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distributions: properties and inference
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Abstract

Liu (1996) discussed a class of robust normal/independent distributions

which contains a group of thick-tailed cases. In this article, we develop a

skewed version of these distributions in the multivariate setting, and we

call them multivariate skew normal/independent distributions. We de-

rive several useful properties for them. The main virtue of the members

of this family is that they are easy to simulate and lend themselves to

an EM-type algorithm for maximum likelihood estimation. For two mul-

tivariate models of practical interest, the EM-type algorithm has been

discussed with emphasis on the skew-t, the skew-slash, and the contam-

inated skew-normal distributions. Results obtained from simulated and

two real data sets are also reported.
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Keywords: EM algorithm, normal/independent distributions, skewness, mea-

surement errors models.
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1. Introduction

A normal distribution is a routine assumption for analyzing real data,
but it may be unrealistic, specially when strong skewness and heavy-
tailed appear. In practice, we generate a great number of data that
are skewed or heavy-tailed, for instance, information on family income,
the CD4 cell count from AIDS studies, etc. Thus, one needs to develop
a flexible class of models that can readily adapt to the non-normality
behavior of certain phenomena. Flexible models that include several
known distributions, including normal distribution, are of particular im-
portance, since such models can adapt to distributions that are in the
neighborhood of the normal model (DiCiccio and Monti (2004) [13]).
Lange and Sinsheimer (1993) [22] developed a normal/independent dis-
tribution which contains a group of thick-tailed distributions that is of-
ten used for robust inference of symmetrical data (Liu (1996) [25]). In
this article we further generalize the normal/independent (NI) distri-
butions and combine skewness with heavy-tailed. These new classes of
distributions are attractive not only because they model both cases, but
because they have a stochastic representation for easy implementation of
the EM-algorithm, and so facilitate the study of many useful properties.
Our proposal extends some of the recent results found in Azzalini and
Capitanio (2003) [6], Gupta (2003) [17], and Wang and Genton (2006)
[31].

Azzalini (1985) [4] proposed a univariate skew-normal distribution
that was generalized to the multivariate case by Azzalini and Dalla–Valle
(1996) [7] and Arellano–Valle et al. (2005) [2]. The multivariate skew-
normal density extends the multivariate normal model by allowing a
shape parameter to account for skewness. The probability density func-
tion of the generic element of a multivariate skew-normal distribution is
given explicitly by

f(y) = 2φp(y|µ,Σ)Φ1(λ
⊤Σ−1/2 (y − µ)) , y ∈ Rp, (1.1)

where φp(.|µ,Σ) stands for the probability density function of the p-
variate normal distribution with mean vector µ and covariate matrix
Σ, while Φ1(.) represents the cumulative distribution function of the

12 Pro Mathematica, 28, 56 (2014), 11-53
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standard normal distribution, here Σ−1/2 satisfies Σ−1/2Σ−1/2 = Σ−1.
When we have λ = 0, the skew normal distribution reduces to the normal
distribution (Y ∼ Np(µ,Σ)). A p-dimensional random vector Y with
probability density function as in (1.1) will be denoted by SNp(µ,Σ,λ).
Its marginal stochastic representation, which can be used to derive sev-
eral of its properties, is given by

Y
d
= µ+Σ1/2(δ|T0|+(Ip−δδ⊤)1/2T1), with δ =

λ√
1 + λ⊤λ

, (1.2)

where T0 ∼ N1(0, 1) and T1 ∼ Np(0, Ip) are independent, |T0| denotes
of course the absolute value of T0, and “

d
= ” stands for “distributed as”.

From (1.2) it follows that the expectation and variance of Y are given,
respectively, by

E[Y] = µ+
√

2/πΣ1/2δ (1.3)

and
V ar[Y] = Σ− (2/π)Σ1/2δδ⊤Σ1/2. (1.4)

Several extensions of the above model has been proposed. For ex-
ample we have the skew-t distributions (Sahu et al., (2003) [27], Gupta,
(2003) [17]), skew-Cauchy distributions (Arnold and Beaver (2000) [3]),
skew-slash distributions (Wang and Genton (2006) [31]), skew-slash-t
distributions (Tan and Peng (2006) [29]), and skew-elliptical distribu-
tions (Azzalini and Capitanio (1999) [5], Branco and Dey (2001) [9],
Sahu et al. (2003) [27], Genton and Loperfido (2005) [16]). In this paper
we define a new unified family of asymmetric distributions that offers a
much needed flexibility by combining both skewness with heavy-tailed.
This family contains, as a special case, the multivariate skew-normal
distribution defined by Arellano-Valle et al. (2005) [2], the multivari-
ate skew-slash distribution defined by Wang and Genton (2006) [31],
the multivariate skew-t distribution defined by Azzalini and Capitanio
(2003) [6], and all the distributions studied by Lange and Sinsheimer
(1993) [22] in the symmetric context. Thus, our proposal is a more
flexible class than the existing skewed distributions, since it allows easy
implementation of inferences in any type of models. We point out that
the results and methods provided here are not available elsewhere in the
literature.

