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Estabilidad estructural de campos suaves
por partes en superbcies

Rode Checya*

Abril, 2019

Resumen

En este trabajo, consideramos campos de vectores suaves por partes
debnidos en una superbcie compacta. El problema que estudiamos es
la caracterizacien de la estabilidad estructural de campos de vectores
suaves por partes. Despues de M. Peixoto, J. Palis y A. F. Filippov,
vemos que las condiciones necesarias y subcientes son: hiperbolicidad
de puntos singulares, genericidad de tangencias, no conexien de sillas
singulares y selo erbitas recurrentes triviales. Estas condiciones fueron
adaptadas por Brouke, Pugh y Simic para campos de vectores suaves
por partes. Mostramos que para campos de vectores suaves por partes
la estabilidad estructural es una propiedad generica local desde un punto
de vista diferente, y de ah® que caracterizamos al conjunto de los campos
suaves por partes que son estructuralmente estables.
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1 Introduccion

Los sistemas dindmicos que describen procesos fisicos donde el campo es
suave por partes poseen por lo general un comportamiento discontinuo.
Los dispositivos electrénicos con diodos, transistores o interruptores, los
dispositivos mecanicos con engranaje, asi como fenémenos fisicos que
involucran friccién, deslizamiento o colisién son buenos ejemplos de lo
anterior. Encontramos en los sistemas —en principio evolutivos— que
pueden ser interrumpidos por eventos instantaneos una fuente inagotable
de tales fenémenos.

El concepto de estabilidad estructural se inicié con los trabajos de
Andronov y Pontrjagin [1]. Ambos pretendian caracterizar los campos
de vectores en términos de Orbitas periddicas, singularidades, puntos
hiperbdlicos u otros elementos simples frecuentes. Smale generalizé la
idea al definir un comportamiento estable como aquel que no desaparece
bajo pequenos cambios en el sistema. Introdujo la nocién de “estabili-
dad estructural”, entendida ahora como la caracteristica de un flujo por
la cual su topologia se preserva bajo modificaciones controladas de las
ecuaciones que lo describen, digamos, a pesar de perturbaciones suficien-
temente pequenas en los coeficientes.

Peixoto refina el concepto y prueba la densidad de los sistemas es-
tructuralmente estables definidos en regiones compactas del plano y en
superficies orientables compactas. Para ello construye explicitamente un
espacio de Banach en donde formula cuestiones de apertura y densidad
asociados a sistemas dindmicos. También impone condiciones, ademas
de las de Andronov-Pontrjagin, para garantizar estabilidad estructural.
Entre ellas cabe destacar la no existencia de soluciones recurrentes no
triviales; es decir, el sistema presenta apenas puntos singulares y érbitas
periédicas [10].

Para campos planares suaves por partes, el problema de estabilidad
fue atendido por Kozlova [6] y Filippov [4]. Para el caso de superficies
compactas, la referencia béasica es el trabajo de Broucke, Pugh y Simic
(ver [3]). En el presente articulo analizamos, verificamos y reformulamos
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tales resultados. Abordamos espec&bcamente el problema de estabilidad
estructural del espacio de sistemas discontinuos debnidos sobre superb-
cies.

En la seccien 2 exhibimos una coleccien de resultados basicos rela-
cionados con la topolog&&’", con la equivalencia topolegica y con la
estabilidad estructural.

En la seccien 3, de acuerdo con la convencien de Filippov, debPnimos
los conceptos de ®rbita solucien regular y de desliz. Se establece las
condiciones necesarias para la estabilidad estructural local.

En la seccien 4 estudiamos los equilibrios singulares hiperbelicos.

Finalmente, en la seccien 5, a partir del analisis del comportamiento
local trabajado en las secciones previas, se establece la caraterizacien de
los campos suaves por partes estructuralmente estables.

2 Campos de vectores suaves por partes

Un sistema dinamico descrito por uncampo de vectores suave por
partes es un conjunto Pnito de ecuaciones diferenciales ordinarias, de-
notado por #1= Xj(z), dondez ! S; " R", tal que los S; son regiones
abiertas no yuxtapuestas separadas entre s& por subvariedades de codi-
mensien 1; es decir §j = S; # § es una hipersuperbcie de dimensien
n$ 1. Asumimos aX; : S;%R" de claseC!. Las discontinuidades del
campo se encuentran en las fronteras j . La unien de las fronteras y
los S;i ocupan todo el espacio.

De agu® hasta el Pnal/ denota una superbcie orientable compacta,
suave y sin frontera; ademask denota un complejo simplicial bnito 1-
dimensional contenido en); es decir, K es un conjunto de segmentos
unidos por sus extremos e incrustado de manera lisa eid. En adelante,
nos referimos aK como laregien de discontinuidad del campo
Por motivos tecnicos asumimos que cada lado pertenece a la clausura de
exactamente dos componentes dd/ $ K referidas comoadyacentes .

Pro Mathematica, XXXI, 61 (2020), 11-32, ISSN 2305-2430 13
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Tambien asumimos que el angulo entre dos lados incidentes en un mismo
vertice es no nulo.

Un campo de clase C' por partes (1! r!" )enM es una
familia {X;} con X; de claseC" y dePnido sobre la clausuraG; de la
i-esima componente conexd&; de M # K, parai = 1,2,...,k. Los

correspondientesX; son lasramas de X (ver bgura 1).

Figura 1: Un campo de vectores suave por partes en la esfegg.

SeaK $ M un complejo simplicial como arriba. Numeramos las
componentes conexas dM # K cual Gy,...,Gx. SeaXy el conjunto
de todos los campos suaves por parte$ = ( X1, Xz, ..., Xk) de claseC’
con regien de discontinuidadK .

Una vez bja la inmersien deM enR3, los X; pueden realizarse como
campos tangentes aM . Es mas, el conjuntoX| adquiere estructura de
espacio de Banach con la norma del maximo (entre las restriccionesvh
de las derivadas de orden hasta inclusive).

Para analizar el comportamiento de las ®rbitas de estos elementos
precisamos conocer la naturaleza de los puntos df. En primer lugar
estan losvertices . Aquellos puntos enK que no son vertices, es decir
los lados, pertenecen por debnicien a dos regiones adyacentes. Los dis-
tinguimos por el comportamiento a cada uno sus dos lados. Un punto de
discontinuidad es detangencia cuando al menos una de las dos ramas de
X es tangente aK (esto incluye la posibilidad de que una rama se anule
en este punto). Sera punto deeruce si las ramas deX son transversales
a K y ambas apuntan hacia un mismo lado. Es punto deoposicien
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cuando las ramas son transversales ld pero apuntan a lados opuestos.
En la Pgura 2 se presenta un esquema de las cuatro posibilidades.

P GO VA
fo——x T TNT

(a) q es vertice (b) g es un equilibrio singular
LU . U . . W G G G N
A G A A 7 7 K
(c) g es punto de cruce (d) g es punto de oposicien

Figura 2: Los diferentes tipos de puntos del conjuntdK .

Por doble tangencia nos referimos a aquella en la que la tangencia
aparece en ambas ramas adyacentes.

Gracias a la compacidad deK , cada rama X; puede extenderse a
una vecindad deS;. Si bien las extensiones pueden diferir, las @rbitas
del campo estan bien debnidas mientras permanezcan en la regign

Seaq! K un punto de oposicien. Uncampo deslizante X' en q
es la wnica combinacien estrictamente convexa

XHg) = X i(@+@ " 1)X;(a), 0<!< 1

que resulta tangente aK en g. Resaltamos queX' en este caso esta
bien debPnido apenas en un entorno dg enK..

Un punto de oposicien egdeslizante si X' (q) # 0, y es equilibrio
singular si X' (q) = 0. Ver bgura 3.
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LN

$
5, tHibiid
(a) q es punto deslizante (b) g es un equilibrio singular
Figura 3

Una singularidadad deX ! X| es bien un equilibrio singular, bien
un punto de tangencia, o bien un vertice d&K . Por motivos que se haran
obvios en los parrafos siguientes, excluimos a los puntos (interiores) de
G; donde el campoX; se anula y la @rbita es estacionaria.

Una erbita regular deX ! X} es una curva suave por parte$ en
M de modo que la interseccien " G; es una trayectoria deX;, aca se
sobreentiende que la interseccien con la frontera” K consiste solamente
de puntos de cruce. Nos interesan sobremanera aquellas @rbitas regulares
maximales respecto a estas condiciones.

Una erbita singular deX ! X} esuna curva suave # K tal que
I es una erbita deX ', o una singularidad deX .

Observacien 2.1. Es posible concatenar @rbitas regulares con @rbitas
singulares; mecanismo conocido poconvencien de Filippov . Esto
ocurre, por ejemplo, si! llega a un punto singular g en tiempo Pnito y

" se aleja deq en tiempo Pnito. Como consecuencia, pueden coexistir
erbitas distintas a traves de una singularidadq ! K. Con el bn de
asegurar la unicidad de erbitas a traves de un singularidades, deberemos
restringir en lo posible el uso de concatenaciones.

Sean dos campo¥, Y ! X[ . Unaequivalencia topolegica entre
X eY es un homeomorbsmd : (M,K)$ (M,K ) que lleva erbitas de
X en erhitas deY vy lleva erbitas en K en @rbitas deK, a la vez que
preserva la orientacien de las mismas. En este caso decimos dkiee Y
son topolagicamente equivalentes

16 Pro Mathematica, XXXI, 61 (2020), 11-32, ISSN 2305-2430
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Una @erbita v sale de ¢! K sise tiene k&my(t) = ¢. Por otro lado,
t! o*
entraa ¢! K cuando |I«Zz)r’rw(t) = ¢. (Ver bgura 4).
t! o

Figura 4: Una erbita v que entra al punto ¢ y sale del mismo.

Las separatrices se describen de manera heurdstica como lugares
alrededor de los cuales muchas trayectorias pasan cierto tiempo para
Pnalmente abandonarlo.

Una separatriz inestable es una @rbita regular cuyo conjuntoa-
l¥dmite es un punto silla 0 se aparta de una singularidad del camp®¥ (ver
bPgura 5). Unaseparatriz estable es una @rbita regular cuyo conjunto
w-k®@mite es un punto silla o llega a una singularidad del camp&’.

. Separatriz
Separatriz inestable

AN/

<< > T

\ / / /3&

@ (b)

Figura 5: Se muestran separatrices inestables y estables: (a) alrededor
de un punto silla singular, (b) alrededor de un punto de tangencia.

Si una separatriz es estable e inestable a la vez, se le denomina
separatriz conectora . Dos separatrices inestables sorelacionadas
si llegan a un mismo punto (ver bgura 6). Otros ejemplos se aprecian en
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la bgura 7.
S
//A
« !\ <
DS
»\\\
Figura 6: Separatrices relacionadas
/ N
\' . : \'\
\// b /
o
(a) Conexien entre sillay tan- (b) Conexien entre
gencia silla y silla singular

Figura 7

3 Estabilidad estructural

Uno de los objetivos de la teorda de los sistemas dinamicos es clasibcar
la dinamica segun la estructura geometrica de las @rbitas; es decir, vda el
estudio de su retrato de fase. Bajo un punto de vista geometrico la esta-
bilidad estructural de un campo vectorial se entiende como la reticencia
de su retrato de fase a no alterarse topolegicamente ante pequenas per-
turbaciones. Para campos suaves por partes, la estructura de las @rbitas
depende, entre otros factores, del comportamiento en la regien de dis-
continuidad. Veremos en breve cemo la parte determinante del estudio
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recae sobre las propiedades del llamado campo deslizante, debnido en la
regien de oposicien d& .

Broucke, Pugh y Simic [3] plantean el caso para la esfera. En ese
contexto, tomemos por ejemploX como un campo suave por partes
con dos ramasX. y X, , debnidas en el hemisferio boreal y austral,
respectivamente: un punto en el hemisferio norte se mueve pof.. , caso
contrario lo hace por X, . Si el punto esta en el ecuador (la regien de
discontinuidad) su futuro dependera del contexto. Siempre es posible
convenir un movimiento natural; ver por ejemplo la bPgura 8.

Figura 8: Estructura de las erbitas sobreS?.

De ser el conjunto de los campos estructuralmente estables OgrandeO
en algun sentido, entonces este adquirira preponderancia, pues nos acerca
a lo que en terminos topolegicos es una propiedad generica. Recuerdese
gue para campos de vectores no discontinuos, la estabilidad estructural
es una propiedad generica, es decir, se veribca en un abierto denso. Sin
embargo, para campos suaves discontinuos algunas condiciones tendran
gue ser reconsideradas.

Un campo X ! X} esestructuralmente estable  si existe una
vecindad U " Xj de X tal que cada campoY ! U es topolegicamente
equivalente aX : en otras palabras, existe un homeomorbsmo ambiental
que transforma erbitas deX en erbitas deY. Denotamos por !} al
conjunto de todos los camposX ! X estructuralmente estables.

Ejemplo 3.1. Consideremos la estructura de @rbitas determinada por

Pro Mathematica, XXXI, 61 (2020), 11-32, ISSN 2305-2430 19
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un campo suave por partes sobre la esfera, como aquel mostrado en el
lado izquierdo de la bgura 9. Aca se aprecia una separatriz conectora
gue surca desde un punto silla ubicado en el hemisferio norte hasta un
punto de tangencia. Al lado derecho observamos una ligera perturbacien
gue carece de la conexien entre la silla y una tangencia. Como el campo
y su perturbado no son equivalentes, resulta que el campo de referencia
no merece ser llamado estructuralmente estable.

*

Figura 9: Estructura de @rbitas inestable.

Ejemplo 3.2. | Sea el cuadrado [01]! [0, 1] dividido por el segmentoL ;
con extremos 3,0 y 1,1 (ver bgura 10).

Lo=1$ 1 —rgs
$

% %

$

o
// D%
]

"e Y%
%

' "8

Figura 10: Estructura de erbitas sobre el toro.

20 Pro Mathematica, XXXI, 61 (2020), 11-32, ISSN 2305-2430



Estabilidad estructural de campos suaves por partes en superbcies

El segmentolL ; divide al cuadrado en dos partes, en ellas se debnen
los campos constanteX . =(1,a)y X, =(1,b). El cuadrado representa
un toro, que se obtiene al identibcar lados opuestos del cuadrado.

De ese modo, la regien de discontinuidad consta de dos cdrcul@s
Gy - identibcados con los segmentos verticales indicados a la izquierda.
Observese que las erbitas de las dos regiones se concatenan. Por ejemplo,
si empezamos en el segmento vertical correspondientexa= O (es decir
desde &), nos habremos elevada/ 2 unidades al llegar ax = 1/2 (es
decir, a G, ,), de ah® tras 1/2 unidad de tiempo adicionales acabaremos
b/2 unidades Omas arribaO. En resumen, tras una unidad en el reloj, se
completa una vuelta al c®drculo, mas al regresar & habremos rotado
(a+ b)/ 2 vueltas a lo largo del meridiano; funcien que denotamos por
I : G ! C . Sise considera pequenas perturbaciones eno b (por
ejemplo, el transito de rotacien racional a irracional), la estructura de
@rbitas cesa de coincidir y el campo resulta inestable.

Por motivos tecnicos, dado un segment& " K, conviene bjar un
sistema de coordenadasly,!), con E " U, de modo que! (E) sea un
intervalo sobre el ejex, digamos! (E) =[#1, 1] (ver bgura 11).

Figura 11: Una coordenada que cubre parte de una arista di .

En este sistema coordenado las ramas se expresan OlocalmenteO cual
X1y X3, debnidas una sobre el semiplano cerrado superior, la otra sobre
el inferior:
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I
X1(%,y) = (f1(x,y), Y)); 0]
X (x.y) = 1(x y)_( 1(%,y), Gu(x y)). y" (3.1)
Xa(x,y) = (fa(x,y), &(x,y)); y" O
El conjunto de los puntos de oposicien d& es relativamente abierto.
De acuerdo con la convencien anterior, para uno de ellos, digamas=
(x,0), las funcionesg y g no se anulan, mas poseen signos opuestos.

