some Lie algebra §. Define the map
O:gxg—bh* by ®(z,y)(2) = po(¢.(x),y) for ,y € g and z € h. Such
a map is clearly bilinear. Moreover, since ¥, € Der,(g, 1) for all z € b,
we have that ® is skew-symmetric and satisfies

O([z,y], w) + ®([ly, w], ) + O([w, 2], y) = 0, (8.1)

for all z,y,w € g.
The properties of ® together with identity (8.1) tell us that ® defines
a 2-cocycle of the Lie algebra g with values in the vector space h* with
respect to the trivial representation of g by h* (see [6]). Therefore, the
product vector space gp = g Xgh* is a Lie algebra with Lie bracket given
by
(), (9 B)le = ([, tla» Bz, 1)),

for all z,y € g and o, 8 € h*. In what follows we denote by 7*: h —
gl(h*) the co-adjoint representation of h. For each z € b, we define the
map 0,: g xeh* = gxabh* by (z,a) — (¢Y,(x), 7 (a)) for all x € g and
a € h*. Since ¢¥: h — Dery(g, 1) is a Lie algebra homomorphism, it is
easy to verify they satisfy

T ( (2, y)) = D(Y=(x),y) + (z, ¥:(y)), (82)
for all z,y € g and z € . Formula (8.2) aids us to show that O, is a
derivation of the Lie algebra (g x b*, [, ]c) for each z € h, namely, we

get

0.([(z, ), (¢, B)le) = [O=(x, ), (y, B)le + (2, 2), O=(y, B)le,

for all z,y € g and «, 8 € h*. Therefore, the map ©: h — Der(g X
h*, [, ]c), defined by z — ©,, is a well behaved Lie algebra homomor-
phism. The vector space g: = h Xg (g X h*) has the structure of a Lie
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algebra given by the semidirect product of h with g &4 h* through the
Lie algebra homomorphism ©; in other words, the Lie bracket on g is
given explicitely by

(2,2, 0), (2,9, )] = ([2, 2Ny, = (y) — Yo (%) + [, g,

m2(B8) = 7o (a) + (z,y)),  (8.3)
for all z,y € g, 2,2’ € h and o, B € b*. Finally, over g x g we define the
function g as

po((z,2,0), (2,y, 8)) = po(@,y) + () + B(2), (8.4)

for all z,y € g, 2,2’ € h and o, 8 € h*. Since pg is an invariant scalar
product over g, a direct calculation shows that jg is an invariant scalar
product on g so that (g, ;o) is an orthogonal Lie algebra called the dou-
ble orthogonal extension of (g, 110) by b via .

Remark 8.1. If the signature of the invariant scalar product pg is (p, q),
then the signature of g is (p 4+ dim(h), ¢ + dim(h)).

Example 8.2. The cotangent bundle of a Lie group. If in the method
of double orthogonal extension we set g = {0}, it is easy to see that we
get g = b X+ b* with Lie bracket given by (7.6) and ug((z, @), (v, 3)) =
a(y) + B(x) for all x,y € h and «, B € h*. Therefore, the orthogonal
Lie algebra obtained is the Lie algebra of the cotangent bundle of the
connected and simply connected Lie group H with Lie algebra b.

Example 8.3. The Lie algebra of the A-oscillator Lie group. Let g =
R?" be considered as an Abelian Lie algebra and ug = (-,-) the usual
inner product on R?". Clearly (R?", 1) is an orthogonal Lie algebra.
We define the linear map §: R?® — R?" by

n+1 2n

! 27’1)'_)(_:6 X a‘rla"'7xn)

x=(z, - ,x

which satisfies

po(0(z),y) = — ij+nyj + ijyj-i-n = —po(z,6(y)),
j=1 j=1
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for all z, y € R?". If h = Re is a unidimensional Lie algebra, then the map
¥ Re — Derg (R?", ug) defined by te + v(te) = t6, is a well defined Lie
algebra homomorphism. Direct calculation shows that RZ" = (R?" x ¢
Re*, [+, -]C)Ais/isomorphic to the Heisenberg Lie algebra of dimension 2n+1
and that R2" = Re xg (R?" x g Re*) is the Lie algebra with bracket

le;ejl =d(e;) =€j,  [e, €] =0(€;) = —ej,  ej,€5] =¢",

for all j = 1,---,n. The invariant product g defined by R2" g given
by

fio(ve + o+ ae”,y'e+y + Be’) = po(z,y) + ' + B,

for all z,y € R?" and «,f,v,7Y € R. The orthogonal Lie algebra
(R27, o) is isomorphic to the A-oscillator Lie algebra with A; = 1 for all
j=1,--,n.

A slight modification of this construction allows us to obtain the Lie
algebra gy for A = (A, -+, An) € R™ with arbitrary 0 < A\ < -+ < \,.

Remark 8.4. A. Medina and Ph. Revoy proved in [17] that one can
inductively produce all orthogonal Lie algebras starting out with simple
and unidimensional ones by taking direct sums and double extensions.
More precisely, let g be an indecomposable orthogonal Lie algebra, that
is, an orthogonal Lie algebra that cannot be written as the direct sum
of two non-trivial orthogonal Lie algebras. Then either g is simple, or
g is unidimensional, or else g is a double extension of an orthogonal
Lie algebra g by a unidimensional or a simple Lie algebra h. As an
application, it is possible to show that any indecomposable non-simple
Lie algebra of a Lorentzian Lie group with dimension greater than 1 is
the double orthogonal extension of an Abelian Lie algebra with inner
product by a unidimensional Lie algebra. This provides a classification
of Lorentzian orthogonal Lie algebras up to isomorphism (see [16]).
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Resumen

En estas notas estudiamos algunos conceptos bésicos de geometria afin y
su relacién con la geometria Riemanniana. Proporcionamos una carac-
terizacion para variedades afines que posee una contraparte vélida para
variedades pseudo-Riemannianas cuya conexién de Levi-Civita es plana.
Se prueba que ningtin grupo de Lie semisimple conexo puede admitir
una conexion afin plana invariante a izquierda. Caracterizamos grupos
de Lie pseudo-Riemannianos planos y se demuestra que la unimodular-
idad del grupo de Lie es condicién necesaria y suficiente para que la
conexiéon de Levi-Civita asociada a una pseudo-métrica plana invariante
a izquierda sobre este resulte geodésicamente completa. Adicionalmente,
se describe la forma de cémo obtener métricas hiperbdlicas planas in-
variantes a izquierda sobre el fibrado cotangente de un grupo de Lie afin
plano simplemente conexo. Por ultimo, se exponen algunas propiedades
de grupos de Lie dotados de pseudo-métricas bi-invariantes, ademas ex-
hibimos la construcciéon de dlgebras de Lie ortogonales mediante el uso
del método de doble extensién ortogonal.

Palabras clave: Estructura afin plana, pseudo-métrica plana, grupo de Lie
pseudo-Riemanniano plano, grupo de Lie ortogonal, dlgebra de Lie ortogonal.
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J. Guccione, J. Guccione, R. Horruitiner, C. Valqui

1 Introduction

The Jacobian Conjecture in dimension two stated by Keller in [10] claims
that any pair of polynomials P, Q € L = K|z, y|, with [P, Q] = 0,P0,Q—
0:Q0y P € K*, defines an invertible automorphism of L. If this conjec-
ture is false, then we can find a counterexample such that the shape of
the support of the components P = f(z), @ = f(y) is contained in rect-
angles (0,0), m(a,0), m(a,b), m(0,b) and (0,0), n(a,0), n(a,b), n(0,b),
where m(a, b) is in the support of P and n(a, b) is in the support of Q. In
a recent paper [14], Yangsong Xu gives two formulas for the intersection
number of possible counterexamples, which we call Iy; and I,,. If these
formulas were true, we would be able to discard several infinite families
of possible counterexamples as described in [7].

When we translated the result and proofs of [14] into the language
of [12], we obtained the same formula for Ip; (Theorem 6.2), but for I,
we achieved only an inequality (Theorem 7.3). Consequently, we cannot
discard the infinite families as desired.

Hence, the main result of the present article is the translation of
the concept of approximate roots into our language (see [12], also [5]
and [7]), which requires a dictionary from Moh’s language into our own.
This is interesting by itself, and the modified formulas help understand
some features of Moh’s methods.

Along this paper we freely use the notation of [12].

2 General lower side corners

For I € IN let (P,Q) € L be an (m,n)-pair (see [12, Definition 4.3]).
In this section we take (p, o) €](0,—1),(1,1)] subject to

1 1
Eenp’g(P) = en, »(Q) = (a/l,b) with a/l >b>0

(assuming that such a direction exists). Note that p > 0 is true by
assumption. Suppose u, = v, ,(P) > 0. Then the points (a/l,b) and
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1
(¢/l,d) = —st, ,(P) must satisfy certain conditions. The purpose of
m

this section is to analyse them.

Proposition 2.1. For P, Q and (p,0) as described above we have
[p.0(P)£p0(Q)] = 0.

Proof. By [12, Proposition 1.13] we need to prove v, , (P)+v, +(Q) > p+
o. If p+0 <0, then this is true, since we have v, ,(Q) = Evp,c,(P) > 0;
m

while for p 4+ o > 0, because of % >b>1and p > 0, we have

00 (P) +Ups (Q) = (m+n) (pT +b) > (m+m)b(p+0) > p+0,
as desired. O

Proposition 2.2. Under the above assumptions, if p+ o > 0, then p
divides | and there exist A\, u € K* such that £, ,(P) = \x"»/P(z — p)™?,
here z = x=/Py.

Proof. By [12, Theorem 2.6], there exists a (p, o)-homogeneous element
F € LW such that

® v, ,(F)=p+o,

o [Fil,s(P)]=1{,,(P),

o st,o(P) ~st,.(F) orst, (F)=(1,1),
e en, ,(P) ~en,,(F)oren,,(F)=(1,1).

If en, - (P) = m(a/l,b) ~ en, ,(F), then we can find A > 0 such that
en, ,(F') = A(a/l,b). Therefore

pto=uv,,(F)= p/\% + Aob > Ab(p+ o)

implies 0 < Ab < 1, which is impossible since A\b = vy 1(en, - (F)) € Z.
Consequently we have en, ,(F) = (1,1), and hence st, ,(F) = (1 +
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o/p,0) by [12, Proposition 2.11(2)]. Thus p divides [ and we have
sty o (P) ~ sty (F), which readily implies vg 1 (st - (P)) = 0. Write

F=x7y"f(2) and £,,(P)=xTy%p(z), with p(0),f(0) # 0.

Note that here v = d = 0, pc/l = up, vo,1(en, ,(P)) = mb and f(z) =
A (z — p) for some Ay, € K*. By [12, Proposition 2.11(1)] we have
then ¢, ,(P) = \z"»/?(z — )™ for some A\ € K*, which concludes the
proof. O

By [12, Proposition 2.1(2)] (which applies thanks to Proposition 2.1)
there exist Ap, Ao € K and a (p, 0)-homogeneous element R € LW such
that

lo(P)=ApR™ and  £,,(Q)=AoR".

Take A € K* and let Ry € L) be a (p, o)-homogeneous element such
that £, ,(P) = AR} with h maximal (consequently m divides h and we
can assume R = Rg/m and Ap = A). Arguing as in [5, Corollary 2.6]
we obtain a certain i > 0 and a (p,o)-homogeneous element G € L()
subject to [G, R] = R’

Let (a/l,b),(c/l,d) € %Z x Z be such that a/l > b > d > 0 and
a > c>0. Assume also b—d < a/l — ¢/l (we do not claim the existence
of P and @ at this point). It is well known that for each (r/l,s) €
%Z x Z\ Z(1,1) there exists a unique (g,5) € Vo (see (3.2) at page
29 of [12]), which we denote by dir(r/l,s), such that v, (r/l,s) = 0.
Set (p,0) = —dir((a/l,b) — (¢/l,d)) and note the inequality (0,—1) <
(p,0) < (1,—1). We will analyse the existence of ¢ € IN and (p, 0)-ho-
mogeneous elements R, G € L), such that

v,5(R) >0, [G,R]=R' (a/l,b)=en,,(R) and (c/l,d) = st,,(R).