Pro Mathematica, 28, 56 (2014), 11-53 13
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The plan of the article is as follows. In Section 2, the normal/inde-
pendent distributions (NI) are reviewed for completeness. In Section 3,
the skew-normal normal/independent distributions (SNI) are described,
and the main results are presented. In Section 4, we derive the maximum
likelihood estimates (MLE) for two important applications of SNI dis-
tributions. Analytical expressions for the observed information matrix
are worked in Section 5. An illustrative example is presented in Section
6, depicting the usefulness of the proposed methodology. Our conclud-
ing remarks are presented in Section 7. We also include an appendix as
Section 8.

2. Normal/independent distributions

The symmetric family of NI distributions has attracted much attention
in the last few years, mainly because it includes distributions such as
the Student-t, the slash, the power exponential, and the contaminated
normal distributions. All these distributions have heavier tails than the
normal.

We say that a p-dimensional vector Y has a NI distribution with
location parameter µ ∈ Rp and positive definite scale matrix Σ (see for
instance, Lange and Sinsheimer (1993) [22]) if its density function has
the form

f(y) =

∫ ∞

0

φp(y|µ, u−1Σ)dH(u;ν), (2.1)

where H(u;ν) is a cumulative distribution function of a unidimensional
positive random variable U indexed by the parameter vector ν. For a
random vector with a probability density function as in (2.1), we shall
use the notation Y ∼ NIp(µ,Σ;H). Now, when µ = 0 and Σ = Ip, we
simply use Y ∼ NIp(H).

The stochastic representation of Y is given by

Y = µ+ U−1/2Z, (2.2)

with Z ∼ Np(0,Σ) and U a positive random variable with cumulative
distribution function H independent of Z. Examples of NI distributions

14 Pro Mathematica, 28, 56 (2014), 11-53
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are described subsequently (see also Lange and Sinsheimer (1993) [22]).
For this family, the distributional properties of the Mahalanobis dis-
tance

d = (y − µ)⊤Σ−1(y − µ),

are also described because they are extremely useful in testing the good-
ness of fit and for detecting outliers.

2.1 Examples of NI distributions

• The Student-t distribution Y ∼ tp(µ,Σ, ν) with ν > 0 degrees of free-
dom. The use of the t-distribution as an alternative to the normal dis-
tribution has frequently been suggested in the literature. For example
Little (1988) [24] and Lange et al. (1989) [23] use the Student-t distri-
bution for robust modeling. The variable Y has density

f(y) =
Γ(p+ν

2 )

Γ( ν2 )π
p/2

ν−p/2|Σ|−1/2

(
1 +

d

ν

)−( p+ν
2 )

. (2.3)

In this case, we have U ∼ Gamma(ν/2, ν/2), where the cumulative
distribution function H(u; ν) has density

h(u; ν) =
(ν/2)ν/2uν/2−1

Γ(ν/2)
exp (−1

2
νu), (2.4)

and finite reciprocal moments E[U−m] = (ν/2)mΓ(ν/2−m)
Γ(ν/2) , for m < ν/2.

From Lange and Sinsheimer (1993) [22] we also get

d = (y − µ)⊤Σ−1(y − µ) ∼ pF (p, ν).

• The slash distribution Y ∼ SLp(µ,Σ, ν) with shape parameter ν > 0.
This distribution presents heavier tails than the normal distribution. It
also includes the limiting normal case as ν ↑ ∞. Its probability density
function is given by

f(y) = ν

∫ 1

0

uν−1φp(y|µ, u−1Σ) du. (2.5)

Pro Mathematica, 28, 56 (2014), 11-53 15
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Here H(u; ν) has density

h(u; ν) = νuν−1I(0,1), (2.6)

with reciprocal moments E[U−m] =
ν

ν −m
, for m < ν. The Maha-

lanobis distance has cumulative distribution function given by

Pr(d ≤ r) = Pr(χ2
p ≤ r)− 2νΓ(p/2 + ν)

rνΓ(p/2)
Pr(χ2

p+2ν ≤ r).

• The contaminated normal distribution Y ∼ CNp(µ,Σ, ν, γ), with 0 ≤
ν ≤ 1, 0 < γ ≤ 1 (Little (1988) [24]). This distribution may also be
applied for modeling symmetric data with outlying observations. The
parameter ν represents the percentage of outliers, while γ may be inter-
preted as a scale factor. Its probability density function is

f(y) = νφp(y|µ,
Σ

γ
) + (1− ν)φp(y|µ,Σ). (2.7)

In this case the cumulative distribution functionH(u;ν) is given by

h(u;ν) = νI(u=γ) + (1− ν)I(u=1), ν = (ν, γ)⊤, (2.8)

where here I(A) is the indicator function of the set A. Clearly we have
E[U−m] = ν/γm + 1− ν and

Pr(d ≤ r) = νPr(χ2
p ≤ γr) + (1− ν)Pr(χ2

p ≤ r).

The power-exponential distribution is the type NI. However, the
scale distribution H(u;ν) is not computationally attractive and will not
be dealt with in this work.

3. Multivariate SNI distributions and main
results

In this section, we define the multivariate SNI distributions and study
some of their properties (v.g., moments, kurtosis, linear transformations,
and marginal and conditional distributions).