De este modo cualquier combinacien convexa toma la forma
IXi(x, 0)+ (1 # 1)Xj(x,0)="! (Fi(x), G (X)) + (1 #!)(f(x),g (X))
= (M) + @ # D (X),1gi(x) + (1 # 1)g (x)).

Al ser el campo deslizanteX' la wnica combinacien estrictamente
convexa y tangente aK, su componente verticallg;(x) + (1 # !)g (x)
debe anularse. De ese modo, se tiene la igualdad

_ g (x)
Y EEYey (3:2)

y el campo deslizanteX ,'] gueda expresado cual

! T g (%) |
Xj0) = 3@ 1 SB o N0
O #a(x)

aEa DT Grgm @
_ G ()Xi(a) # g (x)X;(a)
G0FGN)

Necesitamos un concepto adicional prestado del analisis real basico.
Una funcien diferenciablef : [a,b] $ R tiene ceros genericos si no
se anula en los extremos ¥f (x) = 0 implica f (x) %0. EIl siguiente
resultado justibca el nombre.

Lema 3.3. Una funcien generica de claseC" posee ceros genericos.

Prueba. Observese que se desprende de inmediato de la debnicien que
todos los ceros def son interiores y estan aislados. En otras palabras,
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0 es un valor regular def . El resultado se sigue de tecnicas estandar de
teor®a de Morse (cf. [7]). O

Proposicien 3.4.  El conjunto ! de camposX ! Xj que satisfacen las
propiedades

a) las restricciones X; son de Morse-Smale,

b) los X; no se anulan enK,

c) las tangencias deX; con K aparecen en numero bnito y lejos de los
vertices, ademas ninguna es doble (es decir, por ambos costados), pero
todas son parabelicas (es decir, cuadraticas) y

d) los X; son colineales a lo mucho en un nyumero Pnito de puntos de
K, ninguno de los cuales es un vertice

es abierto y denso erXj .

Prueba. Fijemos un sistema de coordenadas\,!) con! (E) =[" 1,1]
(ver bgura 11) y tomemosX con ramas descritas por (3.1). Debnimos
los conjuntos

s = {X ! X[ :cumplelapropiedad g,
law = {X ! !,:cumplelapropiedadl},
Pae = {X ! !4 :cumplelapropiedadg,
Pabeda = {X ! ! apc: cumplelapropiedad d.
SeaX ! ! ,. El teorema de Peixoto [10] abPrma que cuando las

ramas X; de X son campos Morse-Smale, el campo es generico. Asg, !
es abierto y denso erXj .

Elconjunto! ;o= {X ! ! 5:Xi(p) #0,p! K} es abierto y denso
ya gue este conjunto coincide cog X ! | 5 : X;|x es transversal a{0}} .
En efecto, siX|x es transversal a0}, o bien se tieneX;|k (q) # 0, 0 en
su defecto se cumpleXi|k (@) =0y DXk (@) &R+ Tq{0} = TqRZ. Pero
lo wltimo no ocurre ya que las dimensiones no coinciden. Luego, por el
teorema de transversalidad de Thom el conjunto !5, es abierto y denso
en!,.
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El conjunto ! 4 esta conformado por camposX ! ! 5 con un
nymero Pnito de tangencias, ninguna doble pero todas cuadraticas. Una
rama X;(q) sera tangente enq! E " K siy selo si se tiengg(q) = 0;

y sera cuadratica wnica y exclusivamente cuando se tenga en simultaneo

fi(Q#0y - (q) # 0. En efecto, por debnicien se cumple

Xih(x, 0) = i (q), %h(q)&= fi(d),gi(a)).(0,1)&= g(q)=0
Y de ah® se pasa a

X 2h(x, 0)

j§><i(q),%xih(q)&
(fi(x), g (x)); (X) (><)

#$

f(X) (OI) g.(X) (Q)

fi (x) (x) #0.

Es decir, X; no acepta tangencias en vertices dK si y s®lo sig no se
anula en los extremos deE, y no acoge doble tangencia em si y selo
si g(q) = 0 implica g (q) # 0. Es decir, el conjunto ! 4 coincide con
el conjunto de los campos para los cualels; , dondeh; : E ' R? esta
dada por h; (x) = (g (x), g (x)), es transversal a{0}. Por el teorema de
transversalidad, el conjunto ! ;o €s abierto y denso en

El conjunto ! 45cq €S denso y abierto en Lycq. En efecto seaxg !
"(E)=[(11]. SiX ! I g, entonces por c) 0g (xo) # 0 0 g (Xo) #
0. Supongamos que se teng; (xo) # 0. Entonces existe un intervalo
I " [( 1,1] que contiene axo en donde se tieney # O (es decir X; no
es tangente aK ). En uso de la carta" asociada a la caja de Rujo para
Xj enl, podemos asumir que se cumplé;(x) = 0y g (x) > 0 para
todo x ! | (en estas coordenadas de la caja del Bujo el vectdj apunta
directamente hacia arriba). De este modo una colinealidad entréX; y
X; ocurre exclusivamente cuando se tieng;(x) = 0. Por el lema (3.3),
ello acontece paraX solo en numero Pnito y nunca en los extremos de
| . Luego, por el teorema de transversalidad, se concluye el resultado.
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Finalmente, en virtud de la transitividad, resulta que ! es denso y
abierto. O

A modo de ilustracien consideramos el camp& = (Y1,Y2) de la
Pgura 12. Las ramas de¥ no satisfacen la propiedad 1, es decir, no son
Morse-Smale. Tampoco se respeta la propiedad 2 pues se exhibe una
silla que muere enq! K.

£
b

Figura 12: Un posible estructura de ®rbitas deY ! !.

Proposicien 3.5. Dado X ! !, existe una vecindadV de X en X} tal
gue cadaY !V posee en comun corX

¥ el mismo numero de puntos crdticos y del mismo tipo topolegico,

¥ igual numero de tangencias del mismo tipo topolegico,

¥ igual cantidad de equilibrios singulares del mismo tipo e

¥ igual numero de erbitas cerradas.

Abrmar que son del mismo tipo topolegico signibca geometricamente
gue son equivalentes, es decir, que son topolegicamente conjugados.

Prueba. La mayorda de propiedades son explkdcitas de la proposicien 3.5.
Las restantes se amparan en la debnicien de campo Morse-Smale en la
parte a) del mismo resultado. O
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4 Equilibrios singulares hiperbglicos

Analizamos algunas propiedades de los campos genericos. Observamos
que el campo deslizanteX' esta debnido en la regien de oposicien mas
no asd en vertices di .

Proposicien 4.1.  El campo deslizanteX ' asociado a un campo generico
X es de claseC’. Ademas, los puntos créticos d&X ', en caso existan,
son atractores o repulsores, hiperbelicos en ambos casos.

Prueba. Debido a la ecuacien (3.2) el camp&' resulta claro que es de
claseC'. Para demostrar que los ceros d&' son hiperbelicos se troca
la carta ! alrededor deq! K por una carta de caja de Rujo" para
hacerf; " 0. Luego, la colinealidad ocurre si;(x) = 0.

Al ser X generico, en uso del lema 3.3 se tiene qlig(x) # 0 cuando
fi(x) = 0. De este modo, en el sistema de coordenada¥,U "), el punto
crdticoq = (x,0) de X' es hiperbelico repulsor cuanddf(x) > 0y
atractor si f;(x) < 0. O

En el transcurso de la siguiente proposicien debniremos y cataloga-
remos los diferentes tipos de singularidades eld .

Proposicien 4.2. El numero de singularidades de un campo generico
es bnito y solo admiten las siguientes posibilidades:

¥ silla singular (equilibrio singular);

¥ atractor singular (equilibrio singular);

¥ repulsor singular (equilibrio singular);

¥ nodo-silla singular (tangencia visible);

¥ montdculo singular (tangencia invisible);

¥ vertice deK .

Todas son estables bajo pequenas perturbaciones.

Prueba. Sea X un campo generico yq ! K un equilibrio singular o
un punto de tangencia pero no un vertice. Por la proposicien (3.4) la
genericidad implica que por lo menos una rama d& es transversal a
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K enq, digamosX;. Como en la prueba de la proposicien (3.4), en uso
de una carta de la caja Bujo podemos asumif; ! 0,g; = 1y tomar

g = (0,0). Observemos que se tieng;(0) " O, pues de no ser as¥;

y Xj apuntardan hacia arriba a traves del ej& en g; y resultarda que

g es regular y no singular, una contradiccien. Tambien, la genericidad
implica que o bienf;(0) = 0y g(0) # 0, o en su defectof;(0) # O

y gi(0) = 0, ya que la nulidad de ambos contradirda la condicien b)
de la proposicien (3.5). De ah® que podemos destinguir dos casos bien
diferenciados topolegicamente. Veamos.

Caso 1. Cuandof;(0) = 0, g(0) < O, f/(0) # 0, aparecen como
posibilidadesf/(0) > 0y f/(0) < 0. De tenersef/(x) > 0, debido a
fi(0) = 0, existe una wnica X;-erbita que llega al origen desde arriba:
en este caso decimos que tenemasa silla singular con separatriz
regular estable . Sif{(x) < 0la mismaX;-erbita que llega desde arriba
al origen abre paso a umatractor singular  (ver bgura 13).

/NN AN AL

ATTETTT T,

(a) Silla singular (b) Atractor singular

Figura 13

Caso 2. Cuandof;(0) # 0, g (0) = 0,g(0) # O, aparecen nueva-
mente dos posibilidadesg(0) > 0 0 g/(0) < 0. Sig(0) > 0, se obtiene
una tangenciaX;h(x,y) = $;(x,y); (0,1)%= ¥fi,q);(0,1)%= g(X,y)
conh(x,y) = yy h'! = 1. Este es el caso denominadmodo-silla .

En este caso apreciamos tres separatrices: dos de ellas estables y una
inestable (ver Pgura 14 (a)). Sig/(x) < 0, obtenemos una tangencia Oin-
visibleO comunmente llamadanont®culo singular . Aca se vislumbra
una wnica separatriz, la misma que es estable (ver bgura 14 (b)). En
ambos casos, sin embargo, el signo d¢(0) es irrelevante pues su efecto
es el virar la direccien, sea hacia la izquierda o la derecha deé.
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\\h ) =\
SRR RN PEEFE T,

(a) Nodo-silla singular (b) Mont®culo singular

Figura 14

La genericidad y Pnitud de las singularidades ya fue anotada en la
proposicien 3.5 O

5 Estabilidad estructural en X

Presentamos el teorema de caracterizacien de los campos suaves por
partes estructuralmente estables debnidos en una superbcie compacta.
Tomamos prestada de [7] la debnicien de erbita recurrente: una erbita
I esrecurrente si esta contenida en el conjunto” -ldmite de! o en
el conjunto #-kKWmite de! . Las erbitas recurrentes triviales son los
puntos créticos y las @rbitas cerradas.

Escribimos ! | para denotar al conjunto de los campos estructural-
mente estables. El siguiente teorema los caracteriza.

Teorema 5.1. Un campoX ! X| es estructuralmente estable si y solo
Si

¥ satisface las condiciones de la proposicien 3.5,

¥ todas sus @rbitas periedicas son hiperbelicas,

¥ carece de separatrices conectadas y de separatrices relacionadas y
¥ selo admite erbitas recurrentes triviales.

Prueba. Si X | X| es un campo que satisface las condiciones del teo-
rema, entonces tiene un nyumero bnito de singularidades: usaremos
para repulsores,a; para atractores, s; para sillas, g para tangencias y
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pi para equilibrios singulares, segun convenga. Cada silla, tangencia o
equilibrio singular tiene asociado separatrices; las separatrices estables
nacen de un repulsor y las inestables mueren en un atractor. Por la
proposicien 3.5 existe una vecindad/ de X en la cual todoX !V posee
el mismo numero y tipo de singularidades y separatrices qux .

SeanV, vecindades de los| y Ux de losak. Similarmente tomemos
V, asociados corr;=y Uy con ai; las fronteras de estas vecindades han
de ser transversales al campo, ver bgura 15. Las separatrices cortan las
fronteras!'V,, | Vi en arcos. El homeomorbsmb es construido mediante
Pel seguimiento de lo pasos que se enumeran a continuacien.

Primero, como es legico, realizamos la asignacien puntuah(p;) =
B, h(ri) = #i, h(si)) = s, h(g) =g y h(a) = &.

En segundo lugar nos aseguramos de asignh(") = +, donde" es
un arco en!V; y * es el correspondiente arco ehV;.

En seguida, en utilizacien las erbitas deX, " es dejado Ruir hasta
# ! Uy, lo mismo conk: ahora ' es llevado hacia# ! ! Uy,. Hemos
podido as® materializar la extensiem(#) = #.

Luego extendemodh al interior de las regionesV, y Uy.

Por «ltimo, se extiendeh a las regiones limitadas por los arco$, #
y las separatrices correspondientes. O

Figura 15: El homeomorbsmoh lleva erbitas del campoX en erbitas
de X (la perturbacien)

Pro Mathematica, XXXI, 61 (2020), 11-32, ISSN 2305-2430 29



Rode Checya

\vzd

Figura 16: P; es un atractor hiperbelico, P, es un repulsor hiperbelico
y K es una regien de discontinuidad

Como ejemplo searX; y X, las ramas del campaX sobre la esfera
M = S?ysuponemos que son transversaleska = S! como se muestra en
la Pgura 16. Observamos que los campos son del tipborse-Smale luego
condiciones 1y 4 del teorema se satisfacen. El camp6 es generico Si
y solo si los equilibrios singulares son hiperbelicos y no hay separatrices
conectadas ni separatrices relacionadas entre los puntos de equilibrios
singulares vy sillas.
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Abstract

In this paper we present the theorem of characterization of the struc-

tural stability of piecewise smooth vector belds dePned on a compact
surface. It is essentially a result of the local theory, and is based on
work of Brouke, Pugh & Simic [3]. They established and showed that
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the necessary and sulcient conditions are given by hyperbolicity of sin-
gular points, genericity of tangencies, no connection of singular saddles,
and the apperance of only trivially recurrent orbits. We show the same
but from a di"erent perspective.
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debnes it
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Abstract

In this paper, we study foliations on the projective plane of degree two
which have a brst integral with degree two. Such brst integrals debPne a
pencil of conics.

The Hilbert-Mumford criterion is a powerful tool of the Geometric
Invariant Theory. An application of this theory is the characterizarion
of the instability of the space of foliations of degree two, with respect to
the action by a change of coordinates, and the characterization of the
stability of pencils of conics, given by Alcantara.

The aim of the paper is to give another proof of the fact that a
foliation of degree two debned by a pencil of conics is unstable if, and
only if, the pencil is unstable.
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1 Introduction

The problem of classibcation of holomorphic foliations in complex mani-
folds has been the object of intense study in the last decades, see [5, 6, 8]
and the references therein.

The set of holomorphic foliations on the complex projective plane
of degreed, denoted by Fol(d), is a projective space and accepts a linear
action of Aut(P?) under a change of coordinates. In this paper, we
study foliations on P? of degree two which have a brst integral of degree
two. Our main tool would be Geometric Invariant Theory (GIT), as
developed mainly by Hilbert and Mumford [11]. We also deal with the
pencil of conics debPned by said brst integral. In [10], Miranda found
a characterization of the stability of pencils of cubic curves. Based on
this result, Alcantara and Sanchez-Argaez [13] (see also [4]) proved the
following characterization on the stability of a pencil of conics.