(2.1)
Let £ € IN be minimal with ¢v, ,(R) + p+ o > 0. By [5, Proposi-
tion 3.12], if there exist i € N and R, G € LU satisfying (2.1), and such
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that

R+# \xr hi(z) for all A € K*, j € N and all linear polynomials h,
(2.2)
where z = z~ 7y, then either there exist 9,¢ € IN subject to

¥ < Ny, t' <)  and (p,0) = —dir(t’(%,d) +9(1, 1)),
(2.3)
where Ny = ged(a — ¢,b — d), or

d>0, ¢ divides Np, t' <9 and (p,0) = —dir(t’(%d) (L, 1)),
(2.4)
where Ny = ged(e, d). By [5, Remark 3.13] we have then
9 pa/l+ob

v p+o
Therefore defining

B pa + obl
o= ged(pl + ol pa + obl) |’

we can take (and we do take it) ¥ = s in (2.3) and (2.4).

We suspect that the existence of ¥ and t’ satisfying the conditions
in (2.3) or in (2.4) is enough for the existence of i € IN and two (p,0)-
homogeneous elements R,G € L) such that the conditions in (2.1)
and (2.2) are fullfiled (with (¢/I,d) = st,»(R)), but at the moment we
have no proof of this claim.

Remark 2.3. Since Ny < b, if s = b, then necessarily b < Nj. So, by [5,
Proposition 3.12(2)], there exists a linear factor with multiplicity b. As
this contradicts (2.2), we have consequently s < b.

Remark 2.4. By [5, Theorem 3.4], in (2.1) we can assume that i is the
minimal element subject to

Voo(R)(1—1)+p+0 >0,

or, equivalently, ¢ = [1 - vpﬁ([;z)]

Pro Mathematica, XXX, 60 (2019), 51-89, ISSN 2305-2430 55



J. Guccione, J. Guccione, R. Horruitiner, C. Valqui

For the case b = 2, we can establish necessary and sufficient con-
ditions on a, ! for the existence of ¢ € IN, d € {0,1} and two (p,0)-
homogeneous elements R, G € LU satisfying the conditions of (2.1)
as soon as we impose that R satisfies (2.2). This additional require-
ment corresponds to the existence of split roots (see Definition 3.5).
Before we establish the result we note that (0,—1) < (p,0) < (1,-1)
and (p,0) = —dir(ajc,b - d) ~ (Ib —ld,c — a) imply ¢ < a and
b—d<afl—c/l.

Proposition 2.5. Let a,l € N be such that a/l > 2. Set b = 2. Let
(p,0) €](0,-1),(1,—1)[ be a direction, and define the number

_ pa + obl
~ ged(pl + ol, pa + obl)’

Then the following assertions are equivalent.

(1) There existc € N, d € {0,1} and two (p,0)-homogeneous elements
R,G € LW satisfying conditions (2.1) and (2.2).

(2) There exist ¢ € N and two (p,o)-homogeneous elements R,G €
LW satisfying conditions (2.1) and (2.2) with d = 1.

(3) We have 9 =1, v, ,(a/l,2) > 0 and there exist c € N such that

(p,0) = —dir(a;c,l) - —dir(t’(%,l) + (1,1)), (2.5)

for some 0 < t' < £, here £ € W is minimal with the property
lu, o (a/l,2) +p+0 > 0.

(4) There exists A € N with | < A < a/2 such that a — 2A | A — 1.
Moreover, (p,o) ~ (I, —A).

Proof. We first prove that 1) implies 2). Suppose d = 0 and write

R=Xzi(z—a1)(z —ay) withz=ax7y.

56 Pro Mathematica, XXX, 60 (2019), 51-89, ISSN 2305-2430



The Jacobian Conjecture: Approzimate roots and intersection numbers

Note that by (2.2) we have a1 # «as. Also pu/l = 20 + pa/l implies
u = (2lo + pa)/p. Moreover, since b — d = 2, we have

(2l,cfa)'(%f%,bfd> =2a—c¢)—(c—a)(b—d) =0,

and consequently (p,0) ~ (2[,c—a). Also, since d = 0, necessarily (2.3)
is satisfied. We claim that 2 divides a — c. In fact, this follows from

0=(2l,c—a)- (t’(%,O) +9(1, 1)) = 2ct’ + (¢ — a)?,

for otherwise 2 divides ¥ < Ny = ged(a —¢,2) = 1. Set A = (a —«¢)/2
and consider the automorphism ¢ of L) defined by ap(gcl/l) = z'/! and
o(y) =y + arx=?/1. Using (p,0) ~ (I, —A) it is easy to conclude

©(R) = Az 2(2 — (ag — a1)).

By [12, Proposition 3.10], we have [¢(G), ¢(R)] = ¢(R)*. An easy com-
putation gives en, ,(¢(R)) = (a/l,b) and st, (¢(R)) = ((a — A)/l,1).
So, replacing R by ¢(R) yields d = 1.

That 2) implies 1) is a trivial fact.

Now we prove that 2) implies 3). Since d = 1, we get N; = Ny = 1.
Hence we have ¥ = 1, and Equality (2.5) is satisfied for some 0 < ' < £.
Moreover, it is clear that

Vpo (%, 2) =v,,(R)>0

is verified and we also have

(p,0) = —dir(en, ,(R) —en, ,(R)) = — dir(?, 1).

For 3) implies 4), since

a

(l,c—a)- (7—%1) =0,
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we have (p,0) ~ (I,—A), with A = a — ¢. Thus, by (2.5), we obtain

N T e N
0=(l,—A) (t( : ,1)+(1,1))_ta WA+1—A,
which implies a — 2A|l — A, as desired. But (p,0) ~ (I,—A) and
Vpo(a/l,2) > 0 yield

a

a—2A = (I,—~A)- (%2) - %(p,a) : (7,2) >0,

l
and so A < a/2. Finally, the relation [ — A = ;(p+a) < 0 forces A > [.

To show that 4) implies 2) we set ¢ = a — A, z = /!y and (p,0) =
—dir((a/l,2) — (¢/1,1)). Since 0 < I < A, the inequalities (0,—1) <
(p,o0) < (1,—1) hold. Let k; € IN be such that k1(a — 2A) = A —1
and let g(z) be a polynomial with derivative ¢’(z) = 2% (1 + 2)F1. A
straightforward computation shows that

l
2A — ag(z),

a—2A

R=z2"7 z(14+2)=2Ty(l+2) and G

satisfy (%,2) =en, ,(R), (%, 1) =styo(R), Upo(R)>0and[G,R] =

RF1+1 as desired. O

3 Approximate m-roots

Recall that the intersection number of two bivariate polynomials P
and Q is defined by I(P, Q) = deg, (Res, (P, Q)), where Res, (P, Q) de-
notes the resultant of P and @ as polynomials in y. In [14], the author
defines for a Jacobian pair (P, Q) the polynomial Pr = P(z,y)—¢&, where
£ is a generic element of the field K, and proposes two different formulas
for I(P¢, @): one in terms of the major roots (see [14, Theorem 5.1}),
and the other in terms of the minor roots (as in [14, Theorem 4.7]). We
will prove the first formula using our language (see Theorem 6.2), how-
ever, instead of equality in the formula for I,,, we recover an inequality
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in Theorem 7.3. In order to achieve these results, it will be convenient to
provide a proof of the preparatory results of [14] in the language of [12].
We first define approximate roots, final major roots and final minor
roots using our language.
In this section we consider a polynomial P € L, monic in y. For
l € IN we take the following algebras:

L=Klz,y ¢ K[z*T,y] € K((z7YY)[y] € K[x]((z~")yl,

where 7 is a variable (a “symbol” in [14]). We also will use the subring
LY = K[r][z*/ y] of K[x]((z~'/"))[y]. Note that deg, = vy ¢ is well
defined in K[r]((z=/")[y].

Unless otherwise indicated, the elements P of the above mentioned
algebras are polynomials in y with coefficients in one of the algebras
Klz], K[z%1,y], K[x]((z='/Y)),.... Consequently, expressions like P(7),
P(a),..., will mean P with y replaced by 7, by «, and so on.

By the Newton-Puiseux theorem (see [4, Corollary 13.15, page 295])
there exist I € N and ay, 8; € K((z~'/")) such that

P =

—

Il
-

(y — o).

i
We set R(P) = {a; : 4 =1,...,M}. Let « € R(P) and write a =
Zj ajxj with j € fZ' The m-approximation of a up to 27° is the
element

T= Z ajxj = K[w,xi%].
J>jo

Note the equality deg, (T — a) = jo.
Let 7=3", . ajz’d + wxdo € Klm, #%71]. Set

DFP = {a € R(P) : 7 is the m-approximation of a up to z7°}.

Ifae Df, we say that 7 approximates a up to x7°.
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Note that the element o; = 3= b;a/ € R(P) belongs to DY if and
only if deg, (&;) < jo, where &; = a; — > a;x’, that is, if and only
if we have a; = b; for all j > jo.

We say that 7= 3., a;z/ +mal° € K|m,2%1] is a m-root of P
if there exists o € R(P) such that 7 approximates o up to z7°. In that

J>Jjo

case we say that jo is the order of 7. When we want to underline the
dependence of jy on 7 we will write d, = jp.

Notation 3.1. Let 7 = > . ajz! + w20 be a m-root of P. In what

follows denote by ¢, the automorphism of L() determined by ¢, (z'/!) =
2V and ¢, (y) =y + 2o ajxd.

Remark 3.2. Let a € R(P). Assume that 7 approximates « up to jg
and 7; approximates « up to ji. If jo > j1, then we have Dfl C DP.
1
In the sequel, for each j € 7Z, we let dir(j) denote the unique
direction (p, o) such that p > 0and j = 7 Moreover, given a polynomial
=2 i a;xt + a0, we set z = x /Py, where (p, o) = dir(jo).

The following proposition shows that our definition of 7w-root coin-
cides with that given in [11, Definition 1.3] with 2! replaced by t.

Proposition 3.3. Let 7 =3, . ajz? +mzdo and fp.(m) € K[r| be the
polynomial determined by the equality

P(1) = fp.(m)2z™ + terms with lower order in , (3.1)

1
where A\, = deg,(P(7)) € jZ. Set ¢ = ¢, and (p,o0) = dir(jo). Then

D7 | = deg(fr.r) = vo.(enp,q (¢(P))) (3.2)

we have

and
loo(p(P)) = 2 fpr(2). (3:3)

Consequently T is a w-root of P if and only if we have deg(fp,) > 0.
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Proof. Let ev i : LS!) — LﬁP be the evaluation of y at wz7°. For ex-
ample we have, ev, o, (y) = 7270 = 127/ and ev, i, (z'/*) = /!, Note
the relation P(7) = ev,.i (p(P)). Since ev, ., is (p, c)-homogeneous,
we get

0 (0¥ npio (9(P))) = %o (pr (9(P)).

On the other hand, since p divides I, we get
lyo(p(P)) =a"'g(2) for some r € Z and g(z) € K|[z]. (3.4)
Using ev, i (2) = 7 we obtain
Cpo(Vrio (p(P))) = "/ g(m).
Therefore we have
P(7) = eV,pio (p(P)) = 2"/'g(7) + terms with lower order in z,

because v, ,(27) = jp < pr/l = v,,(z"/") if and only if j < r/l. So
we have fp,(7) = g(n), Ar = r/l, and Equality (3.4) becomes Equal-
ity (3.3). Since deg,(£,,(¢(P))) = deg,({y(¢(P))), we also have
deg(fp,+) = vo,1(en, »(p(P))). Consequently, in order to conclude the
proof, it suffices to prove |DF| = vg1(en,,(p(P))). In the chain of
equalities

o

Il
-

M
vo,1(enp0 (p(P))) = D voa(enp.q (p(y — ) =

=1 [

vo,1(eny o0 (y — @))),

where &; = a; — 32, 5 ajz?, when we replace

0,1) if deg,(&;) <a/p=jo,

enp,o(y —&;)) = {(degm(@i)ﬁ) if deg,(&;) > o/p = jo,

we finish up with

M
> voa(en, o (y — 6:))) = #{a; € R(P) : deg, (&) < jo} = |DY,
i=1

as desired. O
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Remark 3.4. Note that if [DP| > 0, then |Df*| = |[DF| -1 > 0. In
fact, we get p(Py) = (¢(P))y, and it is straightforward to check that if
p >0 and vy 1(en, o(P)) > 0, then vy 1(en, »(Py)) = vo,1(en, o (P)) — 1.
The assertion then follows from (3.2).