16 Pro Mathematica, 28, 56 (2014), 11-53
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Definition 3.1. A p-dimensional random vector Y follows a SNI dis-
tribution with location parameter µ ∈ Rp, scale matrix Σ (a p × p
positive-definite matrix) and skewness parameter λ ∈ Rp if its probabil-
ity density function is given by

f(y)=2

∫ ∞

0

φp(y|µ, u−1Σ)Φ1(u
1/2λ⊤Σ−1/2(y − µ)) dH(u) (3.1)

=2

∫ ∞

0

up/2

(2π)p/2
|Σ|−1/2e

−
u

2
dλ

Φ1(u
1/2λ⊤Σ−1/2(y − µ)) dH(u),

where U is a positive random variable with cumulative distribution func-
tion H(u;ν).

For a random vector with probability density function as in (3.1),
we use the notion Y ∼ SNIp(µ,Σ,λ;H). When µ = 0 and Σ = Ip, we
get a standard SNI distribution and denote it by SNIp(λ;H).

It is clear from (3.1) that when λ = 0, we get back the NI distri-
bution defined in (2.1). For a random vector with probability density
function as in (3.1), we write the Mahalanobis distance as

dλ = (y − µ)⊤Σ−1(y − µ).

In Definition 3.1, note that the cumulative distribution function
H(u;ν) is indexed by the vector ν. Thus, if we suppose that ν∞ is such
that ν ↑ ν∞, and H(u;ν) converges weakly to the distribution function
H∞(u) = H(u;ν∞) of the unit point mass at 1, then the density function
in (3.1) converges to the density function of a random vector having a
skew-normal distribution. The proof of this result is similar to the one
present in Lange and Sinsheimer (1993) [22] for the NI case.

For a SNI random vector, the stochastic representation given below
can be used to quickly simulate pseudo-realizations of Y, and also to
study many of their properties.

Proposition 3.2. For Y ∼ SNIp(µ,Σ,λ;H) we have

Y
d
= µ+ U−1/2Z, (3.2)

with Z ∼ SNp(0,Σ,λ) and U a positive random variable with cumulative
distribution function H independent of Z. (Compare Equation (1.1).)

Pro Mathematica, 28, 56 (2014), 11-53 17
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Proof. This follows from the hypothesis Y|U = u ∼ SNp(µ, u
−1Σ,λ).

Notice that the stochastic representation given in (2.2) for the NI
case is a specialization of (3.2) for λ = 0. Hence, we have extended
the family of NI distributions to the skewed case. Besides, from (1.2) it
follows that (3.2) can be written as

Y
d
= µ+

1

U1/2
Σ1/2{δ|X0|+ (In − δδT )1/2X1}, (3.3)

where δ = λ/
√
1 + λ⊤λ, and U , X0 ∼ N1(0, 1) and X1 ∼ Np(0, Ip) are

independent. The marginal stochastic representation given in (3.3) is
very important since it allows us to implement the EM-algorithm for a
wide class of linear models similar to those of Lachos et al. (2007) [20].

In the next proposition, we derive a general expression for the mo-
ment generating function of a SNI random vector.

Proposition 3.3. For Y ∼ SNIp(µ,Σ,λ;H) and s ∈ Rp, we have

My(s) = E[es
⊤Y] =

∫ ∞

0

2es
⊤µ+ 1

2u
−1s⊤ΣsΦ1(u

−1/2δ⊤Σ1/2s)dH(u).

(3.4)

Proof. From Proposition 3.2, we obtain Y|U = u ∼ SNp(µ, u
−1Σ,λ).

Next we get My(s) = EU [E[es
⊤Y|U ]] from well known properties of

conditional expectation. As U is a positive random variable with cumu-
lative distribution function H, we derive the proof from the fact that

Z ∼ SNp(µ,Σ,λ) implies Mz(s) = 2es
⊤µ+ 1

2 s
⊤ΣsΦ1(δ

⊤Σ1/2).

The next proposition shows that a SNI random vector is invariant
under linear transformations. This, in turn, implies that the marginal
distributions of Y ∼ SNIp(µ,Σ,λ;H) are still SNI.

Proposition 3.4. Let Y ∼ SNIp(µ,Σ,λ;H). Then for any fixed vector
b ∈ Rm and matrix A ∈ Rm×p of full row rank we get

V = b+AY ∼ SNIp(b+Aµ,AΣA⊤,λ∗;H), (3.5)

18 Pro Mathematica, 28, 56 (2014), 11-53
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here we have λ∗ = δ∗/(1 − δ∗⊤δ∗)1/2 with δ∗ = (AΣA⊤)−1/2AΣ1/2δ.
Moreover, if m = p and A is non-singular, then we get λ∗ = λ. Also,
for any a ∈ Rp, we obtain

a⊤Y ∼ SNIp(a
⊤µ,a⊤Σa, λ∗;H),

where λ∗ = α/(1− α2)1/2, with α = {a⊤Σa(1 + λ⊤λ)}−1/2a⊤Σ1/2λ.

Proof. The proof of this result is direct from Proposition 3.3 since we

have Mb+AY(s) = es
⊤bMY(A⊤s). When A is non-singular, it is easy

to see that δ∗ = δ holds.

Applying Proposition 3.4 to A = [Ip1
,0p2

], with p1+p2 = p, we ob-
tain the following additional properties of a SNI random vector, related
to the marginal distribution this time.