Theorem 1.1 ([13, Teorema 8]) Let A(x,y,z) and B(X,y,z) be de-
gree two homogeneous polynomials i?> debning conics without com-
mon components. LetLag be the pencil generated by such conics, and
let B(Lag ) the set of common zeros oA and B. Then P(L) is unstable
if and only if B(Lag ) contains at most three dilerent points.

In [2], Alcantara obtained maximal sets of generators for unstable

foliations, namely
! ! oot P B PN PN )
O = P Y e e e i e Yy iy Py Y
’ | | | | | | |
_ oot o, ! o,
CN,=P ng,y \yz ZW,Z V

K V25—, XZ—,Y
Moreover, Alcantara also achieved a characterization of the insta-

Ix ' Ix ly’
bility of a degree two foliation.

Theorem 1.2 ([2]). Let X ! Fol(2) be a foliation with isolated singu-
larities. Then X is unstable if and only if it has one of the following
properties:
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1. there exists a singular pointp of multiplicity 2, or

2. it has an invariant line with a unique singular point with multiplic-
ity 1 and Milnor number 5.

Moreover, a foliation X satisbes (1) if and only there existg! SL(3,C)
such that gX ! CNj, and satisbes (2) if and only if there existg !
SL(3,C) such thatgX ! CN,\ CNj.

In [7], Cerveau et al. proved that there exist, up to the action,
three foliations of degree two onP? debned by a pencil of conics. On
the other hand, in [3], Alcantara constructs a stratibcation (based on
GIT, see [11]) of the space of foliations with respect to the action by a
change of coordinates and presents the following corollarya foliation
of degree two debned by a pencil of conics is unstable if and only if the
pencil is unstable In this work, we present a new proof of this corollary,
where, instead of using the aforementioned stratibcation, we rely on
Proposition 3.2, due to Darboux, by studying the singular bPbers of the
prst integral debned by the pencil. We also use the characterization given
in Theorem 1.2 for the instability of a foliation and the characterization
given in Theorem 1.1 for the instability of a pencil of conics. In other
words, we will establish the folllowing result.

Theorem 1.3. Let F be a foliation of degree two inP? with Pst integral

F . . .
H = —, here F,G are polynomials of degree two. TherF is unstable if
and only if Lg g is unstable.

2 Preliminaries
Let k be an algebraically closed Peld. Aralgebraic group G over k

is a group that by own right is a variety over k and is such that the
multiplication and inversion operations are morphisms of the variety.
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Classical examples of algebraic groups include

GL(n, k)= {A! Mu(k) : det(A) %0},
SL(n,k) = {A! Mu(K) : det(A)=1},

respectively called thegeneral and special linear groups. GivenG, H
algebraic groups, amorphism ! : G # H should be both a group
homomorphism and a morphism of varieties.

A linear algebraic group is an algebraic group that is isomorphic
to an algebraic subgroup of GL(n, k). Note that both GL(n, k) and
SL(n, k) are linear algebraic groups.

From now on, " will denote the projection from AE” \{ 0} to P".
Let G be an algebraic group acting on an alne variety X $ AE”
(respectively, a projective variety X $ P"). We say that the action is
linear if there exists a group homomorphism

#:G# GL(n+1,k)
with géx = #(g)(x) (respectively, géx = " (#(g)(®)), where @! "' 1(x)).

Remark 2.1. Note that if an action over a projective variety X is linear,
then # induces an action in the alne cone
!
X¥={0% "'x).
x" X
of X.

Denote by C[x,y, z]q the space of homogeneous polynomials of de-
greed. Given F ! C[x,Yy,z]q4, the set

V(F)={[x:y:z]! P> : F(x,y,z)=0}

is called the locus of F. Recall that F,G ! C[x,y,z]q dePne the same
curve (i.e., locus) if and only if F = $G, for some$ ! C*. Then

X = {V(F):F(x,y,2)! C[x,y,zl4}
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is a proyective variety, because of the identibcation

C[X, Y, Z]d \{ 0}

c rpY,

X!

d+2
whereN = ) "L

Example 2.2. Let X be the set of cubic planar curves, that is
X ={V(F): F(x,y,z) # C[x,y, z]s}! P°.
The action in X given by

 :SL3,C)$ X % X
(9, F(x,y,x)) &%F(g *(x,y,2)).

is linear.

Let G be an algebraic group acting onX . In general the quotient
spaceX/G is not a variety.

Example 2.3. Let G= C' = C\{ 0} and X = C2. Consider the action
| :G$ C? % C? given by

L (21, 22)) = " &z1,22) = ("21," '22).
The orbits of X are given by

0(0,0) = {(0,0);,

0(21,0) = {("z1,0) : " # G},
0(0,z2) = {(0,"" *z2) : " # G},
O(z1,22) = {(X,y) : Xy = 7125},

where z;,z, = 0. We conclude that X/G is not an algebraic variety.
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Let G be an algebraic group acting on a varietyX . Denote by A(X)
the algebra of morphisms! : X I k. The action of G on X induces an
action of G on A(X). We debne

AX)C = {f " A(X):f(gax)= f(x), forall g" G},
called the invariant ring  of X..
Example 2.4. For the action " of Example 2.3 we have
A(X)= {f :C?! C:f is a polynomial}.

Here we obtain
A(X)® = K[xy] = A(C)

and, so, the ring is Pnitely generated.

The set V(A(X)®) = V(A(C)) = C is called the GIT-quotient
and is denoted by X//G . The question of whether or not A(X)® is
Pnitely generated is a variation on HilbertOs 14th problem. The most
general answer was given by Nagata [12] in 1963. See also [1].

Theorem 2.5 (Nagata). If G is a reductive group thenA(X )€ is bnitely
generated. !

We say that a linear algebraic group G is reductive if for every
linear action of G in k", and every invariant point v " k" \{ 0} there
exists aG-invariant homogeneous polynomialf of degree# 1 such that
f(v) $0.

Example 2.6 ([1, Ejemplo 10]). The groups G = GL(3,C) and G =
SL(3,C) are known to be reductive.

One of the main goals of Geometric Invariant Theory (GIT) is to
classify objects in Algebraic Geometry. The case of interest here is when
X is the space of foliations of degree, see Section 3.
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Debnition 2.7 ([11, Proposition 2.2], see also [1, Proposicien 4])Let
X be a projective variety in P" and G a reductive group acting linearly
onX. Letx! X andx! I''3(x)" ¥ " C"*!. Then x is semistable
when 0V O(X). We write X SS for the set of semistable points ofX .

Also, we say that x is stable whenever 0Y O(X), the orbit of x is
closed inX %%, and dimO(x) = dim G.

In general, it is dilcult to determine when a point in a projective
variety is stable. We now describe a usable criterion, originally given by
Hilbert for G = SL(n), and later extended by Mumford for arbitrary G.

A 1-parameter subgroup of G is a non-trivial homomorphism of
algebraic groups" : C" # G.

Given a 1-parameter subgroup" and a linear actonG on X " P",
we introduce the representation

C # GLn+1(C)
t$#" " (v) = " (t) Av.

This representation is diagonalizable.

Proposition 2.8 ([1, Proposicien 5]) There is a basis{ey,€1,...,€n}
of C"*! such that" (t)g = t'i g, with r; | Z.
. In
By Proposition 2.8, given a pointx ! X, with X = Xi€, we have
i=0
!
" ()X = t'xe.

Mumford used this 1-parameter subgroup to calculate the stability
of elements ofX by the action of G. In that way he introduced the now
called MumfordOs function : for x I X and" in a given 1-parameter
subgroup of G, we set

H(X,")=min {r; : X; %0}.
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Theorem 2.9 ([11, Theorem 2.1], see also [1, Teorema 12])let X be
a projective variety in P" and G a reductive group acting linearly onX.
Then, for any x ! X we have that

¥ x is semistable if and only ifu(x,! ) " 0Ofor all 1-parameter subgroups
I of G.

¥ x is stable if and only if p(x,!) < 0 for all 1-parameter subgroupd
of G.

Remark 2.10. Almost directly from the depbnition we get
Wgax!) = p(x.g' g),
forany g! G.

Proposition 2.11  ([1, Proposicien 6]) Every 1-parameter subgroup! :
C" # SL(3,C) is conjugated to a diagonal one. In other words, we have

! $
Lt 00
— " n e 11
I()=gy 0 t 0gg "
0 0 tm

for someg! SL(3,C), whereng$ ny $ ny, ng+ ny+ ny, =0.

Example 2.12. Let X = {V(F) : F ! C[x,y,z]s} and consider the
linear action

" SL(3,C) %X & X
(9. F(x,y,x)) ‘& F(d' *(x,y,2)).

We now calculate the MumfordOs function associated t& and ". For
that purpose let

B = {x3,y% 2% x?y,x%z, xy?, xz2,yz%,y?z, xyz}
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be a base ofX. By Remark 2.10, in order to analyze the stability of
F ! X, itis enough to consider the 1-parameter subgroups given by

1 :C'"" SL(3,C)
t #" diag(t"°,t"1, t"2),

whereng $ n; $ ny, and ng + n; + n, = 0. A few calculations yield
u(x® MiyizZl 1y =(i+ ] %3)ng %in; %jn, and

U(F, 1) =min {(i + ] %3)ng %in, %jn, :a &O0}.

where
13

Fixy.x)=  ax¥ "lylz,
ij =0

3 Foliations in the complex projective plane

An holomorphic foliation F on a complex compact surfaceX is a family
of holomorphic 1-forms{"i};%, debPned on an open coveringU;};x, of
X, such that "; = g;";, for some holomorphic functieng; without
zeroes onU; ' U;. A foliation of degreed in P? is determined by either

¥ aprojective 1-form ! = Pdx+ Qdy+ Rdz, with P, Q, R homogeneous
polynomials of degreed + 1 subject to xP + yQ + zR = 0 (called
Euler’s condition), that satisbes ! ( d! =0, the integrabitility
condition or

# # # .
¥ a vector bpeldX = A— + B— + C—, with A,B,C homogeneous
#X #y #z
polynomials of degreed, modulo a product GX of the radial vec-

# # # .
tor field Xr = Xﬂ + y#—y + zE and a homogeneous polynomial
G.
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The singular set of a foliation F, denoted by Sing(F), is given by
the set

Sing(F) = {p € P* : P(p) = Q(p) = R(p) = 0}

when F is defined via a 1-form, and by
Sing(F) ={p=[x:y:2] €P? : X(p) =X r(p), for some ! € C}
when F is defined via a vector field.

Example 3.1. Let P, Q be homogeneous polynomials of degree K in
P? without common factors. Then the 1-form Q = PdQ — QdP satisfies
ix ,(PdQ — QdP) = 0, where ix , is the contraction of the 1-form, and
defines a foliation F, of degree 2k — 2.

Let P, Q be homogeneous polynomials of degree k in P?2. For " =
[@a:b € P let L, =aP +bQbe a fiber of P/Q , whose decomposition in
irreducible factors is L, = f!r"ll . -fﬂ-j ,withng,...,n; e Nandj €N,

all depending on " . In this setting, we write G, = f!rj 11_1 oo f !r’}j_l. We
have the following proposition due to Darboux [9].

Proposition 3.2  (Darboux). Let Q = PdQ — QdP. Then there exist
A=G -G, with#1,...,#y € Pl, and a I-form $ such that

Q=A-8.

Moreover, $ defines a foliation F(P,Q) of degree 2k — 2 — deg(A) with
isolated singularities, where K = deg(P) = deg(Q).

p
Remark 3.3. In Proposition 3.2, the quotient H = — is called a brst

integral of the foliation F = F(P, Q). When this is the case, the quo-
P+1Q

P+HQ

tient , whenever ! # L, is also a first integral of F.
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Remark 3.4. By Proposition 3.2, if P and Q are polynomials of degree
two, we havePdQ! QdP =! !, I= G,, 44@, , with "1,...,", " P,
I debPnesF and

n?

degF)=2=2 &2! 2! deg() ,

which implies deg(!) = 0. Then, if G, = "} *...f/\' ! is a factor of
'then nj =1,forj=1...n, andL. = f.y 4a&&¢ is a singular bPber
of H. In particular, every singular Pber of H is a product of two lines.
Lemma 3.5. Let F be a foliation of degree two inP? with isolated singu-
" . F . :
larities and with H = c as brst integral, whereF and G are polynomials

of degree2. Then, under an automorphism of P> we can reach one of
the following three forms

z(ax + by+ c2)

¥H= Xy , With at most one of a, b, cequal to zero,
|
¥H-= w’ Whereaéc#O,
Xy
X . . .
¥H-= y , With Q = ax?+ cy? + mxz + nyz + pz? irreducible.

Q(x,y,2)
Proof. For # =[a:b]" P!, the quadratic form H- = aP + bQ s a bber
of H. Let A+ be the associated matrix ofH- . Given",$ " P! we have
the identity

det(A, + tAy) = det( Ag)det(AL 1A, | (! t)Id) = det( Ag)q(! t),

where q(x) is the characteristic polynomial of A} 1A, . It follows that
there is at least one singular bber oH, a product of two lines by Re-
mark 3.4. Let us callL- this singular bber.
By Remark 3.3, any two Pbers ofH determine a brst integral of F.
Therefore, we have two possibilities:
. . %%
¥ if H has two singular bbers, thenH = %%’ where %% and %% are
)
the singular bPbers ofH ;
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1,1
¥ if H has one singular bber, therH = L2 ‘with Q irreducible.

Q

In the prst case, after a change of coordinatesl assumes one of the
following shapes

|

Y H = 2! _ z(ax + by+ c2)
Xy Xy

F has isolated singularities.

, Where at most one ofa, b, cis zero, since

YH = (x!' g _ (x! y)(a>)<(+ by + cz).

Xy y
further assumeb = 0. Note that a £ O returns us to the brst case,

so we can asuma = 0. Finally, we should have ¢ = 0 if we wish F
to have only isolated singularities.

By Remark 3.3, we can

In the second case, it is clear that under a linear change of coordi-
natesH takes the form

N o
T Q  ax?+cy?+ mxz + nyz + gxy + pz2’

and, by Remark 3.3, we can assume that| = 0. O

4 Pencils of curves of degree d

To C[x,v,z]q4, the space of homogeneous polynomials of degrek we
assqciate the corresponding projective spacB(C[x,y, z]q) # P"' 1, here
d+2  (d+1)(d+2)
2 2
Given F,G $ C[x,y, z]q, with F & G, the pencil of plane curves
of degree d generated by F and G is debned by

L=Lgg ={aF +bG: [a:0$ P},
to which we associate thebase locus

B(Lrg)= V(F) %V (G).
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The set of pencils of plane curves of degree d is denoted by Gg.
On the other hand, writing

d d—i d d—i
F= Z ag :vydeJ G = Z b )xyjdeJ
1=0 j=0 =0 j=0
we consider the 2 x n-matrix
@@0,0) @,1) Q04 " a(d,O)l
bo.oy boyy o boay - Do

Note that the indices of the columns of the previous matrix are lexico-
graphically ordered. Define the determinants

;5 Q
Mi,j,k,l = det J M
ij bl
and the set of N-tuples
(Mg k1) (5.3) <1 (k1)

n

where N =
2

> = w The function

P:Gy —PN-!
L—(M; k1)

determines what are called the Plucker coordinates of L.

Theorem 4.1. With the notations above, P is an embedding and P(Gy)
18 a projective variety.