Definition 3.5. We say that a m-root 7 of P is a final m-root of P
if fp(m) has no multiple roots and deg.(fp(m)) > 1, here fp,(m) is
defined by Equality (3.1).

Remark 3.6. Let 7 be a final 7-root of P. Since the support of fp .
has more than one point, from Equality (3.3) we conclude (p,o) €

Dir(¢- (P)).

Proposition 3.7. Let 7=},

A € K. Consider the automorphism p1: LY — LY given by @1 (z!/!) =

o and o1 (y) = y + > i ajzd + Ao, Assume that p1(P) is not a

monomial and set (p',0") = Predy, (p)(p,0) (see [12, Definition 3.4]),
/

ajzd 4+ a0 be a mw-root of P and let

1
where (p, o) = dir(jo). If p' > 0, then set j; = U—,, else take any j1 € 7%
0

with j1 < jo. In both cases set (p1,01) = dir(j1). If 71— X has multiplicity
r>0in fp,(7), then

T = Z CLjfE] + Ax?0 4 ot
J>Jjo

is a mw-root of P and we get |DE | = r (remember that j; < jo). Moreover,
we have

(plaal) E[Predgal(P)(pa 0)7 (p70)[ (35)

Proof. Write 1 = @oyp, where ¢ is as in Proposition 3.3, ¢(y) = y+Az’°,
and @(z) = z. By Equality (3.3), the fact that @ is (p, o)-homogeneous
together with @(z) = z + A lead us to

lpo(p1(P)) = Gy, (9(P))) = @(a™ fp.r(2))
=2V @(fpr(2) = 272701 (2),
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for some g1(z) € K[z] with ¢g1(0) # 0. By construction we have then
(p1,01) €[Predy, (py(p, o), (p,0)[, and so, by Proposition 3.3, we get

r = vg,1(stp0(01(P))) = vo1(eny, o, (¢1(P))) = |DL ],
as desired. O

Corollary 3.8. Let 7 = Zj>j0 ajxj + mad° be a mw-root of P and let
A e K. If 1 — X does not divide fp.(m), then there exists no root
a € R(P) such that deg, (v — (AzJo + PIFIN a;jz?)) < jo.

Proof. Let fp.(m) = Hf 1(m = X;)™. By Proposition 3.7, for each ¢
there exist 7 (¢) and m; roots in D (@) C DP for which Coeff ;o = A;.
Since we have

k
IDE| = deg(fp.r () Zmz > IDh
=1

and the sets Di(i) are pairwise d_isjoint, we obtain DF = Ule Dfl(i).
Consequently, the coefficient of 270 in each element of DI is a root of
fp+. Since X is not a root of fp -, this finishes the proof. O

Remark 3.9. The proof of the corollary shows that if the multiplicity
of m— Xin fp.(m) is r, then any m-root 7 of P which begins with

Jo J satisfies | DE
Ao+ 37 aja? satisfies [ D[ <.

) 1
Remark 3.10. Let a = Z.ajxf e K((z='), jo € YZ’ (p,o) =

dir(jo) and 7= 33, ajz? + 72’0, Define T =3, ajz’. Since

Pla) = evy=r(p-(P)),

we have £, ,(P(a)) = £, 5(evy_xzio (@-(P))) whenever the right hand
side of the equality is nonzero.

Proposition 3.11. Let o = Ej>j0 ajxj—l—)\xjo—i-zjqo ajz’d and set T =
> isio ajxd +mzdo. If fp,(A) # 0, then AP = deg, (P(7)) = deg, (P(a)).
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Proof. By Remark 3.10, Equality (3.3) and the fact that ev,_,,jo is
(p, o)-homogeneous we get

Cpo(P()) = Cp o (9,300 (9(P))) = ¥, _sgio (G0 (9(P))) = 2 fp ().
Thus, we achieve
deg, (P(a) = deg, ({p,0(P(a))) = A7 = deg, (P(r)),

as needed. O

4 Approximate roots for Jacobian pairs

For the rest of the section (Py, Qg) will be a Jacobian pair in L satisfying
the conditions required in [12, Corollary 5.21]. This in particular means
that (Pp, Qo) is a minimal pair and a standard (m,n)-pair for some
coprime integers m,n > 1. By [12, Proposition 4.6(3)], there exist a < b
in N such that eny o(Py) = m(a,b) and en; o(Qo) = n(a,b). So, by [12,
Corollary 5.21(4)], we know that ¢1 1(Py) = Ax®"y*™ and ¢11(Qo) =

NzamyP hold for some A, \' € K*. Replacing Py by XPO and Qo by

1
— Qo, we can further assume A = \' = 1. Let ¢ be the automorphism

of L characterized by ¢(y) = y and ¢(z) =  +y. Set P = ¢(F) and
Q = ¥(Qo) (see Figure 1). Since v is (1, 1)-homogeneous we have

01(P) = (l11(Po)) = (x +9)™*y™  and  £11(Q) = (z +y)""y"™".
(4.1)
Hence, P and @ are monic polynomials in y and, moreover, a straight-
forward computation yields

eni o(P) =m(a,b) and enyo(Q) =n(a,b). (4.2)

Remark 4.1. We will establish several results about P, but, since
by [12, Proposition 4.6] we know that (Q, P) is an (n, m)-pair, the same
results remain valid, mutatis mutandis, for Q.
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(1, 1)

SuccPO(l,O) ‘\ ¢

(1,0)

(1,0)

x . x
Figure 1: The shapes of Py according to [12, Corollary 5.21(4)] and of
P according to (4.1) and (4.2).

Proposition 4.2. Let « € R(P) and let T be the w-approzimation of «
up to x%0. Assume A\, = deg,(P(7)) > 0, and take ¢ and (p,o) as in
Proposition 3.3. Then the following facts hold.

(1) If fp- has multiple roots, then [€, »(p(P)), ¢ o(¢(Q))] = 0.

(2) If [6),6(0(P)), £, o (p(Q))] = 0, then there exists f € R(Q) such
that deg, (o — B) < jo.

Proof. Write 7 = Y
J1 < jo such that

7o ajz? + wxdo. By Proposition 3.7 there exists

™ = Z ajxj + Azdo + it
J>Jjo
is a m-root of P.
(1) Since we have £, ,(¢(P)) = 2* fp,(2) (see Equality (3.3)),
by hypothesis there exist £ > 1 and A € K such that (z — \)* divides

¢y +(¢(P)). Consequently (z—A\)*~1 divides Uy o(p(P)),4po(0(Q))]. As

we have [(),5(0(P)), £p.0 (#(Q))] € K, this yields [(y,5(2(P)), €50 (#(Q))]
=0.
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(2) Let (z — A) be a linear factor of ¢,,(¢(P)). Since we have
Uy o(P) = pA; > 0, from [12, Proposition 2.1(2)b)] it follows that (z —\)
divides £, »(¢(Q)). Hence, by Proposition 3.3 we know that 7 is a m-root
of @@ and so, by Proposition 3.7, there exists jo < jo such that

Ty = Z ajxj + \zdo + w2
J>Jjo
is a m-root of (). We conclude that for any o € Dfl and f € D% the
inequality deg, (oo — ) < jo holds, as claimed. O

Remark 4.3. Let o = Y ajaz/ € R(P). Assume jy > j; and that 7
approximates o up to 290 and 7 approximates a up to 291. Then we must
have A; > A;,. In fact, setting (p,o) = dir(jo) and (p1,01) = dir(j1),
Equality (3.3) and [12, Proposition 3.9] show

Vp0(2%7) = 05,0 (D(P)) = 0p,0 (91(P)) 2 Vp (€N, oy ¢1(P)),

with ¢ = ¢, and 1 = @,,. A direct computation using (p, o) > (p1,01),
Vpro1 (91(P)) = Upy 0y (2271) and vo,1(enp, o, (91(P))) > vo1(2?71) de-
rives in

Vp,o(eNp, 0, (p1(P))) > Up,a(x)\rl ).

Since p > 0, the result follows.

Proposition 4.4. Let o € R(P). Then there exists jo such that Ar =0
for the m-approzimation T of o up to x7°.

Proof. Let ¢o € Aut(K((z=%")[y]) be given by ¢o(z*/") = /! and
wo(y) = y + a. We will construct a direction (pg,oq) €](0,—1),(0,1)]
such that v, 4, (¢0(P)) = 0. In order to achieve this, for each point of
Supp(po(P)) we consider the direction (p, o) €](0,—1), (0,1)[ orthogonal
to the segment that joins that point to the origin. The minimum (pg, o)

of these directions satisfies v,, o, (w0o(P)) = 0. Set jo = 70 We assert
Po
that the m-approximation

T = Z ajxj + mtdo

J>Jjo
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of o up to z7° satisfies A, = 0. In fact, we have

O = Uﬂo,Uo ((pO(P)) = Upoytfo ((pT(P)) = vpo,Uo ('r)\f) = p0>\7'?

where the second equality follows from [12, Proposition 3.9], and the
third, from (3.3). O

Proposition 4.5. Let 7 = Zj>j0 ajz? + mzdo be a w-root of P, and let
(p,0), Ar and ¢ be as in Proposition 3.3. If T is also a w-root of Q and
we have A > 0, then we get
n D9
o1 (P(Q)) = 1 engo(p(P)) and {po =

Proof. Wite Dir(¢(P)) 1 [(p,0), (1,1)] = {(5,0) = (p0,0) < (p1,) <
<o < (pr,or) = (1,1)}. Take o € DY and 0 <4 < k. Let j; = — and

) i
let 7; be the m-approximation of « up to a7. Set A,, = deg,(P(7;)) and
Y; = ,. Since we have

[Cor0:(P(P)): Lpi0: (#(Q))] € K,

if [Epz‘,(fi (@(P))’ EPuUi(SO(Q))] 7& 0’ then 1}07—1([£P170i (@(P))7€pi7o'i (@(Q))]) =
0, and next, by [12, Proposition 1.13], we obtain

0 :voy—l([gﬂhoi((p(P))? Eﬂqﬁﬁi(@(@))])
<0 1(Cpeor (9(P) + 10 1Ly (9(Q))) — (1 +0).
This in turn implies
00,1 (St ((P)) + 101 (58,0, (9(@)) = 1.

or, equivalently,

v0,1(8bp,.0: (9(P)) + v0.1 (85,0, (9(Q)) < 15

hence in this case we obtain ¢ = 0. The bottom line is that, if we want
i > 0, we must have [(,, 5, (0(P)),4s,; 0, (0(Q))] = 0, where we must take
Ar, > 0 by Remark 4.3. So we can conclude

Ups,o; ((P(P)) = UﬂhUz'(SOi(P)) = pi)\Ti > 0;

3=
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here the first equality follows from [12, Proposition 3.9] and the second
from (3.3). Now, an inductive argument using (4.1), [12, Remark 3.1]
and eny, o, ((P))) = sty 10,4, (0(P))), for i = k,..., 1, proves

Upnir (P(@)) > 0 and S8, (9(Q)) = 2=ty ((P)), fori = by 1.

So we get

n V0 (€100, (2(Q)) _ 10
P)) " m

€1lpg,00 (@(Q)) = E €lpg,00 (W(P)) and Vo 1(611 ((P(
, £0,00

[D2] _ voa(en,o((Q)))
P

|D71—D| B 'UO,I(enp,a((p( )))
sition 3.3. O

This finishes the proof, as we have , by Propo-

In [14] the author chooses a generic element £ € K and analyses the
roots of P; = P + ¢. Instead of speaking of a generic element £, we will
assume (summing eventually to P an element £ € K) that any 7-root 7
of P with A\, = 0 is such that

(1) fpr has no multiple roots;

(2) fpr and fg,, have no common roots (thus are coprime).

This is possible, since, by (3.3), in the case A, = 0 adding £ to P is the
same as adding £ to the univariate polynomial fp -(z). We also can, and
will, assume (0,0) € Supp(P) N Supp(Q).