Corollary 3.5. Let Y ∼ SNIp(µ,Σ,λ;H) and suppose Y is partitioned
as Y⊤ = (Y⊤

1 ,Y
⊤
2 )

⊤ of dimensions p1 and p2 = p−p1, respectively. Let

Σ =

(
Σ11 Σ12

Σ21 Σ22

)
, µ = (µ⊤

1 ,µ
⊤
2 )

⊤

be the corresponding partitions of Σ and µ. Then, the marginal density

of Y1 is SNIp1
(µ1,Σ11,Σ

1/2
11 υ̃;H), where υ̃ =

υ1 +Σ−1
11 Σ12υ2√

1 + υ⊤
2 Σ22.1υ2

, with

Σ22.1 = Σ22 −Σ21Σ
−1
11 Σ12 and υ = Σ−1/2λ = (υ⊤

1 ,υ
⊤
2 )

⊤. �

Proposition 3.6. Let Y ∼ SNIp(µ,Σ,λ;H). Then the distribution of
Y2, conditionally on Y1 = y1 and U = u, has density

f(y2|y1, u) = φp2(y2|µ2.1, u
−1Σ22.1)

Φ1(u
1/2υ⊤(y − µ))

Φ1(u1/2υ̃⊤(y1 − µ1))
, (3.6)

with µ2.1 = µ2 +Σ21Σ
−1
11 (y1 − µ1). Furthermore, we get

E[Y2|y1, u] = µ2.1 + u−1/2 φ1(u
1/2υ̃⊤(y1 − µ1))

Φ1(u1/2υ̃⊤(y1 − µ1))

Σ22.1υ2√
1 + υ⊤

2 Σ22.1υ2

.

(3.7)

Pro Mathematica, 28, 56 (2014), 11-53 19
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Proof. As we have f(y2|y1, u) = f(y|u)/f(y1|u), Formula (3.6) for the
density follows after noticing Y|U = u ∼ SNp(µ, u

−1Σ,λ) and Y1|U =

u ∼ SN(µ1, u
−1 Σ11,Σ

1/2
11 υ̃). The expectation suggested in (3.7) is con-

firmed by Lemma 8.2 (in the appendix) if we take A = υ⊤
1 (y1 − µ1) −

υ⊤
2 µ2, B = υ2, µ = µ2.1, and Σ = Σ22.1. This concludes the proof.

Note that given u, when we have Σ21 = 0 and λ2 = 0, it is possible
to obtain independence for the components Y1 and Y2 of a SNI random
vector Y. The following corollary is a by-product of Proposition 3.6,
since we have E[Y2|y1] = EU [E[Y2|y1, U ]|y1].

Proposition 3.7. For Y ∼ SNIp(µ,Σ,λ;H) the first moment of Y2,
conditionally on Y1 = y1, is given by

E[Y2|y1] = µ2.1 +
Σ22.1υ2√

1 + υ⊤
2 Σ22.1υ2

E[U−1/2 φ1(U
1/2υ̃⊤(y1 − µ1))

Φ1(U1/2υ̃⊤(y1 − µ1))
y1],

with µ2.1 = µ2 +Σ21Σ
−1
11 (y1 − µ1). �

The next result can be useful in applications to linear models. For
instance, we can use it when the linear model depends on a vector of un-
observable random effects and a vector of random errors (linear mixed
model) in which the random effects are assumed to have a SNI distribu-
tion and the errors are assumed to have a NI distribution.

Proposition 3.8. Suppose we have X ∼ SNIm(µ1,Σ1,λ, H) and Y ∼
NIp(µ2,Σ2, H). If there is a positive random variable U with cumulative

distribution function H so that we can write X
d
= µ1+U−1/2Z and Y

d
=

µ2+U−1/2W, with Z ∼ SNm(0,Σ1,λ) independent of W ∼ Np(0,Σ2),
then for any matrix A of dimension p×m we have

AX+Y ∼ SNIm(Aµ1 + µ2,AΣ1A
⊤ +Σ2,λ∗;H),

here λ∗ = δ∗/
√

1− δ⊤∗ δ∗, with δ∗ = (AΣ1A
⊤ +Σ2)

−1/2AΣ
1/2
1 δ.

Proof. The proof is based on Proposition 3.3. Note first that surely X

20 Pro Mathematica, 28, 56 (2014), 11-53
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and Y are independent. Next, letting V = AX+Y we obtain

MV(s) = EU (E[es
⊤AX|U ]E[es

⊤Y|U ])

=

∫ ∞

0

2es
⊤Aµ1+

1
2u

s⊤AΣ1A
⊤sΦ1(

δ⊤Σ1/2
1 A⊤s√
u

)es
⊤µ2+

1
2u

s⊤Σ2s dH(u)

=

∫ ∞

0

2es
⊤(Aµ1+µ2)+

1
2u

s⊤(AΣ1A
⊤+Σ2)sΦ1(

δ⊤Σ1/2
1 A⊤s√
u

) dH(u)

=

∫ ∞

0

2et⊤(Aµ1+µ2)+
1
2u

s⊤(AΣ1A
⊤+Σ2)sΦ1(

δ⊤
∗ Ψ

1/2s√
u

) dH(u),

where Ψ = AΣ1A
⊤ + Σ2, δ∗ = Ψ−1/2AΣ

1/2
1 δ, and the proof follows

from Proposition 3.3.