Proof. See [13, Teorema 7]. O
In Theorem 1.1, the action of the group SL(3,C) on Gq is

o: SL(3,(C) x Gg — Gy
o(g, {k1A+ k2 B} (i k0 )ep(c)r) ——{k1Ag + k2Bg} (i k) ep(0)1 -
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5 Relating the pencil and the foliation

The group PGL(3, C) of automorphisms of CP? is a reductive group that
acts linearly on Fol(d) by the change of coordinates

PGL(3,C) x Fol(d) —s Fol(d)
(9. X)—g-X =DgXo(g"),

or more specifically, on F3, as

P(z,y, 2) P(g~(z,y,2))
9. | Qz,y,z | | 9| Qg (z,y,2))
R(z,y,z2) R(g~*(z,y,2))

Lemma 5.1. Let Ly g be the pencil of conics for F = z(ax + by + cz)
and G = zy. Then Lr ¢ is unstable if and only if we have abc = 0.

Proof. The base locus B(L) of F' and G is obtained by solving

zy =0
z(ax + by + cz) = 0.

For ¢ = 0 we obtain
B(£)={[1:0:0],/0:1:0},(0:0:1]}
while for ¢ # 0 we get
B(L)={[1:0:0],[0:1:0],[0:c:—b],[c:0:—a]}.

Thus, B(L) has at most three points provided a = 0 or b =0 or ¢ = 0 (or
abc = 0 in short). Therefore, by Theorem 1.1, the pencil £ is unstable
if and only if abc = 0. O

Lemma 5.2. Let Lp ¢ be the pencil of conics for F = (x — y)(azx + ¢2)
and G = xy. Then Lp g is unstable if and only if ¢ # 0.
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Proof. When ¢ = 0 (hence a ¥ 0), the base locus B(L) of F' and G is
B(L)={[0:y:z}" P.

This in turn implies that the pencil L is stable. On the other hand, when
¢ &= 0 we obtain

B(L)={[0:0:1],[0:1:0],[c:0:#al}.

Since B(L) has at most three points, the pencil L is unstable. Therefore,
by Theorem 1.1 the pencil L is unstable if and only if we have c = 0. O

Lemma 5.3. Let Lgg be the pencil of conics for F = zy and G =
ar? + cy? + mxz + nyz + pz?, irredutible. Then Lgg is unstable if
and only if p =0, or p =0 and A1Ay = 0, here Ay = n? # 4pc and
Ay = m? # 4pa.

Proof. A point [z : y : z] of the base locus of the pencil must be either [0 :
y : 2], where cy? +nyz+pz? = 0, or [z : 0 : 2], where ax? +mazz+pz? = 0.
If p = 0, these points reduce to [0: 0: 1], [0 : m : #a] and [m : 0 : #a], so
the base locus has at most three points. When p & 0, if Ay = n?# 4pc = 0
or Ay = m?# 4pa = 0, then the base locus also has at most three points.
On the other hand, if Ay & 0 and A, & 0, the base locus has four points.
The lemma now follows by Theorem 1.1. O

Theorem 5.4. Let F be a foliation of degree two in P? with fist integral
H = F/G, here F,G are polynomials of degree 2. Then F es unstable if
and only if Leg is unstable.

F
Proof. By Lemma 3.5, the first integral H = Ie must be of one of the
following three types:

z(ax + by + cz)

¥ H= , where at most one among a, b, ¢ is zero;
Ty
#
y - @Yt Lo s
ry
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yH=Y- Xy

Q al+ o+ mxztnyz+ p’ with Q irreducible.

For the brst case sel. = ax+ by+ cz. Then the foliation F induced
by
Iy = zLd(xy) ! xyd(zL)
= yz(by+ cz)dx + xz(ax + cz)dy! xy(ax + by+2cz)dz

has singularities in the solution set of the system

xy(ax + by+2cz) =0,
xz(ax + cz)=0,
xyz(by+ cz) =0.
Thus, the singular set of F is

| "
[1:0:0][0:1:0}[0:0:1}[c:0:! a],

Sing(F) = [l b:a:0L[0:c:! b,[bc:ac:! ab

The foliation F is induced around the singularities [1: 0:0],[0: 1:
0, [0:0:1] by

I'1]x=1 = z(a+ c2)dy! y(a+ by+2cz)dz, (5.2)
Pily=1 = z(b+ cz)dx! x(ax+ b+2cz)dz, (5.2)
I'1]z=1 = y(by+ ¢)dx + x(ax + c)dy, (5.3)

respectively. Then, by Equations 5.1, 5.2, and 5.3, ibc= 0 the foliation
has a singularity with multiplicity 2 and F is unstable. On the other
hand, if abc% 0, the foliation F has 7 singularities of multiplicity one,
soF is semistable. In conclusion, in the brst cas& is unstable if and
only if abc= 0. Hence, by Lemma 5.1, the foliationF = F (F, G) turns
out to be unstable if and only if the pencil Lg ¢ is unstable.

In the second case the foliationF is induced by

I, =1 y(cyz+ ax?)dx + x?(ax + cz)dy! cxy(x! y)dz
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with singular set
Sing(F)={[0:1:0][0:0:1][c:0:! a],[c:c:! a]}.
The foliation F around p; =[0:0: 1] is induced by
1],21 = ! y(cy+ ax?)dx + x?(ax + c)dy,

so it is unstable because the multiplicity of p; is 2. Therefore again by
Lemma 5.2 we conclude thatF = F(F,G) is unstable and the pencil
Lk is unstable.

In the third case the foliation F = F(F,G) (here F = xy and
G = Q) is induced by

3= (xy)dQ! Qd(xy) = y(xQx ! Q)dx+ x(yQy ! Q)dy+ xyQ.dz
= y(ax?! cy?! nyz! pz%)dx+ x(cy?! ax?®! mxz ! pz?)dy+
+ xy(mx + ny + 2pz)dz,
and so now we get Singt) = {[0:0:1}"S 1"S,"S 3, where
S;={[0:y:Zz] : cy*+ nyz+ pz2 =0},
S, = {[x:0:2] : ax®> + mxz + pz®> = 0},
Ss={[x:y:z] : Q= xQx = yQy, Q; =0, xy #0}.
We now prove that F is unstable if and only if p=0 or p# 0 and
" 1" ,=0,where" ;=n?! 4pcand" , = m?! 4pa
First assumep = 0. In this case, we getm # 0 or n # 0, otherwise

Q becomesQ = ax? + cy?, which is not irreducible. The foliation near
[0:0:1]is induced by

I al,=1 = y(ax?! cy?! ny)dx + x(cy?! ax?! mx)dy,

so [0 : 0: 1] has multiplicity two. This implies that F is unstable.
Now assumep # 0 and " 1 = 0. In this case we have the singular
point[0:1:! 7]1$S; and the foliation is given by

y=1 = (ax?! ¢! nyz! pz®)dx + x(mx + n +2pz)dz.
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After a translation to the origin, the foliation can be rewritten as
I =(ax?! pz?)dx + x(mx + 2pz)dz.

Itis clear now that F is unstable, because the multiplicity at [0 : 1 :! Z“—p]
is two. The casep=0 and! , =0 is handled analogously.

Finally, assumep =0 and! ;& , £ 0. Inthiscase S; and S
have two singularities each. The singularities inS3 are obtained from
the equations

Q=xQx, Q= yva Q; =0.

_ mx + n
Note that Q, = mx + ny + 2pz =0 implies z = ! mx* ny

this in either Q = xQyx or Q = yQy, we obtain

. Replacing

I y?+1 ,x%2=0,

S0 S3 has two singularities, totalling seven of them. This implies that F
is semistable.

Therefore, if p = 0, then F is unstable if and only if ! ; = 0 or
I , = 0. By Lemma 5.3 the foliation F = F(F,G) is unstable if and
only if the pencil Lg ¢ is unstable. O

Remark 5.5. It follows from the proof of the previous theorem, when

H = (x! y)(ax + cz)
R

(see Lemma 5.2).

, with a&c = 0, that both F and Lg ¢ are unstable
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Resumen

En este artdculo estudiamos foliaciones de grado dos en el plano proyec-
tivo que acepten integral primera, tambien, de grado dos. Tales in-
tegrales primera debnen una familia lineal de cenicas. El criterio de
Hilbert-Munford es una poderosa herramienta de la teor®a de invarian-
tes geometricos. Una aplicacien de esta teorda es la caracterizacien de la
inestabilidad en el espacio de foliaciones de grado dos respecto a la accien
por un cambio de coordenadas, y asimismo la caracterizacien de la esta-
bilidad de las familias lineales de cenicas, ambas dadas por Alcantara. El
objeto de este art®culo es presentar una prueba alternativa del hecho de
gue una foliacien de grado dos debnida por una familia lineal de cenicas
es inestable si y solo si la correspondiente familia lineal es inestable.
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Abstract

The local dynamics around a bxed point has been extensively studied
for germs of one and several complex variables. In dimension one, there
exist a complete picture of the trajectory of the orbits on a full neigh-
bourhood of the bxed point. In greater dimensions some partial re-
sults are known. In this paper we analyze a case that lies between
one and several variables. We consider skew product maps of the form
F(z,w)=(!(2),f (z,w)) and deal with the parabolic case, that is, when
DF (0,0) = Id. We describe the behaviour of orbits around a neigh-
bourhood of the origin. We establish formulas for conjugacy maps in
dilerent regions of these neighbourhoods.
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1 Introduction

The dynamics of skew-product mapsrF (z,w) = (! (2),f (z,w)) has been
studied by several authors [11, 13, 16, 17, 18]. In this work we focus on
local aspects of the theory, namely, we look at the dynamics oF close
to a bxed point. For the sake of simplicity, we take said bxed point at
the origin (0, 0). We turn our attention to a class of skew-product maps
that we call parabolic , dePned as those subject td (z) = z + O(|z|?)
and f (z,w) = w+ O(|(z,w)|?).

Skew-product maps are suitable to test general aspects of the dy-
namics of self-maps on several dimensions. Since the prst coordinate
depends only on one variable, we can borrow results from one dimen-
sional complex dynamics to gain information. Nonetheless, they provide
a richer theory than in dimension one. An instance of this fact can be
seen in a recent article by Astorget al. [3] where they describe a polyno-
mial skew-product map in two dimensions that has a wandering Fatou
component.

We center our study on maps given by

F :(C?,0) — (C?%,0) (1.1)
F(z,w)=(!(2).f(z,w)),

where! (z) = z+ a,z2+ O(z%) , with a, 70, and f (z,w) = W+ bpw? +
O((z,w)3), with b, #0.

Our goal is to describe the dynamics of such maps in a neighbour-
hood of the origin. We divide our program into two categories.

A. Describe regions in whichF is conjugated to a simpler map.

B. Find formulas for the conjugation map in each region, as in the
one dimensional case.

Finding a conjugacy map to a simpler map depends strongly on the
type of map we are studying and the dimension of the space.

Consider a holomorphic germF : (C",p) — (C",p) with a bxed
point p. A local conjugacy of F to G is a one-to-one map" : Uy, —
C", from an open neighbourhoodU, around p, in such way that the
conjugation G = "' 1oF o" holds. In general, the main goal is to obtain
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a conjugacy to an easier map to study thanF. This is a rich history
that goes back to Schroeder. We redirect the reader to [1] or [15] for a
list of helpful results.

In the case of a parabolic mapF, that is, when DF (p) = Id, only
partial results are available whenn ! 2. The dynamics of parabolic maps
in several dimensions is in general unpredictable [2, 8], and although
some results have been proven for generic maps, much less is known in
comparison with the one dimensional case.

One common feature of the study of parabolic maps is partial con-
jugacy to a translation. While usually this conjugacy cannot be realized
on a whole neighbourhood aroundp, it is well debned on certain open
sets with p at its boundary. The conjugacy is commonly referred to as
a Fatou coordinate

Fatou coordinates are useful for the study of parabolic maps. In
dimension one for instance it is a crucial tool in the understanding of
parabolic bifurcations.

Let us recall standard facts in dimension one. Consider the map
f(z) = z+ az? + O(z®), with a, = 0, where the origin is a parabolic
Pxed point. The Leau Fatou RBower theorem states that there exists a
parabolic basinB for the origin, that is, an open set with the origin at its
boundary, where every point converges to the origin after iteration byf .
There exists in fact a conjugacy off to the translation map g(w) = w+1
in the set B. Similarly, there exists a repelling basinR converging to
0 under backward iteration. Likewise, we can construct a conjugacy to
the translation. In this particular case, the union of B and R contains
a full pinched neighbourhood of the origin [15].

Our goal is to describe the dynamics of parabolic maps in two di-
mensions in a similar fashion. That is, we would like to divide an entire
neighbourhood of the origin into several open sets, in such a way that
we can conjugate our parabolic map to a simpler map.

Our main results are stated as Theorem 5.1 and Theorem 5.2 which
can be sumarized as follows.

Theorem. Let F be as in(1.1). Then, after a change of coordinates,
the set

U= {(zw)#C?lz| <! [w <!, |w| < |z]"},
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(where M can be chosen as large as desired) can be divided into regions
where F is conjugated to a translation map.

One immediate consequence of the theorem above is that the sk
is foliated by invariant curves.

While most of the conjugacy maps for the hyperbolic case can be
obtained as a limit of iterates, Fatou coordinates are in general not so
easily computed. In this article we provide formulas for Fatou coordi-
nates for the class of skew-product parabolic maps as in (1.1).

This paper is organized as follows. In Section 2 we write down
properties of Fatou coordinates, namely the way they are modibed after
we perform change of coordinates. In Section 3 we recall results from
dimension one. Section 4 gathers results from [26], where we bnd a com-
plete description of the dynamics of a more particular class of parabolic
maps on a whole neighbourhood of the origin. In Section 5 we work the
main theorem.

2 Fatou coordinates

Since we use Fatou coordinates of dilerent maps throughout our work,
we write down here the main debnitions and properties. SefF! = F
andFKk=F ! FK Yforall k" 2.

Let F : (C",p) # (C",p) be a holomorphic germ with a bxed point
p subject to DF (p) = Id and F $ Id. We will alternate between our
Pxed point p being the origin and the point at inPnity. The hypotheses
on the derivative of F guarantees that there is a local well dePned inverse
holomorphic germF' * on a neighbourhood ofp.

Given | 9% CX we write T, : CK # CX for the translation map
T (z) = z+ !. Unless otherwise stated, we take $ 0.

Let U'F & C" be an open connected set such thap % "U'F
and such that for any z % U"F, we have (i) F(z) % U"F and (ii)
limes FX(z) = p. When this is possible, we sayU'F is a parabolic
attracting basin  of F.

Let U"F & C" be an attracting basin of F. Assume there is a
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holomorphic map ¢"F : U''F I Ck such that the diagram

F

Ui,F .y Ui'F
| |

|iF ) |iF h (2.1)
ck 1"
commutes. Then we say®F is anincoming Fatou map for F and
U'F with translation 7+.

Remark 2.1. If ¢'F is an incoming Fatou map for F and U'F with
translation 7+, then \¢"F is an incoming Fatou map for F and U"F with
translation T once we choose\ # C'.

Remark 2.2. Note that we do not require ¢"F to have an inverse map.
In fact, in some casesk, the target dimension of ¢'F , can be strictly

smaller than n; in such case¢'F cannot be injective. In the literature

this is sometimes referred as aemi-conjugacy .

Repelling basins as well as repelling Fatou maps are debPned by
considering the local inverse mapF” 1. We do this next.

Whenever U®F $ C" is an open set such thatp # 0U%" and U°F
is an open attracting basin of F* 1, we will call U®F a repelling basin
of F.

Assume there exists an incoming Fatou map) for F* 1 and U°F
with translation 7+ - so that the diagram

F!l

UO’F " UO,F
| |
| |
$ n $ n
Ck oy T Ck

commutes. Assume in addition that ) has a holomorphic inverse map
(this will imply n = k). Then we call the inverse¢®" = v" ! debned on
(U°F ) the outgoing Fatou map  for F and U° with respectto 7. A
closer look at the functional equation satisbed byy and F" ! yields

F(¢°F ()= ¢°F (s+ Q) or FOwF = ¢°F %l (2.2)

We point out some basic facts related to the concepts above.
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Remark 2.3. When n = 1, we can assume without loss of generality
I = 1. The incoming or outgoing change of coordinates are usually
referred to as, respectively, incoming or outgoing Fatou coordinates.