Remark 4.6. Suppose that 7 is a m-root of P with A, < 0. Then, by
Proposition 3.7, Remark 3.2 and Item (1) we have |DF| = 1. Moreover,
we also get |[D¥| = 0. In fact, take o € DF. By Proposition 4.4 there
exists j; and a m-approximation 71 of a up to z9t such that \,, = 0. By
Remark 4.3 necessarily j; > jo, where jg is the order of 7. Let A\ be the
coefficient of v at 271, Then 7— A divides fp, and so, by item (2), 7— A
does not divide fg ,,. If 71 is not a 7-root of @, then clearly |D2| = 0.
Otherwise, by Corollary 3.8 applied to 7, and Q, we also reach |[D@| = 0.
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Remark 4.7. From the first assertion in the previous remark it follows
that for any final w-root 7 of P we must have A, > 0.

Notation 4.8. Let o = Y, a;ja’/ € R(P) and set
do = min{deg, (o — B) : B € R(Q)}-

Remark 4.9. Note that the m-approximation of a up to 2’ is also a
m-root of Q.

Proposition 4.10. (Compare [14, Lemma 4.2]) Set 7 =3, 5 ajzd +

nxde. Then T is a final m-root of P.

Proof. Since clearly 7 is a m-root of P, we only need to prove that 7 is
a final 7-root of P, i.e., that we have deg(fp.) > 1 and that fp, has
no multiple roots. By Remark 4.6 we know A\, > 0. By Item (1) above,
we also know that when A, = 0, the polynomial fp, has no multiple
roots. If A; > 0, then fp, also does not have multiple roots: otherwise
by Proposition 4.2 there exists 8 € R(Q) such that deg, (o — 8) < daq,
contradicting the definition of .. Finally, by Proposition 4.5 we know
that m divides |DF| = deg(fp.,), and so, we obtain deg(fp,) > 1, which
concludes the proof. O

5 Major and minor final w-roots

A final m-root 7 of P is called a minor final m-root of P if A, = 0,
and it is called a major final m-root of P if A\, > 0. The set of minor
final m-roots of P is denoted by P,,, while the set of final major m-roots
of P is denoted by Py;.

Note that we have

rR(P)= |J DI

TEP,LUPNM

since, by Proposition 4.10, every root o € R(P) is associated with a final
m-root of P (that we will call the final m-root of P associated with
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«), here A\; > 0 by Remark 4.7. Note also that if 7 # 7y are final 7-roots,
then DX N DE = 0. In fact, assume by contradiction « € DX N DE | and

T1?

take for example §, < §,,, which means that 7 is a better approximation
of a than 7;. Then, since the multiplicity of any factor of fp ., is one,
by Remark 3.9 we get |DF| < 1, which contradicts the fact that 7 is a
final m-root of P.

Remark 5.1. Given a final 7-root 7 of P take a € DF. Then, by
Proposition 4.10, the m-approximation of o up to z% is a final 7-root,
and, since DF' N Dfl = () for any other final 7-root 7y of P, necessarily
7 is the m-approximation of o up to x’~. This is equivalent to §, = dq.

Proposition 5.2. Let 7 be a final m-root of P, let ¢ = . and set
MA@ = deg,(Q(7)). Then we have the following.

(1) If T is a minor final w-root of P, then we have
a) \¢ =0,
b) [lp.o(2(Q)); €p.0(0(P))] =0,
c) 0, < —1.

(2) If T is a major final w-root of P, then we have

a) [lpo(P(Q)), Lp,0 (#(P))] # 0,

b) T is a magjor final ™ root of Q,
Q_ " P

&) A2 = T deq,(P()),

d) 6, > —1.

Proof. By Remarks 4.9 and 5.1, any final m-root 7 of P is also a m-root
of Q. We will use this fact for (1)a) and (2)b).
(1) By Proposition 4.5, since A; > 0, we have

menp,o’(@(@)) = nenp,d((p(‘P))a

and so we obtain

PA? = Upr (p(Q) = =050 (2(P)) = —pAT =0,

70 Pro Mathematica, XXX, 60 (2019), 51-89, ISSN 2305-2430



The Jacobian Conjecture: Approzimate roots and intersection numbers

where the first and third equality follow from (3.3). This implies A¥ =
deg, (Q(7)) = 0, thus proving a). Moreover, by [12, Proposition 2.1(1)]
we know that the vanishing of v, ,(¢(Q)) and v, (¢(P)) implies

.0 (9(@)), £p.0((P))] = 0,

o
this proves item b). Now assume by contradiction — = §, > —1, which
p

implies p + o > 0. Then, by [12, Proposition 1.13], we have

0= v,,0([p(P), p(Q)]) < 10 (p(Q))+Vp,0(p(P))—(p+0) = —=(p+0) <0,

so we have equality and, again by [12, Proposition 1.13], we also ob-
tain [(,(¢(Q)), £p,0((P))] # 0. But this contradicts item b) and thus

ytp,o
proves d, < —1, that is, part c).
(2) By Remarks 4.9 and 5.1, we know that 7 is a m-root of @ and,

that for any o € DF | we have

dr = min{deg, (o — §)|6 € R(Q)}.

Hence, by Proposition 4.2(2), we obtain [(, ,(¢(Q)), ¢, (p(P))] # 0,
which proves a). Moreover, by Proposition 4.2(1) with @ and P inter-
changed, fo.r has no multiple roots. On the other hand, by Proposi-
tion 4.5, we have
D9 = Z|DF| > 1,
m

and so 7 is a final 7-root of Q. Again Proposition 4.5 and Equality (3.3)
yield

pdeg, Q(r) =pA? = 15,5 (9(Q)) =~y (p(P)

and so deg, Q(7) = n deg, P(7)) > 0, which finishes the proof of b)
m
and c¢). It remains to check the condition d; > —1. Assume by contra-
diction 7_ 0 < —1. Then p+ o <0, and so
P

00 (P(Q) 4050 (P(P))=(pa) = pAT (14 1) > 0= v,00(P), 2(Q))
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which, by [12, Proposition 1.13], implies [£, ,(¢(Q)),4p,o(¢(P))] = 0
This contradicts item a) and thus finishes the proof of part d). O

6 Intersection number and major roots

In this section we first obtain in Theorem 6.2 the same formula for Iy,
as in [14, Theorem 5.1]. Then we explain how to compute I, for the
families found in [7].

Lemma 6.1. For 7 a final m-root of P, we have A2 = deg,(Q(7)) =
deg, (Q(a)) whenever a € DF.

Proof. We assert that fp.(z) and fg ,(2) have no common roots. In
fact, assume on the contrary that z — s is a common factor. If 7 is a
major final root, then

2= 5| P fpr(2), A2 fa,r (2)] = [lpo (9(Q)), L. (9(P))] € KX,

a contradiction. Whereas, if 7 is a minor root, then the choice of £
guarantees that fp, and fg , have no common roots.

Note that if the coefficient of z7° in « is s, then fp,(s) = 0, since
otherwise m — s does not divide fp,(m) and Corollary 3.8 leads to a
contradiction. Hence, by the assertion, we get fg (s) # 0, and from
Proposition 3.11, we obtain deg,(Q(7)) = deg, (Q()). O

Theorem 6.2. For Iy =), |DEIAL we have Iy, = I(P, Q).

TEPNM

Proof. From the well know equality Res, (P, Q) = HQGR(P) Q(«) we pass
to

I(P,Q)=deg, [] Qla)= > deg,(Qa)) (6.1)

a€R(P) aER(P)

= YD deg,(Qa). (6.2)

TEPRUPN aeDFP
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Using Lemma 6.1 we arrive to

I(PQ) = > ) deg(Q)

T€P,UPy a€DP

D IDFENE + 3T DTG = YT D,

TEPM TEP, TEPN

since \? =0 if 7 € Pp,. O

A root a € R(P) is called a minor root if the associated final
m-root 7 is a minor final 7-root; it is called a major root if 7 is a major
final 7-root.

Proposition 6.3. Let 7 be an approzimate w-root of P of order jo <0,
with Ar > 0, and let (p,o) = dir(jo). If vi,—1(en, (- (P))) > 0, then
any root o € DE is a minor root.

Proof. The hypotheses guarantee that (¢ (P), ¢, (Q)) and (p, o) satisfy
the hypotheses of Proposition 2.1 (for instance (p,o) € ](0,—1), (1,0)],
because of jo < 0). If v, ,(¢-(P)) = pAr = 0, then 7 is a minor final
m-root and the result is true. Else we have v, (¢, (P)) = pA; > 0,
since A\, > 0. Take a € DF. By Proposition 5.2 it suffices to prove
0o < —1. By Propositions 2.1 and 4.2 we have 6, < d = jo, so the
result is clear when §, < —1. Assume 6, > —1. In this case we have

p~+o > 0. Using Proposition 2.2 and Equality (3.3) we obtain fp,(z) =
DY |

1
s(z — p)™® for some ¢, u € K*, where b = —uvp 1(en, , (¢, (P))) =
m

(see Proposition 3.3). Hence, by Proposition 3.7, there exists j; < jo
such that for the m-root

= E a;z? + px’® 4
J3>Jjo

we have Dﬁ = DP. If j; < —1, then we finish the proof immediately
after applying the above argument with 7 replaced by 71 since we must
have A, > 0 (in fact, if A;, < 0, then, by Remark 4.6, we get |Dﬁ| =1,

Pro Mathematica, XXX, 60 (2019), 51-89, ISSN 2305-2430 73



J. Guccione, J. Guccione, R. Horruitiner, C. Valqui

which is impossible because of bm = |DF|). Assume now j; > —1 and
set (p1,01) = dir(j1). By Proposition 2.2 p; divides I, and so j; € %Z.

Hence, if jo = —% for some 0 < k <, then —j; € {%, #, ceey Z_Tl,% ,
so, after repeating the same procedure a finite number of times, say ¢,
we arrive at d, < ji < —1, as desired. O

Proposition 6.4. Let a, b satisfy Equalities (4.1). There exist ma minor
roots «a of P with deg, (o) = 1 and leading term —x, and mb roots B of
P with deg,(B8) < 0.

Proof. Take 19 = ma®. Then we have jo = 0, dir(jo) = (1,0) and
©r, = id. From the first equality in (4.2), we get

en, o (-, (P)) = eny o(P) = m(a,b),

and by Proposition 3.3, we obtain |DE | = mb. Since deg,(8) < jo =0
for all B € DL, this yields mb roots with deg,(8) < 0. On the other
hand, by Proposition 3.7, with 7 = 7a, A = —1 and ¢1(y) = y — z, there
exists j; < 1 such that the m-root 71 = —z + 72’1 satisfies \Dfl| = ma
since fp,(2) = (z+1)m22™?; therefore the multiplicity of A = —1 is ma.
Moreover, by (3.5) and the first equality in (4.1), we have

Clpy,0 ((pl(P)) = Stl,l(wl(P)) = m(b7 a)’

and so v1,_1(eny, o, (¢1(P))) > 0. Then every root o € DY is a minor
root. O

Following [14], the minor roots in Proposition 6.4 are called top
minor roots.
Proposition 6.5. Let « € R(P) be a major root, let T be the associated
1
final w-root and let (p,0) = dir(d,). Then ( en, ,(p-(P)), (p, a)) isa
m

regular corner of type I of (p-(P),v-(Q)) (see [12, Definition 5.5] and
the discussion above Remark 5.9 in [12] for the classification of regular
corners).
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Proof. Ttem (3) of [12, Definition 5.5] holds by hypothesis, Item (1) holds
by the very definition of 7-root, Proposition 6.3 and [12, Theorem 2.6(4)],
and Item (2) holds by Remark 3.6. Moreover, Proposition 5.2(2)a) proves

1
that (m en, o (- (P)), (ps 0)> is of type L. O

1
Proposition 6.6. Let jo < ji1 < -+ < ji € ZZ and let (p,o0) = dir(jo).
Consider the automorphism ¢ of L'V defined by

k
gp(ml/l) =z and oly)=y+ Zaﬂj"ﬂ
i=1

Let A = ((a/l,b),(p,0)) be a regular corner of (¢(P),¢(Q)). Then the
following facts hold.
(1) 7= 25:1 a; ¥’ + w0 is a w-root of P and Q.

(2) If A is of type Ib, then T is a final major w-root of P and Q, with

|IDE| =mb  and |DC| = nb; (6.3)

moreover, if st, o (¢(Q)) = (k/1,0) for some 1 <k <1 —a/b, then
Q k
AT = 7

Proof. (1) By Items (1) and (3) of [12, Definition 5.5], we have A =
lenp’(,(go(P)) and b > 1. Hence, by Equalities (3.2) and (3.3) we
(?gnclude deg(fp,r) > 0 and that 7 is a m-root of P. Since by [12,
Corollary 5.7] and Remark 4.1 the equality A = %enpﬁ((p(Q)) holds
and (Q, P) is an (n,m)-pair, we infer that 7 is also a 7-root of Q.