In the following proposition we derive the mean and the covariance
matrix of a SNI random vector. Furthermore, we present the multidi-
mensional kurtosis coefficient for a random vector SNI, which represent a
extension of the kurtosis coefficient proposed by Azzalini and Capitanio
(1999) [5].

Proposition 3.9. Suppose we have Y ∼ SNIp(µ,Σ,λ;H). Then the
following conditions hold.

a) If E[U−1/2] < ∞, then we have

E[Y] = µ+

√
2

π
E[U−1/2]Σ1/2δ.

b) If E[U−1] < ∞, then we have

V ar[Y] = Σy = E[U−1]Σ− 2

π
E2[U−1/2]Σ1/2δδ⊤Σ1/2.

c) If E[U−2] < ∞, then the multidimensional kurtosis coefficient is

γ2(Y) =
E[U−2]

E2[U−1]
a1y − 4

E[U−3/2]

E2[U−1]
a2y + a3y − p(p+ 2),
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here

a1y = p(p+ 2) + 2(p+ 2)µ⊤
y Σ

−1
y µy + 3(µ⊤

y Σ
−1
y µy)

2,

a2y =

(
p+

2

E[U−1/2]

)
µ⊤

y Σ
−1
y µy

+

(
1 +

2

E[U−1/2]
− π

2

E[U−1]

E2[U−1/2]

)
(µ⊤

y Σ
−1
y µy)

2,

a3y = 2(p+ 2)µ⊤
y Σ

−1
y µy + 3(µ⊤

y Σ
−1
y µy)

2,

where µy = E[Y − µ] =
√

2
π
E[U−1/2]Σ1/2δ.

Proof. The proof of a) and b) follows from Proposition 3.2. To obtain
the expression in c) we use the definition of the multivariate kurtosis
introduced by Mardia (1974) [26]. Without loss of generality we take

µ = 0, so to get µy = E[Y] =
√

2
πE[U−1/2]Σ1/2δ. Note first that the

kurtosis is defined by γ2(Y) = E[{(Y − µy)
⊤Σ−1

y Y − µy)}2]. Now, by
using the stochastic representation of Y given in (2.2) we obtain

(Y−µy)
⊤Σ−1

y Y−µy)
d
= U−1Z⊤Σ−1

y Z−2U−1/2Z⊤Σ−1
y µy+µ⊤

y Σ
−1
y µy,

where Z ∼ SNp(0,Σ,λ). Due to the definition of γ2(Y), the proof fol-
lows after some algebraic manipulations involving the first two moments
of a quadratic form (see Genton, He and Liu, (2001) [15]) and Lemma
8.1.

Note that under the skew-normal distribution condition, i.e, when
U = 1, the multidimensional kurtosis coefficient reduces to γ2(Y) =
2(π−3)(µ⊤

y Σ
−1
y µy)

2, which is the kurtosis coefficient for a skew-normal
random vector (see for instance, Azzalini and Capitanio (1999) [5]).

Proposition 3.10. If Y ∼ SNIp(µ,Σ,λ;H), then for any even func-
tion g the distribution of g(Y − µ) does not depend on λ and has the
same distribution as g(X − µ), where X ∼ NIp(µ,Σ;H). In particu-
lar, if A is a p × p symmetric matrix, then (Y − µ)⊤A(Y − µ) and
(X− µ)⊤A(X− µ) are identically distributed.
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Proof. The proof follows from Proposition 3.3; a similar procedure can
be found in Wang et al. (2004) [30].

As a by-product of Proposition 3.10 we have the following interesting
result.

Corollary 3.11. Let Y ∼ SNIp(µ,Σ,λ;H). Then the quadratic form

dλ = (Y − µ)⊤Σ−1(Y − µ)

has the same distribution as d = (X − µ)⊤Σ−1(X − µ), where X ∼
NIp(µ,Σ;H). �

Corollary 3.11 is interesting because it allows us in practice to check
models (see Section 5). On the other hand, Corollary 3.11 together with
a result from Lange and Sinsheimer (1993) [22, Section 2] allows us to
obtain the m-th moment of dλ.

Corollary 3.12. Let Y ∼ SNIp(µ,Σ,λ;H). Then for any m > 0 we
have

E[dmλ ] =
2mΓ(m+ p/2)

Γ(p/2)
E[U−m].

�

3.1 Examples of SNI distributions

We provide several examples of SNI distributions.