Remark 2.4. Whenn! 2andk = 1, the incoming change of coordinate
has been used in the past to prove the existence of Fatou-Bieberbach
maps for automorphisms ofC" (compare [8], [25]).

Remark 2.5. It is easy to see that Fatou coordinates are not unique.
From the functional relations we see that compositions (respectively pre-
compositions) of translations with incoming (respectively outgoing) Fa-
tou coordinates are also incoming (respectively outgoing) Fatou coordi-
nates.

When there is no risk of confusion, we simply write" ' and " °. For
now, though, we stick to the superscript for referring to the maps in
guestion since we want to establish how they behave when changing
coordinates.

Proposition 2.6. Let F be a parabollic germ as above. Assumg

and F' ! have attracting basinsU'F and U°F = UF' " Then F'?

has also a repelling basin, namely we can takgloF' ' = U, Let

also"'F (respectively” °F ) be an incoming (respectively outgoing) Fatou
coordinate for Fand U""F with respect to T,. Assume further that " '-F

has a well debned inverse map. Then the following formulas

CF =) ), @ = 0 M) (29)

yield outgoing (respectively incoming) Fatou maps forF! * and U°F' "
(respectively U'-F 1) with respect to T, .

Proof. The proof follows easily by verifying directly the respective equa-
tions and using Remark 2.1. O

Although the following proposition is trivial, we will use the trans-
formation between Fatou coordinates for dilerent maps repeatedly on
the following sections.
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Proposition 2.7. Let ! be a (local) change of coordinates betweeh

and G as in
(C"q) * ¢ (C.q)
b b (2.4)

c.pr " (@c,p.

Assume U'"F and U°F are attracting and repelling basins forF along
with " '"F and " °F injective Fatou coordinates for F. Then the following
provides attracting and repelling basins forG as well:

Ui,G = | ! 1(Ui,F )' UO,G = | ! l(UO,F )’ (25)
lli,G - lli,F #| n O,G - | ! l#ll O,F .
here "¢ (respectively" °€) is debned inU"C (respectively U%C). |

Remark 2.8. One observation that we will use repeatedly on the next
sections is that we do not need to be dePned on a whole neighbourhood
of the origin. In fact, it is enough for ! to be debned only onU'-®.

3 Fatou coordinates in one dimension

Consider a parabolic germ at the origin of the form
f(z)= z+ az’ + O(|z]®),

with a $ 0. By the standard change of coordinatesZ = ! az we reduce
to the casea = ! 1. The following is the classic theorem of Leau and
Fatou. See [15] for details.

Theorem 3.1. (Leau-Fatou theorem) Takef as above. Then there exist
U' and U° such that U'f %U°" forms a punctured neighbourhood
of the origin. In each of these open sets we can debne incoming and
outgoing Fatou coordinates" 'f : U\t " C, "of 1gUof) " uof, 1

We can write down an explicit choice for the setsU'f and U°f .
Indeed, for anyf there exist$ > 0 sothatV- = {%& C, |% < $, [Arg(9] <
3&/4} is an attracting basin and ! V- is a repelling basin.
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Next we translate all the action to a neighbourhood of! using the
reciprocal involution S(z) =1/z. We then obtain

|
gw)= w+1+ W+ O(1/w ?),

whereg= S"f " S. Our bxed point is relocated now at inpnity. Let
Sr = S(V)) = {Jw| > R, |Arg(w)| < 3"/ 4}, whereR = 1/#. Then we see
that U9 and U°9 can be chosen aSr and # Sg, respectively.

We brst start with a lemma as preparation.

| "
Lemma 3.2. Letg(w)= w+1+ W + O(/w "), where! $ C and

$ > 0, be a holomorphic map debned on a neighbourhood of inbnity.
Take U'9 and U°9 as, respectively, attracting and repelling basins fog.
Debnely(w) = w+ ! log(w). Then %= L, 4" g" (L, #)' * is dePned on
W = L, 4(U"9) and sastipes’W) %W and %w) = w+1+ O(1/w*").
Similarly, for &=(Lg)' 1" g" Ly debned onV = (L)' 1(U%9) we have
&V) &V and &w) = w+1+ O(L/wi").

Proof. Note that Ly and L, 4 are one-to-one maps onJ'9 and U®%9.
The rest of the assertions are immediate. O

Now consider the maps' "*(w) = lim -+ 9 (w) # n. We see that
this map is well debPned on all ofW (since 4W) % W) and from the
estimate

98*L (w) # 9B (w) # 1| = |O(L/ (B(w)* | = O(Ln ")

we deduce that{% (w) # n} forms a Cauchy sequence. Hence the con-
vergence is uniform on compact subsets dfi'9.

Similarly ' ©%(w) = lim s & (w# n) is well dePned on the open
subset ofC where it converges. Using the relations "9 = ' " L, » and
'09 = |, "' %% we can establish the following.

| "

" ! 1 N
Proposition 3.3.  Let g(w) = w+1+ W+ @) w2 be a germ at inPnity.
Then we take the incoming Fatou coordinate 19 : U9 ' C of g as the
limit

HOw) = lim Loy (g (W) # . (CHY
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Similarly, we can bnd an outgoing Fatou coordinates'9 : U°9 | C by
means of the formula

¢*9(w) = im g" (L (w" ) (3.2)

(recall the debnition L, (w) = w + alog(w)).

4 Fatou coordinates in two dimensions

Let us recall our results from [26] for skew parabolic maps of the partic-
ular form
| " "

Fzow)= oo folw) = 1=

" Jw" w?+ wd+ O(w?, zw?)
z

(4.1)
As usual, setVs = {{ # C,|{] < ¢, ]Arg(¢)| < 3n/4}. In dimension

one, the unionV-$ (" V+) forms a punctured neighbourhood of the origin.
In dimension two, we use the four subsets

U=V %V,

U°=("V)%(" V-,

Ud=(" V)%V,

UP = Ve % (" V&), (4.2)

Note that their union covers a full neighbourhood of the origin with the
exception of the two axis{zw = 0}. (Anyway, since we have F'(0, w) =

(0, fo(w))) and F(z,0) = ( 1%5,0), the orbits of F' on both axis are fully
understood.)

As in the one dimensional case, we change variables so that the bxed

point is at inbnity by using the conjugation map S(z,w) = (1 /z,1/w).

In this way G = S &F &S can be explicitly written as

| | m

Gu,v)=(u+l,9y(v))= u+l,v+l+ O 4.3)
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Let Sg = {|!'| >R, |Arg(!)| < 3"/ 4} with R = 1/# (so that we have
I (V) = £ Sgr). We focus our attention on the sets

W = Sg! Sg,
We="Sg!" Sg,
We="Sg! Sg,
WP = Sgli" Sg. (4.4)

Let T(ap) : C*># C? be dePned asl(ap)(z, W) = (z+ a,w+ b).

Theorem 4.1. Let G be as in (4.3).

(@) For any p$ W', the iterates G"(p) converge to inbnity. We have
a Fatou coordinate given by! "¢ = lim T n,#n) %G" so that the
diagram

Wi o G i

| |

| i,G '!' | i,G !'
c2 Mt 2

commutes.

(b) For any p$ W?°, the backward iteratesG* " (p) converges to inbnity.
We have a Fatou coordinate given by ©¢ =lim,» G" %T (4 n,# n) SO
that the diagram

G*1(wo) % © we
1oel 1oe |
T
N&c? "#*Y Tqp(N)&C?

commutes. Here we haveN = (! °¢)*3(G*1(W?)) and T(1 1)(N) =
(! o,G)# l(WO)_

Proof. We prove Prst the existence of I'®. Then we will apply this same
result to prove the analogue for 1€

Let (u,v) $ W', thatis u$ Sg and v $ Sg, and write (un,V,) =
G"(u,v). We haveu+1 $ Sg and vy " v" 1] < /10 for R large
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enough. In this way we have (i1, v1) ! W' and therefore, by induction,
also (Un,vy) ! W' for positive n. In fact we have u, = ug + n and
[Va " Vo| = O(n).
For! L6 = T n,1 ny #G", a simple computation yields
L (e () Rl TRV R 6 P ]
= [G(Un,Vn) " (Un,vn)" (1,1)|
= 10,0V 5, U (un V) |-
As u, and v, are of growth O(n) when (u,v) ! W', we conclude that
I LG converges uniformly in compact sets of\V'.

For the outgoing coordinate we write ! 3¢ = G" #T( 1 ny. Then
we have the relation

LOG 1 ¢1 H 1 =1d, (4.5)

hereH = | #G' 1 #! and ! (u,v) = (" u," v). Since we haveH (u,v) =
(u+1,v+1+ O(1/v?)), we note that ! :H converges, and therefore 8¢
does also. Finally, as! (W) = W° and H(W') $ W' hold, we conclude
WO $ 1 06 (Wo). O

We also have the following.

Theorem 4.2. Let G be as in (4.3).
(@) The map " @€ =lim -4 Tn,1 n) #G" #T(1 2n,0) cOnverges uniformly
on compact subsets ofW2 and bts into the commutative diagram

VYa ..Q%l,g! ) V}/a
| a,G ‘|" I a,G ‘!'
cz ' c2.

(b) The map " P€ =1im ns  T(1 2n,0) #G" #T(n.1 ny cONverges uniformly
on compact sets oW and we have the diagram

L! 1(Wb) -J-q:)}b! 19 ) Wb

| bG | | bG |

EgC2 W Ta11(E) $ C2
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PT’OOf. Debne !ﬁ’G = T(n’! n)! G"! T([ 2n, 0) and ! E'G = T(! 2n,0)! G"!
T(n,1 ny)- Unraveling the dePnition we arrive to

! E'G(U1V):(U,gu+2n! 1V Quener P Quen(VYoN)).

In [26] it is proven that the sequence of functions

PR(V)= Grversznra! ool Grverenss D Qversn(V" D)

converges forany' # Candv #" Sg with limit ! °(v+1)= g (! °(v)).
Applying this result for " = u" v, we obtain the convergence of the
sequence 2. (u,v) $ (u,! °(v)), where ! °(v+1) = g (! °(V)).

For the other coordinate we use the identity

PaGrgribHrg=1d, (4.6)

whereH = #! G' 11 #and #(u,v) = (" u," v). Since we haveH (u, V) =
(u+1,v+1+ Oy (1/v?)), we conclude that ! 2H converges, and therefore
I 3G also does. O

We sumarize the results thus obtained for our mapF. We name
(0, w) the invariant Pber of F.

Theorem 4.3. Let F be as in (4.1) and U',U°, U2 and UP be defined
as in (4.2).

(a) The union of U',U°, U2 and U® together with the azes form a neigh-
bourhood of the origin in C2?.

(b) For any q# U' we have F"(q) # U'. Furthermore F™ converges to
the origin uniformly in compact sets of U'.

(c) For any q# U° we have F' "(q) # U°. Furthermore F' " converges
to the origin uniformly in compact sets of U°.

(d) For any q # U? we have that F' "(qQ) converges to the W-awis, the
inwvariant fiber of the map F .

(e) For any p # UP we have that F"(p) converges to the W-axis, the
invariant fiber of the map F .
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5 The general case
We are ready to tackle the general case. Consider now the map
F(z,w) = (! (2),fz(w)), (5.1)

where! (z) = z+ O(z?) and f,(w) = w+ O(|(z,w)|?). We focus on the
particular case

F(z,w) = (z+ a2% + O(z%),w+ bw? + O(I(z, W) %)),

with a; E0 and b, £0O.

By a change of coordinates we can even assunag = " 1 and by =
" 1. Using a shear polynomial as a further change of coordinates, we can
increase the power ofz on the second term. Similarly by using another
polynomial change of variables we can increase the degree of theerm
that is multiplied by w. Therefore we can assumé& takes the form

F(z,w)=(z" 22+ O(2%),w" w?+ O(w?,zw?, zM 1w, zZM*1)),
(5.2)

with M as large as we wish.

As we still have F (0,w) = (0,w" w? + O(w?)), we can again refer
to the w-axis as an invariant Pber of F. However, this time we have
F(z,0)=(z" z?2+ O(z®),0(z" *1)), so the z-axis is no longer invariant.
To work around this issue we use the main result of [8] which states
that on V| there exists an analytic function " 1(z) subject to " 1(! (2)) =
f,(" 1(2)). Similarly on " V, there exists an analytic function " ,(z) such
that " >(! (2)) = f2("2(2)).

We can therefore change coordinates ol #{| w| < #} by means of
(z,w) $%(z,w" "1(z2)), and on the set (" Vi) #{| w| < #} by (z,w) $%
(z,w" ">(2)). On these new coordinates we read

F(z,w)=(z" 22+ O(2%),w" w2+ O(w?,zw?,z2M*1w)).  (5.3)

The next step is to linearize the brst coordinate. As we know from
the one dimensional theory, there exist two maps$; on V, and $, on
"V, that conjugate ! (z) to the translation u % u+l1onV, and" V,. We
have for both the estimate $(z) = z + O(z?log(z)) (see [15] for details).
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One more time we use the change of coordinateu(w) !" (u,v) =
(u, Yw). On the new system we have
| |

_ 1 log(u) v vlog(u)
G(u,v)= u+1,v+1+ O Vg M2

(5.4)

Now, as before, we divide a punctured neighbourhood of inPnity in
several sets:

W' = Sg # SR, WP = Sg # ($SR)
W? = ($SRr)# Sr, W° = ($SR)# ($SR).

From now on, when we refer to a regionW, we mean one of the four
possibleW', W2, W2 or W°.

Consider the class of maps !(u,v) = (u,v + ! log(u) + " log(v)).
It is immediate that after choosing R large enough ! is injective in
each regionW. So, by conjugating G; by ! and choosing ! and "
appropriately, we can get rid of the linear terms O(1/u, 1/v).

To emphasize that each of these maps is a di"erent conjugation of
G on each setW: we use# for the change of coordinates onW/', #,
on W°, #, on W2 and #, on WP, We write G; = (#)' ! %G, %#, the
corresponding map debned oW', and G, = (#,)' T %G, %#, on W°,
and G, = (#)' 1 %G, %+, on W2, and G, = (#)' 1 %G1 %#, on WP,
Now, the composition ! ' * %G; %( u,v) equals

| | n
' "1 1 log(v) log(u) v vlog(u)

W2'y2' y2 ' y2 TgMHL M2

u+l,v+1+ O

Note the similarity with the special map on last section where we have
| [

1 1
Guv)=(u+1,(V)= u+1,v+1+ O ooy

In order to control the mixed terms in u and v on our maps G we
debne

Wi={(uv)&Sg# Sg,|uM' 1> |v|}, (5.5)
$vo = {(uv) &($Sr)# ($Sr), JuM' L > |v]}.
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For (u,v) ! Wi we have G!'(u,v) = (u+ n,v + O(n)). Therefore,
eventually we reachG}' (u,v) ! Wi Using results from the last section,
it is possible to conjugateG; to a translation on Wi by means of the limit
PG =lim pp Tnun " G, with | 1Ci Wi # C2. If we unravel for
G, we obtain a formula for the Fatou coordinate on the incoming basin
for G as

P (uw) = lim Tnem " 11717 GT, (5-:6)

where " ; is the composition of the change of coordinates from above
and Wi =" [ (Wi).
Similarly, we obtain G,(W°) $ G,. By our work on the last sec-

tion we achieve a conjugation 1°Ce : Weo # C2 of G on W°€ to the
translation

[ 0,Go = r!llm Gg " T(#n’#n).