(2) The two expressions for A obtained in the proof of Item (1),
combined with Equality (3.2) and the corresponding equality for @ yield
the equalities in (6.3). Since A is of type Ib, we have

MPJ(()O(P))’EPJ(SO(Q))] #0,
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and so, by Proposition 4.2(1), the polynomial fp, has no multiple
root. Moreover, using again Equality (3.2) and Equality (6.3) we ob-
tain deg(fpr) = mb > 1. This proves that 7 is a major final m-root
of P, and then, by Proposition 5.2(2)b), also of Q. Finally, assuming
sty (0(Q)) = (k/1,0), Equality (3.3) for Q implies pA? = v, ,(p(Q)) =

k
P from which the last assertion follows, as p # 0. O

Example 6.7. Consider the family F of [7], corresponding to an (m, n)-
pair (Py, Qo) as in [12, Corollary 5.21]:

Ap = (4,12), Ay = (1,0), Ay = (7/4,3), k=1, m = 2j+3, n = 3j+4.

(6.4)
Then (P, Qo) has the shape given in Figure 2 and we get (_5 1 (P) = R*™
for a (—2,1)-homogeneous element R = \g(A1y — xy>) with A\g, A\; # 0.

Y

A = (4,12)
/
/
/
/
/
/
AL =(1,00 =

Figure 2: The shape of (P, Qo)

In fact, by (6.4), the edge from Aj to Af is determined. So we only
need to prove

(p,0) = Succp, (1,0) = Succg, (1,0) = (—2,1)
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1
and —en_91(P) = (0,4). From [12, Corollary 5.21(4)] we obtain
m
(-1,1) < (p,0) < (=1,0). Moreover, by the second equality in [7,
(2.13)] we have
1)47_1(4, 12) 4

ged(ve,—1(4,12),4—1)  ged(4,3)

q0

On the other hand, at the beginning of [5, Subsection 2.4] it is shown

the equality

po 1
en, ,(Fp) = q*OE enpy 0, (F0),

and therefore, by [12, Corollary 7.2], there exists a (p, o)-homogeneous
element R such that ¢,,(P) = R¥. This is only possible if (p,0) =
(—k,1) for some k € IN, with & > 2. But k > 3 leads to v, () < 0 and
then to deg, (F(0,y)) < 0, which contradicts [13, Proposition 10.2.6].
Therefore we have k = 2, R = \g(A\1y — xy>) and hence we get

1
%en,g’l(P) = 461’1,2’1(R) = (0,4),

as desired. Since P = ¥(Fp) and @ = ¥(Qo), where (y) = y and
P(x) = x + y (see the beginning of Section 4), the shape of P is as in
Figure 3, and P is a monic polynomial in y of degree 16m.

Write £y _1(P) = 2™g(2)™, where z = x'/%y. By [5, Theorem
2.20(6)] and the condition vy _1(Aj) > 0, we know that (Ao, (p,0)) =
((4,12), (4,-1)) is a regular corner of type IIb) of (P, Q). Hence, by

item (8) of the same theorem, we get vg,1(A41) = X where my, is the
multiplicity of z— A in po(2) = g(2)™. Since we have vg1(A1) = 3, by [5,
Remarks 3.8 and 3.9] we get

g(Z) = )‘O(ZA - AZljl)g.v
for some Mg, A\; € K*. We obtain then

£4,_1(P5) = )\ol‘m(z’ — /\1)3m(Z — i)\l)gm(z + A1)3m’(z + i)\1)3m,
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(0,16m)

(4m,12m)

(m, 0) ‘

Figure 3: The shape of P

and so, we have four final major m-roots

10 = Mzt + nal, =it + mz®,

1/4 1/4

To = —Mz'/* + w2l 13 = —ihz/t 4+ w2,

where § = o/p, with (p,o) = dir (m (%,3) - (%,1)). Here A, = (%,3)
is the same final corner (see [5, Definition 2.18]) for all major final roots,
corresponding to the regular corner (Ai, (p,0)) of type Ib) of each of
the four (m,n)-pairs (¢, (P), ¢, (Q)). By the first equality in (6.3),
there are 3m roots of P associated to each of these major roots, and by
Proposition 6.4, the remaining 4m roots of P are minor roots. Now we
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can compute

3
L= IDFIE =30 DE g

TEPy j=0

k 1
:4~mbo7:4om-3-1:3m:3(2j+3).

7 Intersection number and minor roots

In this section we obtain an inequality for I,,, in Theorem 7.3, as opposed
to the equality in [14, Theorem 4.7], whose proof has a serious gap. We
also show how to compute I, for the families of [7]. For the sake of
brevity we write P, @z, P, and @, instead of the partial derivatives

0. P, 0;Q, 0y,P and 0,Q.

Lemma 7.1. Let (P,Q) be as above, (p,0) be a direction, with p # 0,
and o € R(P). Write £, ,(P) = 2%g(2) with z = 2~/Py. The following
facts hold.

(1) If deg(g) > 0, then £, ,(P,) = x%~7/7¢/(2).
(2) « is a minor root if and only if deg, (Q(«)) = 0.

(3) Let B € R(Py). There exists T € P,, such that § € DY if and
only if deg, (P(8)) = 0.

(4) If a is a minor root, then deg, (Py(a)) = —dq.

(5) Let T € Py, and assume that fp, ; and fq,  are coprime. Then
deg, (Qy(B)) = —d; for all B € DI,

(6) Let 7 € Pp and assume that fp,; and fq, . are not coprime.
Then there exists B € DX such that deg,(Qy(8)) < —9-.

Proof. (1) This follows from the fact that the morphism 0, satisfies
Oy (z'y?) = ja'y?~! for j > 0: in fact we have

VUpo(Oy(2'y7)) = vp0(x'y)) — 0.
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Hence ¢, 5(0yP) = 0y{, -(P) when 0,¢, ,(P) # 0, and so
lpo(Py) = 0y(a"g(2)) = a*~7/¢'(2),

because of deg(g) > 0.

(2) By Items (1)a) and (2)c) of Proposition 5.2, we know that « is
a minor root if and only if we have AY = 0 for the 7-root 7 associated
to a. This proves (2), since we have A\? = deg, (Q(a)) by Lemma 6.1.

(3) If we define

6/3 = min{degx(a - 5)|0[ € R(P)}a

and
8= Z ajxj + A% + Z ajxj,
j>5ﬁ j<5g
then 7 = Zj>55 a;jx? + 728 is a w-root of P. From Remark 3.4 we

obtain 0 < |[DY| = |DP| — 1, and so, by Remark 4.6 we get AL > 0.
Take a € DF and let 7 be the final 7-root of P associated with a. We
have 6, < dg (since dg < &, implies |DF| = 1) and hence A,, < A, so
AP =0 if and only if 7 = 74 is a final minor 7-root of P.

We claim the equality AL = deg, (P(8)). In fact, we have fp,()\) #
0 since otherwise, by Proposition 3.7, there exists j; < dz such that
the m-approximation of S up to j; is a m-root of P, contradicting the
minimality of dz. Hence, by Proposition 3.11, we have deg,(P(3)) =
AP > 0. Therefore, if deg, (P(8)) = 0, then 8 € Df" and 7 € P,,. On
the other hand, if § € D:;y for some 19 € P,,, then dg < §,,, hence
0< A <)\, =0,and so 0 = A\’ = deg, (P(B)), as desired.

(4) Let 7 = > . 5. a;jx? + mx’ be the minor final m-root of P
associated with . Write

o= g aja?j+)\:n5“—|— E ajxj.
j>8a j<éa

Since fp-(A) =0, and fp, has no multiple roots, we have fp () # 0.
But by Item (1) we have fp, , = fp,, and, by Proposition 3.11, we
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obtain ALY = deg, (Py(7)) = deg,(Py(c)). Using again Item (1) we get
)\fy = A; —0/p, and the result follows immediately since A; = 0.

(5) Let =225 ajz? + ¥ and take B € DFY . Set

8= Z ajxj + Azdo + Z aja:j.
J>Jjo J<Jjo
By Corollary 3.8, we have fp, ;(A\) = 0. As fp, ; is coprime with
fq,.~ we get fo,-(\) # 0. By Proposition 3.11, we obtain P -
deg, (Qy (7)) = deg,(Qy(B)) and by Item (1) we have A = Ae —a/p.
The result follows immediately from the equality AQ = 0.

(6) Writer =", ajz’+mz/. Let A € K besuch that fg, -(\) =
0 = fp,~(\). By Proposition 3.7, there exist ji,j2 < jo such that
DI ajz? + A\zdo 4+ rxdt is a w-root of P, and 75 = > i ajzd +
Azdo + w2 is a m-root of @,. Take j3 = max{ji,j2}. Then 73 =
2 isio ajzd + A\xdo + s is a m-root of Q, and P,. If B € D:;y, then

8= E ajz? + Az’ + E a;x’.
J>jo J<Jjo

With T'= Az% + 37, “a;z? we have

Qy(B) = evy=r(p:(Qy)) = eVy=Azio (p.o(pr(Qy))) + R
=22 fo,-(\) + R

for some R with v, +(R) < v,.+(0-(Qy))) = p)\f?y. Since fq,,r(A) =0,
we obtain

pdeg, (Qy(8)) = vp.o(Qy(5)) < AL,

However, from Item (1) we have A9 = A2 — o /p, and since \2 = 0 we
conclude

degw(Qy(ﬁ)) < —O'/p7
as desired. O
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Lemma 7.2. For any o € K((x=/")) we have

d d y

Qu(0) - P(a) ~ Pyfa) 1= Q(a) € K*.
Proof. This follows directly f iP( ) = Py(a)+Py( )d—a iQ( )=
T00f. 150(;ws irectly from —P(a) = Py(a)+Py(a)——, ——Q(a) =
Qu(a) + Qy(a)d—z and the Jacobian condition. O

Theorem 7.3. For I, =1—3% p (0r +1) we get I, <I(P,Q). We
also have

I(P,P,Q) = deg(P) = 3 [DF|(1+4). (7.1)

TEP,

Proof. 1t suffices to prove (7.1) and

I(P,P,)) < deg(P)—1— > (IDF|=1)(d, +1). (7.2)
TEP,,

In fact, Equality (7.1) and Inequality (7.2) yield

I(P,Q)=I(P,P,Q) —I(P,P) > 1~ > (5, +1),

TEP,

as desired.

Proof of Fquality (7.1). By Lemma 7.2, for each a« € R(P) we have
d

Py(a)d—Q(a) € K*. Moreover, by Lemma 7.1(2), if a is a major root,
x

then degy (Q(a)) = A2 > 0, and so deg, (P, ()Q(c)) = 1. On the other
hand, if « is a minor root, then by Proposition 5.2(1)a), Lemma 6.1 and
Lemma 7.1(4) we obtain

deg, (Py(a)Q(a)) = deg, (Py(@)) = —da = —0r,

where 7 is the minor final 7-root associated with «. Using these facts
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we obtain

I(P,P,Q)= Y deg,(P,(a)Q(c))

a€R(P)
= D deg(P Y Y deg,(Py(@)Q(e)
TEPy, aeDP TE€EPM a€DFP
=Y P65+ ST PP+ S pF| - 3 |pF)
TEP, TEPNM TEP, TEP,
=deg(P)— > |DF|(1+56,)

TEP,

where the first equality is justified as in the proof of Theorem 6.2.

Proof of Inequality (7.2). By Lemma 7.2, for each § € R(P,), we have
d
Qy(ﬂ)%P(B) € K*. Define

Pym ={B € R(Py) : there is a minor final 7-root 7 with 3 € ny}.