• The skew-t distribution STp(µ,Σ,λ, ν) with ν degrees of freedom. Con-
sider U ∼ Gamma(ν/2, ν/2). Similar procedures to those of Gupta
(2003) [17, Section 2] lead us to the density function

f(y) = 2tp(y|µ,Σ, ν)T1(

√
v + pλ⊤Σ−1/2(y − µ)√

d+ ν
|0, 1, ν + p), y ∈ Rp,

(3.8)
where, as usual, tp(·|µ,Σ, ν) and Tp(·|µ,Σ, ν) denote, respectively, the
probability density function and cumulative distribution function of the
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Student-t distribution tp(µ,Σ, ν) as defined in (2.3). Absorbed by the
skew-t distribution is the skew-Cauchy distribution when ν = 1. Also,
when ν ↑ ∞, we recover the skew-normal distribution as the limiting
case; see Gupta (2003) [17] for further details. In this case, from Propo-
sition 3.9, the mean and covariance matrix of Y ∼ STp(µ,Σ,λ, ν) are
given by

E[Y] = µ+
√

ν/π
Γ( ν−1

2 )

Γ( ν2 )
Σ1/2δ, ν > 1

and

V ar[Y] =
ν

ν − 2
Σ− (ν/π) (

Γ( ν−1
2 )

Γ( ν2 )
)2Σ1/2δδ⊤Σ1/2, ν > 2.

In what follows we give an important result which will be used in
the implementation of the EM algorithm.

Proposition 3.13. If Y ∼ STp(µ,Σ,λ, ν), then we have

E[Ur|y] = 2r+1νν/2Γ( p+ν+2r
2

)(d+ ν)−
p+ν+2r

2

f(y)Γ(ν/2)
√
πp|Σ|1/2 T1(

√
p+ν+2r

d+ν
A|0, 1, p+ ν + 2r)

and

E[UrWΦ1(U
1/2A)] =

2r+1/2νν/2Γ( p+ν+2r
2

)(d+ ν +A2)−
p+ν+2r

2

f(y)Γ(ν/2)
√
π
p+1|Σ|1/2

.

where A = λ⊤Σ−1/2(y − µ) and WΦ1
(x) = φ1(x)/Φ1(x), for x ∈ R.

Proof. The proof follows from Lemma 1 in Azzalini and Capitanio (2003)
[6, Lemma 1] as we have f(u|y) = f(y, u)/f(y) plus

E[Ur|y] = 2

f(y)

∫ ∞

0

urφp(y|µ, u−1Σ)Φ1(u
1/2A)Gu(ν/2, ν/2)du

and

E[UrWΦ1(U
1/2A)] =

2

f(y)

∫ ∞

0

urφp(y|µ, u−1Σ)φ1(u
1/2A)Gu(ν/2, ν/2)du,

here the probability density function of the Gamma( ν2 ,
ν
2 ) distribution

is given by Gu(ν/2, ν/2).
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For a skew-t random vector Y, partitioned as Y⊤ = (Y⊤
1 ,Y

⊤
2 )

⊤, we

have from Corollary 1 that Y1 ∼ STp1
(µ1,Σ11,Σ

1/2
11 υ̃, ν) holds. Thus,

from Proposition 3.7 we have the following result.

Corollary 3.14. For Y ∼ STp(µ,Σ,λ, ν) we have

E[Y2|y1] = µ2.1 +
Σ22.1υ2√

1 + υ⊤
2 Σ22.1υ2

νν/2Γ( ν+p1−1
2 )

Γ(ν/2)
√
π
(p1+1)|Σ11|1/2

×

1

f(y1)
(ν + dy1

+ (υ̃⊤(y1 − µ1))
2)−

ν+p1−1
2 ,

where dy1
= (y1 − µ1)

⊤Σ−1
11 (y1 − µ1). �

• The skew-slash distribution SSLp(µ,Σ,λ, ν) with the shape parameter
ν > 0. With h(u; ν) as in (2.6), from Proposition 3.2 can easily be
derived

f(y) = 2ν

∫ 1

0

uν−1φp(y|µ,
Σ

u
)Φ1(u

1/2λ⊤Σ−1/2(y − µ)), y ∈ Rp,

(3.9)
The skew-slash distribution becomes the skew-normal distribution when
ν ↑ ∞. See Wang and Genton (2006) [31] for further details. In this
particular case, from Proposition 3.9 we get

E[Y] = µ+

√
2

π

2ν

2ν − 1
Σ1/2δ, ν > 1/2

and

V ar[Y] =
ν

ν − 1
Σ− 2

π
(

2ν

2ν − 1
)2Σ1/2δδ⊤Σ1/2, ν > 1.

As in the skew-t case we have the following results.

Proposition 3.15. For Y ∼ SSLp(µ,Σ,λ, ν) we get

E[Ur|y] =
2ν+r+1νΓ( p+2ν+2r

2
)P1(

p+ 2ν + 2r

2
,
d

2
)d−

p+2ν+2r
2

f(y)
√
πp|Σ|1/2 E[Φ(S1/2A)],
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where Si ∼ Gamma(
p+ 2ν + 2r

2
,
d

2
)I(0,1), and

E[UrWΦ1(U
1/2A)] =

=
2ν+r+1/2νΓ( 2ν+p+2r

2
)

f(y)
√
π
p+1|Σ|1/2

(d+A2)−
2ν+p+2r

2 P1(
2ν + p+ 2r

2
,
d+A2

2
)

here Px(a, b) is the cumulative distribution function of the Gamma(a, b)
distribution evaluated at x. �

Corollary 3.16. If Y ∼ SSLp(µ,Σ,λ, ν) then we have

E[Y2|y1] = µ2.1 +
Σ22.1υ2√

1 + υ⊤
2 Σ22.1υ2

×

2νν

f(y1)