Rewritting for G we obtain the Fatou coordinate ! ¢ : WS # C? on
the outgoing basin for G as

oS (uw) = lim G" " o o T k. (5.7)

We have therefore established the following result.

Theorem 5.1. Given G as in (5.4), we can Pnd incoming and outgo-
ing Fatou coordinates for the respective incoming and outgoing basins at
inPnity. !

We also obtain information on the behavior of G on the regions
W2a and WP, since we can apply Theorem 4.2 to the map$, and Gy
respectively.

In Theorem 4.2 we proved that on the regionW? the map " 2 =
limnr Tin#n)" Ga " Ti# 2n, o) SatisPes """ (%1, g )= T q1,"" 2. Since
Ga = (!a)"1" G2" !4 holds, we getG] = (1a)* 1" (" 2)* 1" G" " " 2" Iy,
and s0 "2 =lim e Tran " (o)1 ()G 2" e Tiwan o)
converges and bts into a corresponding commutative diagram.
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Similarly, on the region W, the map ! ® =lim n» T4 2n,0) ! G !
T(n#n) Satispes 1°1 ("1, ¢ )= Tw1g ! ! P From Gp = (1p)*1! Gy !
lp, we obtain G = (!p)*11 (1 )21 GM 1111, and thus ! P =
limar Teono) ! (o) 20 )#L1GM L 11 1p! Ty 40y converges and
bts again into the corresponding commutative diagram.

We have thus settle the following.

Theorem 5.2. For G as in (5.4), on the regions

Wa = {(uv)#" Sg $ Sr,Ju™*L> |v]}, (5.8)
Wb = {(uv)#Sr$ (" Sr), JuM*t> v},

the limits: ! 2 =lim T(n,#n)! (I a)#l! (' 2)#1! GnNitoiigl T(# 2n, 0)
and! P =lim n" T(# 2n, 0) ! (l b)#l! (' 1)#1! Gntl 11! T(n’# n) exist.
Furthermore, the second coordinate conjugategy to the translation Ty,
that is, the diagram

\'Na,b "%l'g’ ) \'Na,b

!a,b# !a.b#
c2 ' 2

commutes for each casdVa and Wb, !
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Resumen

La dinamica local en torno a vecindades de un punto Pjo ha sido ampli-
amente estudiada tanto para germenes de una como de varias variables
complejas. En dimensien uno disponemos de un cuadro casi completo
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de la trayectoria de las @rbitas en torno a una vecindad del punto bjo.
No obstante, en dimensiones mas altas, apenas se cuenta con resulta-
dos parciales. En este trabajo analizamos un caso intermedio entre las
dinamicas de una y varias variables. Consideramos aplicaciones de pro-
ductos trenzados de la formaF (z,w) = (! (2),f (z,w)) y tratamos el
caso parabelico, es decir, cuand®F (0,0) = Id. Describimos el com-
portamiento de ®rbitas en torno a vecindades del origen. Ademas, es-
tablecemos fermulas para las aplicaciones de conjugacien en diferentes
regiones.

Palabras clave: Aplicaciones de productos trenzados, coordenadas de Fatou.
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Abstract

Let SL(2,R) be the special linear group andsl(2, R) its Lie algebra. We
study geometric properties associated to the adjoint orbits. In particular,
we show that just three possibilities arise: either the adjoint orbit is a
one-sheeted hyperboloid, or a two-sheeted hyperboloid, or else a cone. In
addition, we introduce a specibc potential and study the corresponding
gradient vector beld and its dynamics when we restrict to the adjoint
orbit. We also describe the symplectic structure on these adjoint orbits
coming from the well known Kirillov-Kostant-Souriau symplectic form

on coadjoint orbits.
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1 Introduction

This text is of expository nature. We carry out the exercise of explicitly
describing adjoint orbits of sl(2, R) together with the equations debn-
ing them as real alne algebraic varieties, over which we also describe
symplectic structures.

We then focus on a single orbit that has the shape of a one-sheeted
hyperboloid, presenting it as a doubly ruled surface whose tangent bundle
we describe explicitly. We add a potential carefully chosen to be a
Morse function, and study the orbits of the corresponding gradient
RBow. For the case of compact manifolds the classical MorseBSmale
theorem states that the trajectories of the gradient Row converge to
critical points of the potential. Here, in contrast, we show that some
trajectories are not complete, thus highlighting the importance of the
hypothesis of compactness in the MorseBSmale theory. For applications
to mathematical physics it is essential to consider examples where some
trajectories are not complete in time.

Even though our calculations are straightforward, we believe it is
useful to have the results readily available in the literature. The study
of the geometry of adjoint orbits is a classical topic in Geometry and
Lie theory. However, the literature is mainly presented following an
abstract approach, so, in this paper, we exhibit most of the details. Some
references that focus in specibc cases of adjoint and coadjoint orbits are
[3], for classical compact Lie groups, and]], where there is an excellent
explanation of the geometry of Rag manifolds arising from the adjoint
representation of compact semisimple Lie groups.

We study the geometry of those adjoint orbits which arise from
the adjoint representation Ad: SL(2,R) ! gl(sl(2, R)), where for each
g" SL(2,R) and H " sl(2,R) the adjoint action is Adg(H) = gHg' *.
Let A, B, C be the basis ofsl(2, R) given by

I " I " I "

0 _ _
1 B = , C= .1

_ 1
A= 0o’ 0 #1

We decomposeH = xA + yB + zC and then bnd out that the adjoint
orbits are of one of the following three types:
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¥ a onebsheeted hyperboloid , given by the equation
O:x%+y?1 22=12 = 0;
¥ atwobsheeted hyperboloid , given by
O7 :x2+y2l z22=112 z>0,! %0,
O] :x2+y?l z22=112 z<0,! =0;

¥ acone, given by

0, :x%+y?! z2=0, z> 0,
0, :x2+y?! z2=0, z<0,
09 = {0}.

We endow the adjoint orbit O with the symplectic structure arising
from a coadjoint orbit, thus realizing it as a symplectic manifold. Namely,
we use the isomorphism between adjoint and coadjoint orbits provided
by the Killing form to give this adjoint orbit the symplectic structure
pulled-back from the well known KirillovbKostantbSouriau form on the
corresponding coadjoint orbit.

We then consider the function f (x,y,z) = yz over sl(2,R) and
regard its restriction to the orbit O as a Morse function, calculating the
trajectories of its gradient vector beld. We analyse the limit points of
the gradient Bow, and compare the results obtained here to well known
results about Morse Bows for the compact case.

We observe that every orbit of the adjoint action on sl(2, R) is of one
of the three types presented here, hence we have a complete description.

In general, understanding details of the family of all adjoint orbits
for a given Lie algebra is a deep question with applications to non trivial
aspects of the theory. Some such research areas, among many, are: the
theory of Slodowy slices, the Springer theory, and the Fukaya categories
in homological mirror aymmetry. Therefore, the calculations we present
here may be regarded as a warm up exercise in preparation to the study
of more advanced topics.
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2 Preliminaries

We start by recalling some basic debnitions of Lie theory. For further
details, we suggest§, 11].

A Lie group is a smooth manifold G with a smooth map from
G! G" G that makes G into a group and such that the inverse map
g#" g !is also smooth.

Let M(n, R) be the set ofn! n matrices with entries in the real
numbers.

The general linear group  GL(n, R) is the subset of M(n, R) of
non-singular matrices with matrix multiplication as group operation.

By debnition a matrix Lie group is a closed subgroup ofsL(n, R).

For example, the special linear group  SL(n, R) is the subgroup
of GL(n, R) of non-singular matrices of determinant 1.

A Lie algebra is a vector spaceg over a peldF together with a Lie
bracket , that is, a bilinear map

g! g" g, (xy) #' [x,y],
satisfying
¥ [x,x] =0 for each x $ g,

¥ Jacobiidentity: [x, [y, z]]* [y, [z, X]]+[z,[x,y]] = O for every x,y,z $
g.

Remark 2.1. If the characteristic of the F is not 2, then the brst
condition is equivalent to anticommutativity

[x,y]= %[y, x] for eachx,y $ g.
The centre of a Lie algebra consists of all those elements in g,
subject to [x,y] =0 for all y in g.

Let g1,0, be two Lie algebras over a beld=. Amap! : g1 " gzisa
Lie algebra homomorphism  if I is linear and satisbes

L yD =1 ().t (],

for eachx,y $ g;. If ! is bijective, we call it an isomorphism .
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There are several ways to understand the Lie algebra of a Lie group.
Here we consider it as the tangent space at the identity element of the
group, that is, if G is a Lie group, then its Lie algebrag corresponds to
T.G.

For instance, SL(n, R) is a matrix Lie group with Lie algebra sl(n, R).
In terms of matrices, sl(n, R) is the Lie algebra ofn! n matrices with trace
0 and coelcients in R, where the Lie bracket is the usual commutator
X, Y]= XY " YX.

Let A be an! n matrix over R or C. The exponential of A is the
n! n matrix

I Ak
exp(A) = —.
k!
k=0

An important result in Lie theory is that if G is a matrix Lie group
with algebra g, then exp(A) # G holds for eachA # g. Below we provide
a direct proof when G = SL(n, R).

Proposition 2.2.  For any A # sl(n, R), we haveexp(A) # SL(n, R).

Proof. Consider the Jordan form of A. If {!}!_; are the eigenvalues of
A, then we have

" g, e
ok:o !iu $ $ $
I Ak ﬁ 0 %, $ $ X
exp(A) = o % k:.o [ . :
o : %, ' 1K (
n 0 0 & k=0 kI
g $ $ %
#0 €2 $ 3.
"8 5 (¢
0 0 0 e
We get immediately the equality
! !
det(exp(A)) =~ €i=e ia'i=¢gl(A) = gd=1
i=1
and so exp@) # SL(n, R). 0
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Let G be a Lie group with Lie algebrag. The adjoint representa-
tion of G on g is the group homomorphism

Ad: G ! Aut(g)
g "' Adg.

For example, for G = SL(n,R) and g = sl(n, R), the group homo-
morphism is given by

Ad: SL(n,R) !  Aut(sl(n,R))
g " Adg,

where Adg(X) = gXg' ! for every X # sl(n, R).
Given H # sl(n, R), its adjoint orbit is

O(H) = {gHg' 1 : g# SL(n, R)}.

We will see that the geometric structure on adjoint orbits depends
strongly on the elementH # sl(2,R). We will give a complete characteri-
zation of those orbits.

The adjoint representation of the Lie algebra g in gl(g) is the
homomorphism

ad:g ! gl(g)
x "l ady,
here ad(y) =[x,y] for eachx,y # g.

It follows by bilinearity of the Lie bracket that ady is linear for each
X # g; the same is true for the correspondence "! ady. In order to prove
that ady is a homomorphism we just have to check thatad, satisbes the
identity

ad([x,y]) = adx $ad, %ad, $ad,, for every x,y # g.

The above equality holds precisely because of the Jacobi identity. The
kernel of ad is thecentre of g.

3 Adjoint orbits of sI(2,R)

Here we study the geometry of orbits ofsl(2, R) given by the adjoint action,
namely, the action induced by the adjoint representation ofSL(2, R) in
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its associated Lie algebrasl(2, R). We will classify them into three classes:
either the adjoint orbit is a onebPsheeted hyperboloid, or a twobsheeted
hyperboloid, or else a cone, depending on the choice of the element that
we take in the Lie algebrasl(2, R). Recall the basis ofsl(2, R) introduced
in (1.2), namely

! " ! " ! "

_ 0 _ 0 B 0
A= B = 1 c= 1

1 1 1
o’ 0 ! '1 0

3.1 The onebsheeted hyperboloid
Here we study the orbit of !A in sl(2,R) for ! " R\{ 0}.

Let be H in sl(2,R) and consider the decomposition
H=xA+yB+zC; xyvy,z" R.

Proposition 3.1.  For bxed! # 0, the adjoint orbit O(!A ) is the set of
matrices H = XA + yB + zC in sl(2, R) that satisfy

X2+ y?1 z22=12,

Proof. First we prove that if H belongs to such orbit, thenx? + y2! z2 =
I 2. The adjoint orbit of !A is by dePnition

O('A)= {g!Ag't:g" SL(2,R)}.

Hence, if H " O (lA), there exists M " SL(2,R) such that H =
MIAM ' 1. Since the determinant of a matrix is invariant under conjuga-
tion, we have
det(H) = det('A ).
Thus, we obtain
#1 "$
det(H) = det Y

det(!A ) = det
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which implies
X2+ y?1 z22=12, (3.1)

Thus we conclude the brst part of the proof. It is a well known fact
that Equation ( 3.1) debnes a surface irR? called a onePsheeted hy-
perboloid .

Now we show that, reciprocally, if H = xA + yB + zC satisbes
Equation (3.1), then H belongs toO(!A ). Given any matrix N " sl(2,R),
its characteristic polynomial is completely determined by its determinant.
Indeed, if "y denotes the characteristic polynomial ofN, we have

"N (1) = t2 +det(N).
Thus, onceH satispes Equation 8.1), we getdet(H) = ! ! 2 and therefore
"a() = 2 2=t ) (t+ ).

As soon as! is assumed to be dilerent than zero, we know thatH has

two distinct eigenvalues, and soH is diagonalizable. Let
| "

_ 0

D=9 11
and P " GL(2,R) be such that PHP' ! = D. Note that we can assume
P " SL(2,R) by multiplying its brst column by m if necessary. By
the same argument, we bndPy " SL(2,R) such that Po!AP ;! = D.
Thus, we get

(Py *P)H(Py *P) 1= 1A

with Py P " SL(2,R). We conclude that if H = XA + yB + zC satisPes
Equation (3.1), then H belongs to the orbit O(!A ) and we are done. O

Remark 3.2. Sincedet(!B ) satispPes Equation 3.1), the above argument
implies O(1A ) = O('B ).

Remark 3.3. In the complex case, i.e., forsl(2, C), if we consider
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then we get that its adjoint orbit O(Hy) is dileomorphic to T' P?, specif-
ically, the cotangent bundle of the complex projective line. So, the
geometric structure of the adjoint orbit is quite dilerent. Moreover, in
[7], Gasparim, Grama, and San Martin gave a complete description of the
di'leomorphism type of adjoint orbits for diagonal matrices in sl(n, C).

3.2 The twobsheeted hyperboloid

Now we turn to the geometric structure of the adjoint orbit of !C .

Proposition 3.4. Fix ! ! R{ 0}. The adjoint orbit O(!C ) is the set
of matrices H = XA + yB + zC in sl(2,R) subject to
X2+y2n 22: " !2.

Proof. For H ! O (IC ) there existsN ! SL(2,R) such that NICN "=
H. Therefore we have

det(IC ) = det( NHN " 1) = det( H),

and so we get

!n .\ #$
det(H) = det Y o XTZo o g2e y2n g2
X" z y
!ll 0 ' #$
_ . —_ 12
det(!C ) = det "1 =14
which implies
x2+y2" z22=112 (3.2)

For the reciprocal, we start by showing that there is noM ! SL(n, R)
such that M (IC )M" 1 = " IC . Without loss of generality take ! > 0.
Then, for " #

u v
M =
s t
we reach "

M(C)M =1 "us" tv u?+v?

"s2" t2 us+ tv
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As u?+ v?! 0, we easily conclude that there is ndV " SL(n, R) such
that M (IC )M' 1 = #IC . The bottom line is that we have !IC " O ] if
I> 0and!C "O} if!< 0.

Next we show that if H = xA + yB + zC is such that x,y, z satisfy
(3.2), then H belongs toO; or O’1 . To verify this, we use an argument
similar to the one we used in the previous subsection. OncEl is such
that Equation ( 3.2) holds, its characteristic polynomial is given by

"H(t): t2+!2:(t+i! )(t#l')

So, we can writeH in its real Jordan form in either of two dilerent ways
| "
0 !