Then, by Lemma 7.1(3), if 5 is not in P, ,,,, we have deg, (Q,(3)P(8)) =
1. On the other hand, if 8 is in P, ,,, then by Items (3), (5) and (6) of
Lemma 7.1 we obtain

deg, (P(8)Qy(8)) = deg,(Qy(B)) < —b-,

where 7 is the minor final 7-root associated with 5. Using these facts
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we obtain
I(P, PQ,) = Y deg,(P(B)Qy(B))
BER(Py)
=Y ) deg, (P(B)Qy(B) + Y deg,(P(8)Qy(B))
TEPn gepPy BEPy m
< Y IDFo|(=6;) + deg(P) — Y |DFv]
TEP,, TEP,
=deg(P)—1— Z |DFv|(1 4 6,)
TEP,,
=deg(P)—1— Y (IDF|-1)(1+4,),
TEP,,

(7.3)
where the last equality follows from Remark 3.4.
Since the Jacobian condition implies

Resy (P, Qy) Resy (P, P) = Resy (P, Q, P:) = H Qy(B)P:(B) =1,
BER(Py)

we have I(P,,Q,) =0, and thus (7.3) yields Inequality (7.2). O

Example 6.7 (continuation). In the case of family Fj of [7] there is
only one minor root 7 corresponding to the remaining 4m roots of P,
and 6, = —3. Hence we have I,,, = 1—(—3+1) = 3. Since Iy = 3(2j+3),
we have I, < Ip; (which is compatible with Theorem 7.3 and doesn’t
allow us to disregard this family).

In fact, consider the diagram in Figure 4, where flip : K[z,y] —
Kz, y] is given by flip(z) = y and flip(y) = —x, and the three morphisms
0, 01,8 : Klr,27 y] — K[z,2~1,y] are characterized by

o(r) =z +y, p1(v) = o(z) =,

x, =z
oy) =y, o1(y) =y —x, Py) =y+ Mz 2

In order to define G set v = z + y + Az~ 2. The morphism G :
Klgl(@) = Ky)((z~)) is given by G(z) = u and G(y) = y +

84 Pro Mathematica, XXX, 60 (2019), 51-89, ISSN 2305-2430



The Jacobian Conjecture: Approzimate roots and intersection numbers

Yy Y Yy
P = l(P) i
<P1(P)
@(@1(1’7))
[ o, ¢
/
L —
| —
j@
)
N ) )G
/ Yy Yy
fli >
[ e, p 3P
_— ——
| —

Figure 4: Finding minor roots: ¢1 _3(o(p1(P))) = £1,—3(o(P1))

A1(x72 —u~?). Note that u is invertible in K[y]((z~1)) with
u =2 (T—a Yy + Mz ) +a 2 (y+ a2 — ).

We also have Go ¢ = @ o and £1 _3(G(S)) = ¢1,_3(S) for all § €

K[y)((=")), which implies £1,_3((S)) = £1,-3(#((5)))-
Now, the previous computations yield 1, _o(P;) = R{™ where

Ry = flip(R) = Aoz’ (y — Mz ™?).

Moreover, we also have ¢_1 4(@(P1)) = ¢_1.4(P1) and the element F'
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of [12, Corollary 7.4] satisfies

st_1.4(F) =(9,3) = %% st_1.4(®(Pr)),

and so we must have ¢ = 4 in [12, Corollary 7.4]. Hence, if we assume by
contradiction (p1,01) = Predg(p,)(1,—2) > (1,-3), from [12, Corollary
7.4] we obtain a (p1,o1)-homogeneous element Ry € K[z, 271, 3] such
that £,, 5, (p(P1)) = RA™, which is impossible.

It follows that

Predgg(Pl)(]., —2) = (1, —3) = Predg(Ql)(l, —2)

holds, as we also know that (0,0) belongs to Supp(@(P1))NSupp(@P(Q1))-
But we have 1 _3(@p(P1)) = €1,-3(p(¢1(P))) and so, from Proposi-
tion 3.3 we know that 7 = —z + Mz~ 2 + 7z ~3
©r = @ o 1. Moreover we get A\, = 0; and fr p(2) = {1, _3(p-(P))
has no multiple roots (eventually replace P by P + £ for an adequate
constant &). Consequently 7 is a final minor root of P and |Df| =
vo,1(en1 _3(p-(P))) = 4m, where 4m is the number of remaining minor
roots of P. So we conclude that 7 is the only minor root of P and we

is a m-root of P, since

also obtain §, = 7_ T = —3, as claimed.
p
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Resumen

En [14] Yansong Xu calcula el niimero de interseccién de un par jaco-
biano usandos dos igualdades diferentes. Probamos la primera de estas
desigualdades usando el lenguaje de [12], pero en lugar de la segunda
solamente obtenemos una desigualdad.
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1 Introduction

Let K be an algebraically closed field of characteristic p > 0. Let
f € K][[z,y]] be a non-zero power series with no constant term. An
algebroid curve {f = 0} is the ideal generated by f € K[[z,y]]. We
say that {f = 0} is irreducible (respectively reduced) if f is irreducible
(respectively f has no multiple factors). The irreducible curves are also
called branches. The order ord f of the power series f is the multi-
plicity of the curve {f = 0}.

For any power series f,g € K][[z,y]] we define the intersection
multiplicity (also called intersection number) by

io(f,9) = dimkK([z,y]]/(f,9),

where (f,g) is the ideal of K][z,y]] generated by f and g. If f,g are
non-zero power series with no constant term we have io(f,g) < +oo if
and only if {f = 0} and {g = 0} have no common branch.

For any irreducible power series f € K[z, y]] we set

I(f) = {io(f,g) : g runs over all power series such that g #Z 0 (mod f)}.

A subset of N is a semigroup if it is closed under addition and
it contains 0. Since we have ig(f,gh) = i0(f,g) + i0(f, h), then T'(f)
should be a semigroup. We call I'(f) the semigroup associated with
the branch {f = 0}.

Suppose that the branch {f = 0} is different from {x = 0}. Write
n = io(f,x). Let (bo,...,bs), where by = n, be a n-minimal system of
generators of I'(f) defined by the conditions
o by=mn,
e b, = min (I'(f) — (Nbg + - - - + Nbj_1)) for 1 < k < h and,
e I'(f) =Nbg + - + Nby,

(cf. [4, Preliminaries]). Then we write char, f = (bg,...,bs). Note that
the semigroup I'( f) is a numerical semigroup, i.e., it satisfies ged(T'(f)) =
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1. Let ¢(f) be the smallest element of T'(f) such that ¢(f) + N € T'(f)
for any integer N > 0 (compare [1, p. 136]). The number ¢(f) is called
the conductor of T'(f).

Put e; = ged(bg,...,b;) for 0 <i < h and n; = Giz1 for1 <i<h.

We have np, > 1 for 1 < k < h and e, = 1. The fegllowing theorem
is well-known, its proof employs Puiseux series when they are available,
that is, when the characteristic of the field K is zero or n is not a multiple
of it. We present a formulation of the theorem in use of key polynomials
instead of Puiseux series, since they are available without any restriction.

Theorem 1.1 (Semigroup theorem). With the assumptions and no-
tations introduced above, there exists a sequence of monic polynomials

fos f1,-- -, fn—1 € K][z]][y] such that for 1 < k < h we have

n

(ax) deg,(fr—1) = P

(br) do(fr—1, f) = b,
(cx) if k> 1 then np_1bp_1 < by.
Proof. See [4, Theorem 3.2]. O

The polynomials fo, f1,..., fno1 € K[[z]][y] are called the key
polynomials of f. They are not uniquely determined by f.

Theorem 1.2 (Granja factorization theorem). Let {f = 0} be a branch
different from {x = 0}. Let char,f = (bo,...,bn), where by = n =
ord f(0,y) > 1. Fiz k between 1 and h. Let g = g(x,y) be a power series
with no constant term, subject to ig(g,x) < eﬁ and io(f,g) = Zle Aibi,
with 0 < A\; < ny, for 1 <1 < k. Then tffere s a factorization g =
g1 gk € K[[z,y]] such that

n

® io(gi, ) = \i— for 1 <i <k,

€i—1

e if \; >0 and ¢ € K[[z,y]] is an irreducible factor of g;, then
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io(f,¢)  ei1b;
@ o) = m

(b) io(¢p,z) =0 (mod n/e;_1).
We postpone the proof of Theorem 1.2 until Section 3.

A generalization of the Granja factorization theorem is due to Del-
gado [2, Section 2], who employs, like Granja, Hamburger-Noether ex-

pansions and Apéry sequences.

Example 1.3. Let fo,..., fn—1 be a sequence of key polynomials of f.
Fix k between 1 and h. Take g = 6\1 ,;\ﬁl. Then g satisfies the
assumptions of Theorem 1.2; here g; = i’\_’il, for 1 < i < k. Also, if ¢
is an irreducible factor of g; then ¢ = f;_;.unit. Clearly in this case we

; i—1b; .
should have Z_O(ﬁ ¢) S and io(¢, ) = i
n

Zo(d), 1‘)
Example 1.4. Suppose K is a field of characteristic different from 2.
The power series f(z,y) = (y*> — 2%)% — 4a%y — 27 is irreducible and we
have char, f = (4,6,13) (see [4, page 246]). Let k = 2. Obviously we
have A\; = X\ = 1. Take g(z,y) = 3> — 23y. Then we get io(g,z) = 3 <

€i—1

2 4and io(f,9) = A\ib1+Maby. For g1 =y and gy = y*>—1> we get g =
€2

g192 and ig(g1, ) = 1, ig(ge, ) = 2. Now, for § = y> — 2%y — 2 we get
i0(g,2) = 3and io(f,g) = 19. Wehave § = §1go = (y+- - )(y*—a’+ ),
where the dots denote higher order terms.

As a corollary of Theorem 1.2 we present the following result.

Theorem 1.5 (Merle factorization theorem). (See [7],[8],[3] for the case
K = C) Suppose char,f = (bo,...,b), bg = ord f(0,9) = n > 1 and

n # 0 (mod char K). Then we have Gy = 9L 0 in K[z, y]], where
Y
1. io(gia) = = — " for1<i<h;
€; €i—1

2. if p € K|[[z,y]] is an irreducible factor of g;, then %0 (£,¢) = ci-1bs

io(p, x) n
and ig(¢,z) =0 (mod n/e;_1).
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Proof. Since n # 0 (mod char K) we have i (gf,x) =n—1. Let
Y
O = K][[z,9]]/(f) be the local ring of the branch {f = 0}; write O for

its integral closure and set C = O for its conductor.

It is well-known (see [5, Lemma 3.1]) that we have ig (f, g—?’;) =
dimg O/C +n —1 and dimk O/C = ¢(f) (see [1, pp. 136-139)).

On the other hand, as the conductor satisfies ¢(f) = Zzzl(nk -

h
1)br,—bg+1 (see [4, Corollary 3.5]), we obtain 4 <f, g;”) = Z(nk—l)a
k=1

0
We apply Theorem 1.2 to the series f and g = 8—f for A\ = ni — 1 to
Y
get the result. O

The first result on factorization of the derivative was proved by
Henry J.S. Smith in [8]. Nevertheless his work fell into oblivion for a
long time. Merle proved the factorization theorem in the case where the
vertical axis is tranverse to the branch and Ephraim proved the theorem
in any coordinates [3]. The Granja theorem is a natural generalization
of the result due to Merle. That is the reason for the title of this note.

The Granja theorem was originally formulated in terms of Apéry
sequences and its proof employs Hamburger-Noether expansions (see [6]).
In [4] we developed a new approach to the theory of plane branches. We
used the logarithmic distance on the set of branches without resorting
to Hamburger-Noether expansions or a resolution process. Our proof of
the Granja factorization theorem follows the spirit of [4].

2 The contact coefficient

For any pair of branches {f = 0} and {g = 0} different from {z = 0} set
iU (fa g)

Z.O(f7 z)iO(ga ‘T)

The function d, satisfies the strong triangle inequality (STI): for

any branches {f = 0}, {g = 0} and {h = 0} different from {z = 0} we

d.(f,9) =
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get
do(f,g) = inf{ds(f, h), d=(g, 1)},

that is, at least two of the numbers d,(f,g),d.(f,h), dz(g,h) are equal
among them and the third is not smaller than the equal two (see [4,
Section 2, Theorem 2.8]).

Let {f =0} and {g = 0} be two branches. Then we write

_ iO(fa g)

ha(f,9) 0(9.7)

and call the number h,(f,g) the contact coefficient of the branches
{f =0} and {g = 0}. For fr_1 a (k — 1)-th key polynomial of f with
char, f = (bg, ..., bs) we have

er—1bp

ha:(fmfkfl) = n .