Γ (p1+2ν−1)
2

(dy1 + (υ̃⊤(y1 − µ1))
2)−

p1+2ν−1
2

√
π
(p1+1)|Σ11|1/2

×

P1(
p1 + 2ν − 1

2
,
dy1 + (υ̃⊤(y1 − µ1))

2

2
),

where dy1
= (y1 − µ1)

⊤Σ−1
11 (y1 − µ1). �

• The contaminated skew-normal distribution SCNp(µ,Σ,λ, ν, γ) with
0 ≤ ν ≤ 1, 0 < γ < 1. Taking h(u;ν) as in (2.8), we get in a straight-
forward manner

f(y) = 2{νφp(y|µ, Σ
γ
)Φ1(γ

1/2λ⊤Σ−1/2(y − µ))

+(1− ν)φp(y|µ,Σ)Φ1(λ
⊤Σ−1/2(y − µ))}. (3.10)

In this case the contaminated skew-normal distribution reduces to
the skew-normal distribution when γ = 1. Hence, the mean vector and
the covariance matrix are given, respectively, by

E[Y] = µ+

√
2

π
(

ν

γ1/2
+ 1− ν)Σ1/2δ

26 Pro Mathematica, 28, 56 (2014), 11-53



Multivariate skew-normal/independent distributions

and

V ar[Y] = (
ν

γ
+ 1− ν)Σ− 2

π
(

ν

γ1/2
+ 1− ν)2Σ1/2δδ⊤Σ1/2.

From (3.10) we derive the following results.

Proposition 3.17. For Y ∼ SCNp(µ,Σ,λ, ν, γ) we get

E[Ur|y] = 2

f(y)
[νγrφp(y|µ, γ−1Σ)Φ1(γ

1/2A) + (1− ν)φp(y|µ,Σ)Φ1(A)]

and

E[UrWΦ1(U
1/2A)] =

2

f(y)
[νγrφp(y|µ, γ−1Σ)φ1(γ

1/2A) + (1− ν)φp(y|µ,Σ)φ1(A)].

�

Corollary 3.18. For Y ∼ SCNp(µ,Σ,λ, ν, γ) we get

E[Y2|y1] = µ2.1 +
2Σ22.1υ2

f(y1)
√

1 + υ⊤
2 Σ22.1υ2

×
[
νγ−1/2φp1(y1|µ1, γ

−1Σ11)φ1(γ
1/2υ̃⊤(y1 − µ1))+

(1− ν)φp1(y1|µ1,Σ11)φ1(υ̃
⊤(y1 − µ1))

]
,

where dy1
= (y1 − µ1)

⊤Σ−1
11 (y1 − µ1). �

Remark 3.19. The stochastic representation given by Equation (2.2)
can be used to obtain the slash Student. Let U1 (with probability density
function as in (2.6)), U2 ∼ Gamma(ν/2, ν/2) (with ν > 0), and X ∼
Np(0,Σ) be all independently distributed. Then

Y
d
= µ+ U

−1/2
1 U

−1/2
2 X (3.11)

has a slash student distribution (Tang and Peng (2006) [29]). The proof
follows from the formula

T = U
−1/2
2 X ∼ tp(µ,Σ, ν).
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Remark 3.20. If X ∼ SNp(0,Σ,λ), then Y in (3.11) has a skew-slash
student distribution as shown by Tang and Peng (2006) [29]. Obviously,
many other distributions can be constructed by choosing appropriate
probability density functions (i.e, h(.;ν)) for U1 and U2.

−2 0 2 4 6 8
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0

0.
2

0.
4

0.
6
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8

SN
ST
SNC
SSL

Figure 1: Density curves of the univariate skew-normal, skew-t, skew-slash
and contaminated skew-normal distributions.

In Figure 1 we drew the density of the standard distribution SN1(3)
together with the standard densities of the distributions ST1(3, 2), SSL1

(3, 1) and SNC1(3, 0.5, 0.5). They are rescaled to take the same value at
the origin. The four densities are positively skewed. The skew-slash and
skew-t distributions have much heavier tails than the skew-normal dis-
tribution. Actually, the skew-slash and the skew-t distributions do not
have finite means nor variances. Figure 2 depicts some contours of the
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densities associated with the standard bivariate skew-normal distribution
SN2(λ), the standard bivariate skew-t distribution ST2(λ, 2), the stan-
dard bivariate skew-slash distribution SSL2(λ, 1), and the standard bi-
variate contaminated skew-normal distribution SCN2(λ, 0.5, 0.5), with
λ = (2, 1)⊤ for all the distributions. Note that these contours are not
elliptical and they can be strongly asymmetric depending on the choice
of the parameters.
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Figure 2: Contour plot of some elements of the standard bivariate SNI family.
(a) SN2(λ), (b) ST2(λ, 2), (c) SCN2(λ, 0.5, 0.5), and (d) SSL2(λ, 1), where
λ = (2, 1)⊤.
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Figure 3: Box-plots of the sample mean (left panel) and sample median (right
panel) on 500 samples of size n=100 from the four standardized distributions:
SN1(3), ST1(3, 2), SSL1(3, 1), and SNC1(3, 0.9, 0.1). The respective means
are adjusted to zero.