11—
PHP "= 41 o

or | "

S0 #!
11—
RHR" * = I o
always with R,P " GL(2,R). The structural dilerence between these
two cases is that ifdet(R) > 0 then det(P) < 0, and vice versa. Assume
det(P) > 0. Then we can debnd” = %P in order to get

PHPF'l=1IC,

where P " SL(2,R) and we conclude thatH belongs to the orbit O(!C ).
In the case whendet(P) < 0, we repeat the same construction foR in
order to get

RHR'!=1IC.

O

Remark 3.5. Equation (3.2) debPnes atwobsheeted hyperboloid . In
this case, we have two situations. Eitherz > 0 (the upper half part of the
hyperboloid) or z < 0 (the lower half), which respectivelly correspond to

O] :x2+y?# 22 =#12 z>0,! %0,

O) : X2+ y2# 22 = #12, 2<0,! %0.

82 Pro Mathematica, XXXI, 61 (2020), 73-107, ISSN 2305-2430



Adjoint orbits of sl(2,R) and their geometry

3.3 The cone

Note that we have analysed adjoint orbits of matrices with determinant
either positive or negative. In this section we study the remaining
situation, namely, adjoint orbits of matrices with zero determinant. In
order to do this, dePneD = A + C and consider its adjoint orbit O(!D ).
The main result reads as follows.

Proposition 3.6. The adjoint orbit O(!D ) corresponds to matrices
H = xA + yB + zC ! sl(2,R) subject tox? + y?" z2=0.

Proof. If H = XA + yB + zC belongs to O(!D ), we can write down

H = LIDL '*whereL ! SL(2,R). As before we get

" #$

det(H) = det y xvzoo_ g
p

" x2" y? and
y y

0
det(!D ) = det 0

z
o #$

0 =0.

We conclude that if H = XA + yB + zC belongs toO(!D ), then x,y,z
satisfy the relation

x>+ y?" 72=0. (3.3)

Next we show that if H = xA + yB + zC is such that x, y, z satisfy
(3.3), then H belongs either to O3 , O!2 or 0. To prove this, we look
again to the Jordan form of H. Now, once we know" (t) = t2, we have
two cases: whetherH =0 or H has as Jordan form

" #
01
00
If H=0, we haveH 'O 9. So assumeH # 0 and let P ! GL(2,R)
be such that " #
PHP't= o o

If det(P) > 0, debneP = %P ! SL(2,R) in order to obtain

H 1O ;. On the other hand, if det(P) < 0, we can debPnd” ! SL(2,R)
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as the matrix that we obtain from P by multiplying its brst column by

W(P)' And so, we reach
| N
0 det(P)

5 5y 1
PHP' '= 7,

Therefore, in this case we obtainH ! O , . Note that if !> 0, then we
get alwaysx + z> 0 andx" z < 0, hence we havez > 0 and therefore

O; ={H =xA+yB+2zC! sl(2,R): x>+ y>" z°=0,z > 0}.
When!< 0, we havex+ z< 0andx" z > 0 so we getz < 0 and thus
0, ={H =xA+yB+zC! sl(2,R): x?+y?" z2=0,z< 0},

Finally, for ! =0 we have
0?9 = {0}.

Equation (3.3) debnes acone. We distinguish three situations; either
z > 0 (upper half of the cone), orz < 0 (lower half), or elsez = 0 (origin);
which are determined by three dilerent orbits denoted by O} , O, and
09, respectively. We claim that we have

¥ID 1O if!> 0,
¥ID 10} if 1< 0, and
¥ID 10Jif! =0.
To see this, takeM ! SL(n, R) and write
| '

_ u v
M="s ¢
We have then ] ) "

"2su 2u
I 1
M (D )M ©o"2s? 2us

So, if! > 0, we have 2u 2 # 0; while if u = 0, necessarilys $ 0, otherwise
must have det(M ) = 0. So, we conclude that there are three exclusive
orbits associated with Equation (3.3), depending on whether! is positive,
negative or zero. O

84 Pro Mathematica, XXXI, 61 (2020), 73-107, ISSN 2305-2430



Adjoint orbits of sl(2,R) and their geometry

Remark 3.7. Now it is trivial to see that these objects comprise the
adjoint orbits of sl(2,R). In fact, given a non-zero matrix H ! sl(2,R)
subject to H = xA + yB + zC, we havex?+ y2" z?2=1 1 R. In this
way, if ! ! R* thenH 10 ("A). If 1 I R" thenH !O ] orH !Oll,
while for ! =0we haveH 'O 5 orH 'O }. If H is the zero matrix, of
course we getH ! O 9. Thus, every element insl(2, R) is contained in
one and only one of these orbits.

Figure 1: Orbits of sl(2, R).
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4 The geometry of the onebsheeted hyper-
boloid

Here we show that the onebsheeted hyperboloid is a ruled surface. Next
we use this result to study the dynamics of a gradient beld restricted to
this surface.

Recall that a surface S is called ruled if it is the union of a one
parameter family of lines {r, }, a . More precisely, there is a family
of lines{r, },1a and a parametrization r of S satisfying the following
properties.

¥ The parametrization r is of the form r(u,v) = c(u) + vb(u), for a
givenv ! R, where c and b are smooth functions.

¥ For each u, there is!, ! A, such that r,(v) = r(u,v) is the
parametric equation of the liner, , '{ ri }11a .

¥ The associationu "# ! , is a one to one correspondence.

In this case, we say thatS is ruled by the family {r, },a .

Similarly, S is called doubly ruled if it can be ruled in dilerent
ways by two disjoint families of lines.

For now on, denote by S the onebsheeted hyperboloid given by the
equation x? + y?> $ z? = "2, with bxed " %0. In order to show that S is
doubly ruled, we will construct explicitly such families.

Lemma 4.1. Let S be the onebsheeted hyperboloid given by equation
x?+y?$ z?2="2 with " %0. There exist two disjoint families of lines
F1,F2 contained in S.

Proof. Consider the cylinder C: x? + y2 = "2 which intersect S in the
plane z = 0. Let (Xg,Yo) be a point in the circle C & S. Think of
y = f(x) = £ "23$ x2 as describing the cylinder. Notice that the
tangent space toC at (Xo, Yo) is given by

#f #f
y$ yo= R(Xo)(x $ Xo) + E(XO)(Z$ 0).
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In particular for yg > 0, we get

[ # )
|
AR '2)‘((')x§ = I 1)
while, for yp < 0 the equation is
| # 2
ytoo '2)‘((')x% = e (4-2)

Let us analyze each case separately.
Case yo > 0. We describe the intersection of the tangent space with
S. Rewriting Equation (4.1) as
! #
12 Xo

121 x2° 121 x3

y:

squaring both sides, and substitutingy? by ! 2 + z?! x?, we bnd

%
$|2| X2
. . O 22
12 '

(x! xp)* =

The above equation gives two planes containingXo, Yo, 0), namely
$ %

—~go

Once again, considering the intersection with the plane 4.1), we get two
sets of systems of equations

& % %
! " ERE

'( y! !é?xg X= 21 x2

; $n % 4.3)
H 121 x2

) x! —> Z= Xo,
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L% e

H " _ 12

# y! |>;0! X2 X= =% X2

" % & (4.4)
i 12] x2

$ x+ —20 z=xg

Let ugfnd the line determined By the planes ingEquation ¢.3). Note

2 2
that vi= “%—,1,0 andvz= 1,0, ",A are normal vectors
r21 x2
to the planes. We need the explicit value
[ ( )
121 x2 x
Vi# v, = 70,—0,! 1

In this way, the parametric equation of the intersection line determined
by (4.3) is
' ( )

1121 x§ Xo 11

ri(t) = (Xo,yo,0) + t I T

. — _ (
We check now whyr; is contained inS. Usingyo = !2! x3, we get

' (— 2 % &

t 121 x2 tx
Xo! ,7o + yo+|—0 I t2=12,

Similarly, fashion the line determined by the planes in Equation @.4)
is - )

121 2
ro(t) = (Xo,y0,0) + t %Xoy'lﬂ,! 1

Sinceyp = ( 121 x3, for everyt $ R, we obtain

' ( % &,

t 121 x3 tx
Xo+ ———— 0 4+ yo+—|O I t2=12

and hencer, is contained in S.
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Case yo < 0. Substituting Equation (4.2) in 22 + y? — 22 = \2, we

reach

_ xg T = —>\2
(4.5)
T - ( AQA_Z(%)Z:xm
T A2
V=)= o
AZ—xg A2—zx ( )
4.6
x + ( Aim‘%)z:xo.

Working as in the previous case, the intersection plane is

/N2 2
Sl(t) = (.’Eo,yo,O) +t ( A o xo,—l) 5

A A

which shows that s; is contained in S.
Equation (4.6) yields

52(t) = ('rovyOaO) +t (AQ_ZE(Q) o > 5

A AT

also contained in S.

For (A,0,0) and (—A,0,0), namely the point when yy = 0, the
tangent spaces are given by the equations x = A and x = —\, respectively.
When x = X\ both

ll(t) :()‘a 0, 0) + t(oa 1, 71)3

4.7
Ix(t) =(X,0,0) + (0, —1,—1). (47)
are contained in S.
For x = — A\, the same is true for
() =(=X,0,0) + (0, -1, -1),
L) =(=1,0,0) + (0, -1, -1) s

IL(t) =(=,0,0) + (0,1, -1).
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Observe that we can equally well get the lines from Equation (4.6)
by a rotation of 7 radians of the lines obtained in Equation (4.3) around
z—axis, which is to be expected since we are looking at diametrically
opposite points in the cylinder. In fact, rotating r1 (¢) we achieve

. 2_p2 2_p2
cosm —sinm 0] |z, — VAT o+ A%

' 0 2 - 2
sint  cosm yo + o = —yo — tho ,
0 0 1 ¢ —¢

which is exactly sa(t). For ra(t) rotated by 7 radians around of z—axis
we get

. 2__ 2 2_ 2
cosm —sinm 0] |4, 4 V=% L WA
. 0 X 0 X
sinm cosm O Yo — tho = —yo + tho ,
0 0 1 —¢ —¢

exactly s1(t). By the same argument, we see that [} (¢) is a rotation of
l1(t) and I5(t), a rotation of lo(t).

Let us define Fy as the union of the lines obtained from (4.3) and
(4.6) together with I;(¢) and 1} (¢). Similarly, let F» be the union of the
families of the lines obtained from (4.4) together with (4.5), this time
appending lo(t) and 5 (¢). These families are disjoint since they come
from different linearly independent systems of equations. O

Proposition 4.2.  The families F;, for i = 1,2, satisfy the following
properties.

e For any two lines a,b € F;, there exists a rotation Ry around the
zPaxis such thatRga = b.

e If a € F; and b is such that there exists a rotationRy around the
zPaxis such thatRya = b, then b € F;.

Proof. We prove the proposition just for Fi, the case Fy is completely
analogous.
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Figure 2: The intersection of the plane in @.1) with the onebsheeted
hyperboloid.

By Lemma 4.1, if a,b! Fj, then the lines pass through a point
(X0,¥0,0) ! S, so they have the shape
! "

— #
12" x
"—o X_O"‘l ) y0>01

R o#
S2(t) = (Xo0,Y0,0) + t ,——1 , Yo < 0.

ri(t) = (xo,Y¥o,0) + t

Note that it is enough to show that for eacha! F; there exists a rotation
R, such that R, I; = a. This is so becauseR- |; = bimplies R+ R} *a = b.
The casea = |, was the content of Lemma4.1, so we suppose # .
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Direct calculation yields then

! #1 # |
cos! !sinl O " "cos! ! tsin!
" sin! cosl 05" t$=""sin! +tcos!$. (4.9)
0 0 1 It It
If a passes through X,y,0) " S, we choose! so that x = " cos! and
y = " sin! (this is possible gjven that for each &ko,Yo0,0) " S we have
X5+ ys="2).Byusingy= "2! x2whenevery > 0, we get
!x+ ¢ 7T
Toys e $

It

#__
while fory < 0, we usey = ! "2 x2 and obtain
!
x! .
y+ Xo $,

It

| I
t 12" x2

To verify the second statement it is enough to show that if there
exists a rotation R- such that R-1; = b, then b" F4, since by Item 4.2
there exists Ry such that Rzl = a. If this is so, there exists# such that
Rga = bif and only if there exists $ such that RxRgl, = b. By changing
variables on Equation (4.9), with xo = " cos! andy, = " sin!, we reach

| |
' nid
" Xo ]

+
yo+ %o 8
It

which is exactly the expression of the lines given by the planes4(3) and
(4.6). Finally, by debnition of F;, we haveR-11 " F;. O

Proposition 4.3. The onebsheeted hyperboloid is a doubly ruled sur-
face.

Proof. Fix (Xo,Y¥0,20) " S. We look again at the linel; " Fi, where
l1(t)=(", 0,0)+ t(0,1,! 1). We will show that there exists a rotation R-
around zbaxis such thatR- 11 (t) = ( Xo, Yo, Zo) for somet " R (observe that

92 Pro Mathematica, XXXI, 61 (2020), 73-107, ISSN 2305-2430



Adjoint orbits of sl(2,R) and their geometry

by the second item in the above proposition, we already havi, 11 ! F;).
By Equation (4.9), we get

Rili(t) =(! cos" " tsin",! sin" + tcos", " t),

and by letting t = " zy, we obtain

Ril1(" zo) = (! cos" + zpsin”,! sin Zp COS", Zp). (4.10)

Varying " in Equation (4.10 ables us to trace the entire level curveS at
z = 7, which is a circle of radius! 2" z3. Therefore, since Ko, Yo,20) ! S
holds, there exist" subjectto! cos"+ zgsin" = xp and! sin"" zycos" =
Yo. Thus R/ l; is a line in F; subject to (Xo,Y0,20) ! Ril1. In the same
way, it is not hard to show that there exists a rotation R~ such that R- |,
contains the point (Xo, Yo, 2p). We conclude that r(",t) = R, I(t) and
s(",t) = Ry I,(t) are parametric equations forS. Hence,S is ruled by
both F; and F». O

5 The tangent spaces to O('A)

The adjoint orbit O(!A ) is a surface inR3. The goal of this section is
to depict the tangent space toO(!A ) and determine its relation with

the image of the adjoint representation of the Lie algebrasl(2, R). Our

starting point is the following proposition, which provides an identibcation
of said tangent space.

Proposition 5.1. Let ad be the adjoint representation ofg. For H !
O(!A ) we have
Im(ad(H)) = T4 O('A).

Proof. Notice that every curve passing throughH in O(!A ) has the form
aHg; 1, whereg: [' #,4 # SL(2,R) smoothly satisPesg, = Id. Thus,
every tangent vectorv! Ty O(!A ) can be written as

I
_d 'l
V= agtHgt !t:O,
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|
|
for some smooth curveg,. However, if %gli = X ! sl(2,R), then
t=0
| |
d_ ol d |
agIHgf = aAngH! = d(Ad;g)(X)H =ad(X)H =[X,H].
t=0 t=0
(5.1)
Hence we getv ! Im(ad(H)), which forces the inclusion T O('A ) "
Im(ad(H)).