Proposition 2.1. With the assumptions and notations introduced above
for the contact coefficient, we have the following possibilities.

(a) If hy(f, &) > @ then ig(¢, ) =0 (mod n/ey).

(b) If hao(f, ) < e’“*nlb’“ then io(f,®) € Nbg + - - - + Nbjp_1.

(c) If he(f, 0) = @ then ig(¢, z) =0 (mod n/ex_1) andio(f,¢) =0
(mod E)

Proof. For a) see [4, Lemma 5.6]. By assumption we have h,(f,¢) <

he(f, fe—1), and this lead us to d.(f,¢) < d.(f, fx—1). Using the STI

with the power series ¢, fr—1 and f we get d.(f, ¢) = do(fx—1,¢), which
iO(fa JJ)

implies io(f, ¢) = mio(fkflad)) = ep—1i0(fo—1,0) € Nbg+ -+

bo bi—
Nbj_1 since char, fr,_1 = ( 0 b 1) (see [4, Proposition 4.2]).
This proves b). For c), first we check ig(¢,z) = 0 (mod n/ej—1). If

ey
€k—1 €Lk—1
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Z.O (fv d)) €k71a >

k =1 then it is obvious, so assume k£ > 1. We have - =

io(o, x) n

_obp_
M, and hence ig(¢, ) = 0 (mod n/ei_1) by the first statement of
_1by
this same proposition. All these facts yield io(f, ¢) = Ch— 10k io(¢g,z) =0
_ n
(mod bg). O

3 Proof of Theorem 1.2

Fix k and choose g € K[[z,y]] so that the assumptions of Theorem 1.2
hold. Let g = ¢1 - - - ¢5 with irreducible ¢; € K|[[z,y]]. First we check

io(f,®) < er—1bx
7:0((;57 I) N n
if ¢ is an irreducible factor of g. Indeed, if not, we have an irreducible

j _1by
factor ¢ of g such that ?0 (4,2) > Ch—10k Proposition 2.1 lead us then
n

ZO(¢7 CL’)

to ig(¢, ) =0 (mod ﬁ)7 a contradiction since ig(¢, x) < ig(g,x) < .
e e

(3.1)

Now if A\ # 0, then there exists at least one irreducible factor ¢ of

g such that Z,O(f’ ¢) = ek_lbk. If we have io(f,9) #* 10k for all

ZO(d)v LE) n iO(d)v CL’) o
j ; —1b
irreducible factors of g, Equation 3.1 take us to Z,0<f’ %) < Gh=10k for
ZO(¢j7 1‘) n

1 < j < s. In use of Proposition 2.1 we have io(f, ¢;) € Nbg+- - +Nbg_;
and consequently io(f, g) = >_5_; i0(f, ¢;) € Nbg + - -+ + Nb,_;. This is
impossible because of ig(f,g) = Zle A\ib; # 0 (mod ej_1) (if we have
Zle Aib; =0 (mod ey_1), then we would get A\xbr =0 (mod ep_1) and
by
)\k—k = 0 (mod mng—_1), which is impossible since 0 < Ap < ng).
ek
Now, we prove Theorem 1.2 by induction on k > 0. If Ay = 0, then

the theorem reduces to the case k — 1. Therefore we assume Ay # 0. Let
i ; _1b

gx be the product of all factors ¢; of g satisfying Z_O(f’ 2), — GOk
] (¢ja Q]‘) n
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i _1be
Therefore we have Z,O(f’ 9r) — &%k and g = ggr in K[[z,y]]. By
10 (glm Z‘) n o
Proposition 2.1 (b) we obtain ig(f, g) € Nbg + - - - + Nbg_;. Similarly, by
Proposition 2.1 (¢), we get io(f, gx) = 0 (mod by,) since we have ig( f, ¢) =

0 (mod by) for any irreducible factor ¢ of gi. From Z‘O(f’ 9x) — Gk—10k

i0(gk, ) n

we get
‘ er—1by . er—1by . ex—1by n —
io(f,gr) = - io(gr,r) < Tlo(gyf) < T nbr.

With io(f, gr) = arbg, we have az, < nj. Any element of the semigroup
Nbo+- - -+Nb;_; has a representation apbo+- - -+ar_1bx_1, where ag > 0
and 0 < a; < n;. Therefore we have io(f,g9) = io(f,q) + to(f, gr) =
aoby + aiby + -+ + ap_1by_1 + apby, where 0 < a; < n; for 1 < i < k
and ap > 0. On the other hand, by assumption we have io(f,g) =
A1by + -+ + Agbr. The unicity of the representation of io(f,g) implies
ap = 0 and a; = \;. In particular ay = A\ and io(f, gx) = Axbs, hold.
Since Z:O(f7gk) _ ehibk
t0(gk, ) n
done (in that case we conclude io(f,g) = 0, so g is a unit and we work

we have ig(gk,z) = E)\k. If Kk =1 we are
€k

with gg; instead of g1). If £ > 1 then g = g satisfies the assumptions

9k
of Theorem 1.2 with £ — 1. By induction we are done. (I
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1 Introduction

In all that follows I = I, will denote the finite field of order ¢q. Let n > 2,
r > 2 be integers. In this paper we are interested in certain subsets A
of the projective plane PG(F) = PG(q); we follow closely Giulietti et al.
[5]. In what follows # will denote cardinality of a set.

Let us consider the following conditions:

(Ap) the number of points in A is n;
(A;) there is no line £ in PG(q) such that #4N¢ > r;

(Az) for any point Py € PG(q) \ A, there exists a line £y in PG(q)
subject to Py € g and #AN Ly = r.

If (Ag) and (Ay) hold, A is called an (n,r)-arc. If in addition (As) is
true, A is said to be a complete (n,r)-arc.

These objects are mainly studied in the context of Finite Geometry,
where many results can be reformulated in terms of Curve Theory over
Finite Fields, Coding Theory or Cryptography; see e.g. Hirschfeld’s work
[8], [9], [1]. The general problem we are dealing with is the following.

Problem 1.1. Giving ¢ and r as above, for which n there exist a com-
plete (n,r)-arc in PG(q)?

Remark 1.2. Let A be an (n,r)-arc in PG(q) and P € A. Then each
line ¢ in PG(q) that satisfies P € £ contains at most (r — 1) points of A.
Thus (see [8, Corollary 2.15]) we have

n<(r—1(g+1)+1=(r—-1)g+r.

In particular, we have n < ¢> + ¢+ 1 as r < #{y = ¢+ 1. We observe
then that trivially the plane PG(q) is a (complete) (¢*>+¢q+1, ¢+ 1)-arc.
Further upper bounds can be found in [9, Table 5.2] or [1].

Therefore it makes sense to explore arcs related to plane curves over
finite fields; our main reference on curves is the book by Hirschfeld et
al. [7]). In this sense, we present examples and results related to this
problem, see for instance Proposition 3.3 and Example 3.6 in Section 3.
But, first, we present some preliminary examples.
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Example 1.3. Let F(X,Y, Z) € F[X,Y, Z] be an absolutely irreducible,
homogeneus polynomial of degree r > 2. We consider the projective
plane curve C : F' = 0 over the algebraic closure F of F, where in addition
(by simplicity) C will be assumed to be non-singular. Let (X : Y : Z) be
homogeneus coordinates on the projective plane PG(F). Then we have
¢4(C) CC, where ¢ : (a:b:c) v (a?:0b7: c?) is the F-Frobenius map
on PG(F).

Then we are led to consider C(F) as being the set of F-rational
points of C (namely, the points P € C such that ¢,(P) = P). We
assume n = #C(F) > 2.

For a line £ in PG(q) set r, = #C(F)NL. We have ry < r by Bezout’s
theorem (see e.g. [7]) and hence C(F) is in fact an (n,r)-arc.

Now concerning n = #C(F) we have the following key obstruction
(Hasse-Weil bound):

n<qg+1+29q,
where g = (r — 1)(r — 2)/2 is the genus of C (see e.g. [7, Theorem 9.18]).

Example 1.4. Let A C PG(q) be a (n,2)-arc. We get n < ¢ + 2 by
Remark 1.2. Notice that if A = C(F) were defined as in Example 1.3
(i.e. from a non-singular plane curve of degree n = 2), then n < g + 1.

As a matter of fact, we work on plane curves with a special geomet-
rical property from which an “easy” solution to Problem 1.1 is expected
(cf. Question 2.5 below).

2 Number of F-rational ponts
Here we use the notation and assumptions of Example 1.3. Let C be a
projective, non-singular plane curve defined by F = F(X,Y, Z) = 0. For
P € C the relation

Fx(P)X + Fy(P)Y + Fz(P)Z =0
defines the tangent line TpC of C at P, where Fx, Fy, Fz are, respec-

tively, the partial derivative of F' with respect to the indeterminates
XY, Z.
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It is a fundamental observation that a “large number” of F-rational
points of C are related to the property “¢,(P) € TpC for almost all
P € C” (cf. Remark 3.5 below). In this case C is called Frobenius
non-classical, otherwise it is called Frobenius classical; cf. [12], [6]
(compare Propositions 2.1, 2.4 below).

Proposition 2.1. For C a projective, non-singular, Frobenius classical
plane curve over F of degree r, we have

#C(F) <r(r+q—1)/2.

Proof. Let C be defined by F = F(X,Y,Z)=0. For P=(a:b:¢c) €C
we notice that ¢,(P) € TpC holds if and only if we have

a?Fx(P)+ b Fy(P)+ ¢'Fz(P) =0.
This led us to consider the (possible singular) curve C; defined for
GX,)Y,Z) = XFx(X,Y,2) + Yy (X,Y, Z) + Z1F7(X,Y, Z) .
Now, by Bezout’s theorem, we obtain

Z I(P;CNCy) <r(g+r-—1),
PeC(F)

since C € C; as C is Frobenius classical; here I(P;CNCy) is the intersec-
tion multiplicity of C and C; at P. We have then

GX,)Y,2) = Fx(X1 = X)+ Fy (Y =Y) + Fz(2° = Z) + rF(X,Y, Z),,

and hence P € C; for P € C(F). This way we get I(P;CNCy) > 2 for
P € C(F), and the result follows. O

Remark 2.2. (]2, Theorem 2]) Let ¢ = p be a prime with p =1 (mod 4),
and ¢ a non-square in F. The following plane curve C over F defined by

(Y + Cz)(pfl)/2 +y@e-1/2 _ Zze-1)/2 _ xe-1)/2 _

is non-singular, Frobenius classical and satisfies the upper bound in
Proposition 2.1, that is #C(F) = 3(p — 1)?/8.
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Question 2.3. Is the set of F-rational points of the curve C in Remark
2.2 above a complete (n, (p — 1)/2)-arc with n = 3(p — 1)?/8, that is,
does Condition (Az) hold?

We have the following complementary result.

Proposition 2.4. ([6, Theorem 1]) Let C a projective, non-singular,
Frobenius non-classical plane curve over F of degree r. Then we have

H#C[F)=r(g—7+2).
O

Question 2.5. Is the set of F-rational points of the curve C in Proposi-
tion 2.4 a complete (n,r)-arc with n =r(q¢—r+2)?

Remark 2.6. According to [1, Section 5], an (n,r)-arc in PG(q) is said
to be large whenever n/q > r — 2. Thus, arcs related to Question 2.5
would be large if and only if ¢ > r(r — 2)/2. On the other hand, those
related to Question 2.3 would not be so.

3 Complete arcs: Property A,

Throughout this section C : F(X,Y,Z) = 0 will be a projective, non-
singular, Frobenius non-classical plane curve of degree r» > 2 defined over
F.

If P €C and / is a line in PG(F), then there are three possibilities:
P & ¢, { is transversal to C at P or / is the tangent line TpC of C at
P. In each of these cases, we will write the intersection multiplicity
I(P;CNY) at P e C as jo(P), j1(P) and j2(P) to stress the fact that
they are, respectivelly, 0, 1 or greater than 1; see e.g. [12]. Moreover,
J2(P) is the same for almost all P; this common value will be denoted by
€ = ¢(C). The finitely many points P where j3(P) # € are the so-called
inflexion points of C (or the Weierstrass points of C with respect to
the embedding C C PG(F)). These points include the F-rational points
since for such points P we have ja(P) > e+ 1 (see [12]).

Observe that for P € C(F), TpC is determinated by P and ¢4 (P).

Lemma 3.1. ([6, Section 3]) Suppose € > 2. Then
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(1) € is a power of the characteristic of F and satisfies € < \/q;
(2) r=1 (mod €);

B) vit+tl=sr<(g—1)/(e-1). 0
Now we study property (Az) for C(F).

Lemma 3.2. Let C be a projective, non-singular, Frobenius non-classical
plane curve. Let £y be a line in PG(q) such that £y # Tp for any P € C.
Then we have £y NC C C(FF).

Proof. Suppose there exists P € £y N C with ¢4(P) # P. Since ¢4(¢y) =
o, then ¢q(P) € £y. Thus we get £y = TpC as TpC is determined by P
and ¢4(P). O

Proposition 3.3.  Let C be a projective, non-singular, Frobenius non-
classical plane curve of degree r. Suppose that for any Py € PG(q)\C(F)
there is a line £y in PG(q) such that Py € £y and £y # Tp for any P € C.
Then C(F) is a complete (r(q —r + 2),r)-arc.

Proof. We have #C(F) = r(q — r + 2) by Proposition 2.4 above. Let
Py € PG(q) \ C(F) and ¢y be as in the hypothesis. By Lemma 3.1 we
have £o N C(F) C C(F). If #0y N C < n, we obtain I(P,f,NC) > 1 for
some P € 4N C and we reach ¢y = TpC, a contradiction. O

We have the following numerical sufficient condition.

Corollary 3.4. Consider C a projective, non-singular, Frobenius non-
classical plane curve of degree r and let € be the generic order of contact
of C with tangent lines. If r(r — 1) < e(q + 1), then C(F) is a complete
(r(g—r+2),r)-arc.

Proof. By a result of Kaji [10], the dual curve of C has degree r* =
r(r—1)/e. Thus the hypothesis r* < ¢+1 allows us to apply Proposition
3.3. O

Remark 3.5. For C, r and € as in Corollary 3.4, we have #C(F) = r(q¢—
r+2) (Proposition 2.4). Therefore, after some elementary computations
we obtain

r* = rir=1) < g+ 1if and only if #C(F) > (g + 1)(r —¢).
€
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Example 3.6. Let ¢ = m? be a perfect square. We consider the Her-
mitian curve C C PG(F) over F defined by the equation

Xm—‘rl + Ym+1 4 Zm+1 =0.

After some computations we see that C is non-singular. Next we show
that C is Frobenius non-classical.
For P=(a:b:c) €C, the tangent line TpC is given by

a" X +b0"Y +c"Z=0. (3.1)

2

Then we have ¢4(P) = (a™ : b ch) and hence
amam2 4 bmbm2 + Cmcm2 _ (am+1 + bm,-‘rl + Cm—i—l)m _ 07

which implies ¢q(P) € TpC.
Next let us compute the set C(F).

o If Z =0 then (1: a:0) € C with

am—i—l ——
hence a € F. Thus there are m + 1 F-rational points over Z = 0.

e Let Z # 0 and consider the affine equation y™*! = —2™+! — 1. There
are m + 1 elements of C(F) of type (o : 0: 1) with a subject to a™*! =
—1.

e Let a € F so that ™1 # —1. There are (m? — (m+1))(m+ 1) points
of C of type (o : B : 1) with g7+l = —qm+1 — 1.

Summing up, we have #C(F) = (m+1)+(m+1)+ (m3+m? —m? —
2m — 1) = m3 + 1 (this result also follows from Proposition 2.4 above).
We do observe that the set of F-rational points of C attains the Hasse-
Weil bound, namely #C(F) = m? + 1 + 2gom, where go = m(m — 1)/2.
In this case, we say that C is F-maximal. As a matter of fact, C is, up
to isomorphism, the unique F-maximal curve of genus gg, compare [11].

Finally we show that C(F) is a complete (m® + 1,m + 1)-arc.

We shall apply Corollary 3.4. From (3.1) we can identify TpC with
the point (a™ : ™ : ¢™), where P = (a:b: c) € C. Thus we get

(am>m+1 + (bm)m+1 + (Cm>m+1 =0
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and hence the degree of the dual curve of C is r* = m + 1 and so
r* < m? 4 1; the result now follows immediately.

Remark 3.7. Let C be the Hermitian curve of degree r = m + 1 in
Example 3.6. Let € be the generic order of contact of C with lines. Since
the degree of the dual curve of C is 7* = m + 1, by Kaji [10] we have
e =m as r* = n(n — 1)/e. Thus the intersection divisor of C and TpC
at a point P with jo(P) = € is of type

C-TpC =mP + ¢y(P). (3.2)

We observe that in fact jo(P) = € holds for any P ¢ C(F). If P € C(F)
we have ja(P) > e+ 1 and hence we get

C-TpC=(m—+1)P. (3.3)
Finally, the arc C(IF) has the following incident property:
e For P € C(F)N¥, we get either #(NC(F) = 1, or #¢NC(F) = m+1.

Indeed, if £ = TpC, from (3.3) we have #£NC(F) = 1. On the contrary
if £ # TpC, then I(P;¢NC) = 1. If there is Q € £ N C, with 6,(Q) % Q,
then we have ¢4(Q) € £NC, and so we conclude ¢ = TgC, which is not
possible by (3.2). Now for Q € £NC C C(F), we have I(Q;¢NC(F)) =1
by (3.1), and the result follows from Bezout’s theorem.

Remark 3.8. For the Hermitian curve C in Example 3.6 we just ob-
served the equality € = ¢(C) = m. As a matter of fact this curve is the
unique non-singular Frobenius non-classical curve C of degree at most
m + 1 that verifies € = ¢(C)m > 2 (see [6, Proposition 6]).

Example 3.9. (Related to a Serre’s question; compare [15, Proposition
1.1]) We look for a projective non-singular quartic plane curve C over
F subject to #C(F) > 4(4+ ¢ —1)/2 = 2(3 + ¢). Such a curve must
be Frobenius non-classical by Proposition 2.1; therefore, we should get
#C(F) = 4¢g — 8 by Proposition 2.4. Let € be the generic order of contact
of C with lines. Then € € {2,3} by Lemma 3.1(2).

Suppose € = 3. Then ¢ = 9 by Lemma 3.1(3) and so #C(F) = 28 =
941+ 2¢g-3, with g = 3. This means that C must be a F-maximal curve
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of genus g = 3; i.e., C is the Hermitian curve X* + Y* + Z* = 0 by [11]
(see also [6, Proposition 6]).

Otherwise ¢ = 2. Since € has to be a power of the characteristic,
we have that ¢ is a power of two, see [6, Section 3] (or [4, Corollary 3]).
Moreover, there exists a F-divisor S = ) p.gvp(S)P on C (see [12, p.
9]) such that

deg(S) =€ 4+ (q+2) -4 >2(4g - 8),

and hence ¢ € {2,4,8}. As a matter of fact, Top [15] concluded that ¢
must be 8 and C must be F-isomorphic to the plane curve C defined by

XY 4+ 24+ XY+ Y222+ 2P X2+ XY Z+ XY?2Z + XY Z%2 =0.

In the explicit case A = C(Fg), we have n(n—1) = 12 < 2(8 + 1) and so,
by Corollary 3.4, A is a complete (24, 4)-arc in PG(Fs). We do remark
that the largest complete (n,4)-arc in PG(Fg) is found for n = 28; see
[8, Table 12.3].

Next we present examples of complete arcs obtained from non-
singular, Frobenius non-classical plane curves which do not satisfy the
numerical hypothesis in Corollary 3.4.

Example 3.10. ([3], [7, Theorem 8.81]) Let p > 2 be a prime, o > 2
be an integer, ¢ = p® and set r = (p* —1)/(p — 1). Let C be the plane
curve in PG(F) defined by the afin equation

y" = f(z) = zg"(z) + hP(z),
where

; a—2
gz)=zi=0 +1 and h(x)= Z zP
i=0

Observe that for € F, we have f(x) = N(z) + T(x) being T and N
respectively the trace and norm functions from F to IF,,.

This curve is non-singular, Frobenius non-classical with €(C) = p
and degree r. In particular, the condition r(r — 1) < €(¢ + 1) holds only
for a = 2. In this case we have r = p + 1 and we obtain a complete
(n,p+ 1)-arc with n = p® + 1.
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Let a > 3. We claim that C(F) is a complete (n,r)-arc with n =
r(qg—r+2) (this follows from Proposition 2.4). We have to show property
(A2). Let Py =(a:b:c) € PG(q) \ C(F).

If ¢ = 0, the line ¢y : Z = 0 intersects C in r points in PG(F),
namely those (a : 8 : 0) subject to o = " (notice that any r-th root of
unity belongs to ).

Let Pp = (a : b : 1). Suppose f(a) # 0 and consider the line
ly: X =aZ. Since f(a) € F,, then the points (a : §: 1) with " = f(a)
belong to PG(F) and we get #C(F) N ¢y = r. For f(a) = 0, we have
a#1,—1sincep>2andb#0as Py & A. Let 1 : Y =my(X—aZ)+bZ
(respectively £s : Y = mo(X —aZ)+bZ) be the line with my =b/(a+1)
(respectively mg = b/(a — 1)). Let

(mi(X —a)+b0)"—f(X)=0, (ma(X—a)+b)"—f(X)=0.

Whenever m7 = 1 and m% = 1 we would have (a+1)" = (a—1)", which
together with f(a) = 0 forces a contradiction. Hence one of the lines ¢;
makes (Ag) work and thus C(FF) should be a (n, r)-arc.

Remark 3.11. (On the uniqueness of arcs) In PG(p®), with p > 2 a
prime, there are at least two non-isomorphic complete (n,r)-arcs with
r=@ —-1)/(p—1)=p*+p+1and n=r(qg—r+2). Indeed Example
3.10 above defines one such arc, say A;. Consider also the curve D given
by

yp2+p+1 _ xp2+p+1 +1.

After some computation one concludes that D is also non-singular and
Frobenius non-classical with D(F) a complete (n,r)-arc. Suppose that
there exists a projective bijective map T : PG(p®) — PG(p?®) such that
T(A;) = Ay. By [3] we have T(C) # D (recall the characterization
Ay = C(F)) so that by Bezout’s theorem we have

k=@ +p+1)0° —p* —p+ 1) <P’ +p+1)°
which is impossible.

Example 3.12. As for a numerical example we let p = 3 in Remark
311 and sor =32+3+1=13, n=13(27 — 13+ 2) = 208. This yields
at least two complete non-isomorphic (208, 13)-arcs in PG(27).
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Let us recall that the deficiency of an (n,r) arc in PG(q) is D =
(r—1)¢g+r—mn (cf. Remark 1.2); in our case, D = 129. Arcs with “large
D” (say D > n) can be constructed in general via several combinatorial
methods [8, Section 12.4], [9]. Our examples, on the other hand, depict
arcs of small deficiency which can be constructed via non-Frobenius plane
curves.

Finally, for m the biggest integer for which there is a complete
(m, 13)-arc in PG(27), we have 208 < m < 337. We ask if these bounds
can be improved.

We end this paper with a remark on linear codes (cf. [8, Section
2.14], [1]). First of all we notice that an (n,r)-arc in PG(g) can be raised
to a linear code over F with length n, dimension 3 and minimum distance
d =n —r. We are concerned with the so-called Griesmer bound on n
[16, Theorem 5.2.6], namely with the inequality

n>g,3,d) =Y [d/q".
=0

Proposition 3.13. For a code [n,3,d] associated to an (n,r)-arc on a
projective, non-singular, Frobenius non-classical curve over F of degree
r we have n = g4(3,d) provided that r(q —r + 1) < ¢ holds.

Proof. Here we have d =n —r =r(q —r + 1) by Proposition 2.4 and so
we get
n>n—r+[(n—r)/q]+1.

The result follows from Remark 1.2. O

Example 3.14. The arcs obtained from the Hermitian curve (Example
3.6) and those from the quartics in Example 3.9 satisfy Proposition 3.13.
For further considerations see Storme [14].
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Resumen

Investigamos arcos planos completos que emergen del conjunto de puntos
racionales de ciertas curvas Frobenius no clasicas planas sobre cuerpos
finitos. También apuntamos consecuencias directas de la cota de Gries-
mer para algunos cédigos lineales.
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