Conversely, givenXy = [ X,H ], just take some smooth curveg;
subject to

|
|
%gt{ = Xo with, go=1d ! SL(2,R),
t=0

and plug it into Equation ( 5.1): we obtain the desired result. O

Let A,B,C be the basis ofsl(2, R) given in (1.1). Since they satisfy
the relations [B,A] = C,[C,A] = B, and [B,C] = A, forany H ! g
written as H = xA + yB + zC we get

" $
0 #z #y
adH)=#z 0 x%,
y #x O

Sincedimkerad(H) = 1, by taking any two column vectors in ad(H) we
have
Th O('A ) = spar{zB + yC,xB # yA},

wheneverH 'O (A ). As H = xA + yB + zC implies that x,y, z satisfy
X2+ y2# 72 =12 we get

Ty O('A) = span{zB + yC,xB # yA: x>+ y?# z2 = 12},

6 Morse theory on the adjoint orbit O(A)

We use the adjoint orbit O(!A ) to construct an example which shows
how the compactness hypothesis is essential to the Morse-Smale theorem.
We take ! =1 to ease computations.
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Let M be a manifold andf : M ! R a smooth function. A critical
point p of f is non-degenerate if the Hessian matrix of f in p is non-
degenerate. If all critical points of f are non-degenerate, we say is a
Morse function

Theorem 6.1 (MorsebSmale) [10, Lem.2.23]. Let M be a compact
manifold without boundary andf : M ! R a Morse function. If ! p(t) is
the trajectory of the gradient vector beld" f at p, then both limits

tI!Ii,m Fo(t) and tH!ti"m Fo(t)

exist, in fact, they are critical points of f . !

Dynamics of the gradient vector bPeld We study the behaviour of
a gradient vector beld restricted to O(A). For that, we consider the
function f (x,y,z) = yz. The gradient of f (with respect to the canonical
inner product) is

n n Ilf
TTxy.z)= o o(xy.z)et Y (xy,2)e2+ -(Xy,2)€ = z&; + yes.
Therefore, the gradient matrix of f in the canonical basis is
! #
0
"f=" 2%,
y

Proposition 6.2. The gradient vector beld" f is tangent to O(A).
0,

Proof. Let us consider the relationg(x,y) = * 0x2 + y2 # 1 which de-
scribes the onelgheeted hyperboloid. We look brst at the caze $ 0
(henceg(x,y) = x2+ y2# 1). The normal vector to the surface at a
given point (Xg, Yo, o) IS
& '
= %0 96— Y0
xgryg# 1l xF+yg# 1

Thus, taking the inner product between# and" f (X, Yo, 20) = (0, 20, Yo)",
yields
YoZo

o, " f(Xo,Y0,20)&= Yorer——
(X0, Yo, Zo) X+ yiF 1

# Yo;
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!
and after usingzo = x3+ y3! 1 we reach

H, #f (Xo,Y0,20)$=0.

Hence,# f takes the point (Xo, Yo, Zo) to a vector tangent to the surface,
and so,#f is tangent to O(A) for zg % 0.
I

Similarly for zo & 0, we useg(x,y) = ! x2+ y2! 1 instead and
get " #
Xo Yo

n= 11 I I

| xgHys! 1 xG+ys! 1
With zo= ! xZ+ y2! 1, we obtain

z
', #f(Xo,yo,Zo)$: ! IZyO:OZ' y0:0.
Xg+ye! 1

In either case, we conclude that the gradient vector beld# f is
tangent to O(A). O

Proposition 6.3.  The function f (x,y,z) = yz restricted to O(A) is a
Morse function.

Proof. Notice that (1,0,0) and (! 1,0,0) are the singularities of the
restriction gradient vector beld to the orbit O(A). Let Hesgf ) be the
Hessian matrix of f , namely,
$ &
0 0O

Hessf)= %0 0 1 .
010
Note that the restriction of Hesgf) to each of the tangent spaces at
(1,0,0) and (! 1,0,0) is non-degenerate. In fact, using the results of
Section 5 and identifying (1,0,0) and (! 1,0, 0) with the matrices A and
I' A in O(A), respectively, we getTp O(A) = spar{(0,0,1),(0,1,0)} and
T, AO(A) = span{(0,0,! 1),(0,! 1,0)}. Itis not hard to conclude the
equalities
TaO(A)' kerHessf) =0,
Ti AO(A) ' kerHessf)=0,

which implies that f |5 (a) is a Morse function. O
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Figure 3: The vector beld restricted toO(A).

Using the dynamics above, we obtain trajectories of f which are
not complete, thus showing that the hypothesis of compactness in Theo-
rem 6.1 is fundamental.

The trajectories of the gradient! f restricted to To O(A) are solu-

tions of the following Ilnear system of d||erent|al equations
"l
y (1) 0 1 y(t)
Z'(t) 1 0 z(t) -

Since 1 and 1 are eigenvalues of the linear part, with eigenvectorg =
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(! 1,1) and v, = (1, 1), respectively, it follows that the general solution

has the form | "
y(t)
z(t)

Setting ¢c; = 0 and ¢, = 1, we obtain !((t) = €'(1,1). Note that
limge  14(t) =(0,0) but the limit when t"# does not make sense
in O(A).

= g€ vy + el vy,

On the other hand, taking ¢, = 0 and ¢; = 1, we get ! ,(t) =
€ '(! 1,1). Where limyy !,(t) = (0,0) but the limit when t " 1#
does not exist.

Considering!; and !, in the tangent spaceTa O(A), we have that
these are the lines (1t,t) and (1,! t,t). Moreover, they correspond to the
lines|; and |, as described in Equation @.7) in Lemma 4.1 of Section4.
So they are contained inO(A). Summarizing, we obtain two trajectories
I'1(t) and ! »(t) of the gradient $ f whose limit points do not belong to
the orbit, namely, do not satisfy the conclusions of Theorem6.1. This
happens because the onebsheeted hyperbold@qA) is a hon-compact
submanifold of R3.

Figure 4: The gradient $f restricted on TAO(A) at A =(1,0,0).
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7 A symplectic structure in O(A)

Here we realize the adjoint orbit O(A) as a symplectic manifold. We
follow the construction by KirillovbKostantBSouriau [8, 9]. First we

construct the symplectic form on the coadjoint orbit and then, using the
Killing form, we induce the symplectic structure on the adjoint orbit

O(A). For a more general study of symplectic geometry on adjoint orbits
we refer the reader to P] and [7].

In order to perform the construction, we start by recalling some
basic debnitions of symplectic geometry.

Let V be a real vector space and : V! V" R a skewbsymmetric
bilinear form. We say that ! is asymplectic form ifitis non-degenerate,
thatis, ! (u,v) =0 for all vimpliesu =0. In this case, we say that ¥/, !)
is a symplectic vector space

Let M be a manifold. We say that a 2Bform! # ! 2(M) is non-
degenerate if the 1bform! = ! (X, § is non-degenerate for eachkx # M .
Thus, for every x # M, the tangent spaceTyM is a symplectic vector
space.

A symplectic structure on M is a 2bform! # ! 2(M) which
is non-degenerate and closed. In this case, we say thaM(! ) is a
symplectic manifold

Now we dePne the coadjoint representation, which is the dual of the
adjoint representation and will allow us to debPne coadjoint orbits. First,
let us consider the natural pairing betweeng' and g given by

$,%d ! g" R
(", X)&"$, X% "(X).

For " # ¢, we debne A¢" by the rule
$Ady" X % $,Adg : X% X #g.
The coadjoint representation of G on ¢ is by dePnition
Ad':G" Aut(g)

" !
g&"Ady.
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Similarly, we have a coadjoint representation ofg on g given by

ad :g! gl(g')
u" ad,,

To be more explicit, givenu # g and ! # ¢, we have $ad,(!), v%=
&!([u,v]). Here [, ] is the Lie bracket on g.
Let us consider! # ¢ and denote by

O'={"#d: thereisu# G,Ad, ()= "}

the coadjoint orbit of !. Since the vectorsAdL(!) span the tangent
spaceT, O' we have

T,0' = {ad,(!): u# g}.

Note that for a bxed ! # ¢', the value of ! [u, v] depends just onad{J and
ad,, at the point !. In fact, if ad! (1) =ad,(!), then

l(u&u',v)=(ad}, & ad,)(!)(v) =0,

for eachv # g. Thus, the following dePnition of a skew-symmetric bilinear
form on T, O' makes sense.
For ! # ¢ bxed, we debne a skew-symmetric bilinear form o, O'

by
# (ad, (1), ad, (1)) = ! ([u,V]).

Lemma 7.1. For each! # ¢ the form #, is non-degenerate.

Proof. Note that if
# (ad} ('), ad,(!)) =0,

forall v# g, then!([u,v]) =0= &!([u,V]) and therefore ad!u(!) =0. O
Since we have [A¢(u), Adg(V)] = Ad ¢4([u, v]), we get the equality
Ady! ([Adg(u), Adg(V)]) = Ad 4! (Adg([u,v])) = ! ([u,V]).
Thus, #, debnes a point-wise form¥# on O.

Lemma 7.2. The 2Dbform# is closed, that is, satisbegi# = 0.
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Proof. We analyse! point-wise. For any " ! ¢', givenx,y and z in g
setX =ad, ("), Y =ad,(") and Z = ad,("). We have then

d! !(X,Y,Z):%(X! LY, 2)" Y (X, Z)+ Z1 (X, Y )+

+ %(" ! [([X,Y],Z)"‘ ! !([X!Z]!Y)" I'([YIZ]!X))

Note that all the directional derivatives vanish, since ! |, is constant
relative to ". Thus using Jacobi identity, we reach

%(" LIX Y L)+ (X 2] Y) " H([Y, 2], X)),

= %(" "(xylzD + "([x. zLyD " "(lly, 2l x]),

dl (X,Y,2)

= %( [x,yl,zD) +[x,z],yl1" [y, z]. x],

1
="(0),
5 ©
=0.
Therefore! is closed. O

Theorem 7.3. Let O' # ¢ be a coadjoint orbit. Then!, debnes a
symplectic structure onO' .

Proof. This is a direct consequence of Lemmag.1y 7.2 O

Remark 7.4. This symplectic structure on the coadjoint orbit is canon-
ical and is called theKirillovbKostantbSouriau form

Now we show below how to endow the adjoint orbit with a symplectic
structure which comes from the symplectic form constructed above.

Proposition 7.5.  Supposeg admits an AdBinvariant inner product, that
is, one subject to

$Adg(u), Adg (V)% $u,v%

for eachg! G. Then the identibcation g & ¢ induced by this inner
product also provides an isomorphism between the adjoint and coadjoint
representations.
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Proof. The isomorphism of vector spaceg L g is given by

l:g g
voE 1L, (7.2)

where |, (u) = $u,v%for eachu & ¢ . We want to show that ! is an
isomorphism of representations as well, namely, an isomorphism of Lie
algebras for which the following diagram

«

is commutative.

Since! is an isomorphism of vector spaces, whenever we ggt V
as vector spaces endowed with Lie brackets, then we can maké' into a
Lie algebra by debning a Lie bracket as

[a,b = ! (! a),!" (b)), for eacha,b& V'.

Thus, we getgd' L (V',[44:)) and ! is a Lie algebra homomorphism. In
fact, it is easy to check the equality

'(fa,B) =[! (a),! (O]

Next, let v & g be a bxed element. Sincéd, is invertible, there exists
w & g such that Adg(w) = v. Using Adbinvariance for the inner product,
we obtain

I (Adg(u))(v) = $Adg(u),v¥% $Adg(u), Adg(w)% $u, W%
In the same way, we get
Ad!g(! (u)(v) = ' (u)(Ad g 1(v)) = Su,Ady 1 (V)% $u, W%

Therefore, the diagram is commutative and! is a representation isomor-
phism. O
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Remark 7.6. Notice that the above result holds in a more general
context where the product is only non-degenerate and not necessarily
positive debnite, and hence not a inner product. It follows from the fact
that the linear map induced by a non-degenerate product betweery and
g is an isomophism. The proof of the above proposition also holds in
this case, since it only requires the existence of such isomorphism.

Let g be a Lie algebra over a beld=. The Killing form on g is the
map
B:g!g " F
(x,y) #' B(xy)=tr(ad x $ady).

Proposition 7.7.  The Killing form is Ad-invariant.

Proof. In fact, we have

B(Adg(x),Adg(y)) =tr( g $ adk $ad, $g' %)
=tr(ad « $ady)

= B(x,Yy).

Proposition 7.8.  The Killing form is symmetric and bilinear.

Proof. Symmetry follows from the property tr(MN ) = tr(NM ). Thus,
we have

B(x,y) =tr(ad x $ady) =tr(ad y $ady) = B(y,X).
Since ad and trace are linear, we get

B(Ix +"y,z)=tr(ad( 'x + "y) $adz)

=tr(( ! adx + " ady) $adz)
I'tr(! adx +adz) + "tr(ady $ adz)
B (x,z)+ "B (y,2),

for eachx,y,z %g. Thus, B is linear on the brst entry. By the symmetry
we get the same for the second entry. O

Pro Mathematica, XXXI, 61 (2020), 73-107, ISSN 2305-2430 103



F. Rubilar, L. Schultz

Hanceforth, for simplicity we use the notation !a, ' = B(a, b).
Proposition 7.9.  The Killing form is non-degenerate.

Proof. Since B,A]= C,[C,A]= B, and [B,C]= A hold, we get

! # ! # ! #
0 0 O 0 01 0 #1 0

ad(A)= "0 0 #1% adB)="0 0 b, ad(C)="1 0 5.
0 #1 0 100 0 0 O

Direct computation yields

%! #'
0 00
IA,A" = tr(ad( A) $ad(A)) =tr &"0 1 O8( =2,
00 1
%! #'
100
IB,B" =tr(ad( B) $ad(B))=tr &"0 0 0OB( =2,
00 1
%! #'
#1 0 0
IC,C"=tr(ad( C) $ad(C))=tr &" 0 #1 0B( = #2,
0 0 0
%! #'
0 #1 0
IB,A" =tr(ad( B) $ad(A)) =tr &"0 0 08( =0,
0 0 O
%! #'
0 00
IA,C" =tr(ad( A) $ad(C))=tr &" 0 0 O5( =0,
#1 0 0
%! #'
0 0 O
IB,C" =tr(ad( B) $ad(C))=tr &"0 0 ( =0
0 #1 0

Hence, ifH = xA + yB + zC, expressing the operatorlH, 4"on its
matrix representation form we obtain

*

IH, &"= )2x 2y #2z .

Therefore, the map!H, &"is zero if and only if H is zero. O
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In this way, we identify the adjoint orbit O(A) with the coadjoint
orbit O'(A)= {f ! g :"u! G,Ad,(! (A)) = f}, where! is the map
in (7.1). It follows that we can induce on O(A) the symplectic structure
built on O'(A) as

" o@dp(a), ady(b) == "y (py(ad; () (@), adi (b)) = #o,[a, 0%
for eacha, b,p! O (A).
Corollary 7.10.  The pair (O(A)," ") is a symplectic manifold. !

Remark 7.11. The Killing form is non-degenerate because we are work-
ing with a semisimple Lie algebra. This is essential to achieve the
identibpcation between adjoint and coadjoint orbits and, consequently, to
perform the above construction.

In [7], the authors construct another symplectic form which does
not come from the KirillovbKostantbSouriau symplectic form. Their
method involves Lie theory and the construction is performed directly
on adjoint orbits of semisimple Lie groups. It remains to carry out a
complete classibcation of adjoint orbits in higher dimension.
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Resumen

Para el grupo especial linealSL(2,R) y su algebra de Liesl(2, R) estu-
diamos propiedades geometricas asociadas a sus @erbitas adjuntas. En
particular mostramos que se presentan apenas tres alternativas para la
@rbita: o bien es un hiperboloide de una hoja, o un hiperboloide de
dos hojas o en su defecto un cono. Ademas, introducimos un potencial
especdbco y estudiamos el correspondiente campo gradiente y su dinamica
al restringirnos a la erbita adjunta. Tambien describimos la estructura
simplectica de tales erbitas que provienen de la bien conocida forma
simplectica de KirillovbKostantbSouriau en @rbitas coadjuntas.

Palabras clave: ®rbitas adjuntas, estructura simplectica.
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