3.2 A Simulation study

To illustrate the usefulness of the SNI distribution, we perform a small
simulation in order to study the behavior of two location estimators,
the sample mean and the sample median under four different standard
univariate settings. In particular, we consider a standard skew-normal
SN1(3), a skew-t ST1(3, 2), a skew-slash SSL1(3, 1), and a contaminated
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skew-normal SCN1(3, 0.9, 0.1). The mean of all the asymmetric distri-
butions is adjusted to zero, so that all four distributions are comparable.
Thus, this setting represents four distributions with the same mean, but
with different tail behaviors and skewness. Note that the skew-slash and
skew-t will have infinite variance when ν = 1, ν = 2, respectively. We
simulate 500 samples of size n = 100 for them. For each sample, we
compute the sample mean and the sample median and report the box-
plot for each distribution in Figure 3. In the left panel all box-plots of
the estimated means are centered around zero but have larger variability
for the heavy-tailed distributions (skew-t and skew-slash). In the right
panel the box-plots of the estimated medians have a slightly larger vari-
ability for the skew-normal and skew-contaminated normal, and have a
much smaller variability for skew-t and skew-slash distributions. This
indicates that the median is a robust estimator of location at asymmet-
ric light-tailed distributions. On the other hand, the median estimator
becomes biased as soon as unexpected skewness and heavy-tailed arise
in the underlying distribution.

4. Maximum likelihood estimation

This section presents an EM-algorithm to perform maximum likelihood
estimation for two multivariate SNI models of considerable practical in-
terest.

4.1 Multivariate SNI responses

Suppose that we have observations on n independent individuals, ∧1, . . . ,
∧n, where ∧i ∼ SNIp(µ,Σ,λ;H), i = 1, . . . , n. . The parameter vector

is θ = (µ⊤,γ⊤,λ⊤)⊤, where γ denotes a minimal set of parameters such
that Σ(γ) is well defined (e.g., the upper triangular elements of Σ in the
unstructured case).

In what follows, we illustrate the implementation of likelihood infer-
ence for the multivariate SNI via the EM-algorithm. The EM-algorithm
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is a popular iterative algorithm for maximum likelihood estimation for
models with incomplete data. More specifically, let y denote the ob-
served data and s the missing one. The complete data yc = (y, s) is y
augmented with s. We denote by ℓc(θ|yc) (with θ ∈ Θ) the complete-

data log-likelihood function and by Q(θ|θ̂) = E[ℓc(θ|yc)|y, θ̂] the ex-
pected complete-data log-likelihood function. Each iteration of the EM-
algorithm involves two steps, an E-step and a M-step, defined as follows.

• E-step: Compute Q(θ|θ(r)) as a function of θ.

• M-step: Find θ(r+1) such that Q(θ(r+1)|θ(r)) = maxθ∈ΘQ(θ|θ(r)).

By using (3.3), the setup defined above can be written as

Yi|Ti = ti, Ui = ui,
ind∼ Np(µ+ tiΣ

1/2δ, u−1
i Σ1/2(Ip − δδ⊤)Σ1/2)(4.1)

Ti|Ui = ui
iid∼ HN1(0,

1

ui
) (4.2)

Ui
ind∼ h(ui;ν), (4.3)

all independent, where HN1(0, 1) denotes the univariate standard half-
normal distribution (see |X0| = |T0| in Equation (1.2) or Johnson et
al. (1994) [18]). We assume that the parameter vector ν is known.
In practice, the optimum value of ν can be determined using the profile
likelihood and the Schwarz information criterion (see Lange et al. (1989)
[23]).

Let y = (y⊤
1 , . . . ,y

⊤
n )

⊤, u = (u1, . . . , un)
⊤, and t = (t1, . . . , tn)

⊤.
Then, under the hierarchical representation (4.1)–(4.2), with ∆ = Σ1/2δ
and Γ = Σ−∆∆⊤, it follows that the complete log-likelihood function
associated with yc = (y⊤,u⊤, t⊤)⊤ is given by

ℓc(θ|yc) = c− n

2
log |Γ| − 1

2

n∑

i=1

ui(yi − µ−∆ti)
⊤Γ−1(yi − µ−∆ti),

where c is a constant independent of the parameter vector θ. By letting

ûi = E[Ui|θ = θ̂,yi], ûti = E[UiTi|θ = θ̂,yi] , ût2i = E[UiT
2
i |θ = θ̂,yi],

and using known properties of conditional expectation we obtain

ûti = ûiµ̂Ti + M̂Ti
τ̂i (4.4)

ût2i = ûiµ̂
2
Ti

+ M̂2
Ti

+ M̂Ti
µ̂Ti

τ̂i, (4.5)
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with τ̂i = E[U
1/2
i WΦ1

(
U

1/2
i µ̂Ti

M̂Ti

)|θ̂,yi], WΦ1
(x) = φ1(x)/Φ1(x), M̂

2
T =

1/(1 + ∆̂
⊤
Γ̂
−1

∆̂) and µ̂Ti
= M̂2

Ti
∆̂

⊤
Γ̂
−1

(yi − µ), i = 1, . . . , n.

As we have
µTi

MTi
= λ⊤Σ−1/2(yi − µ), the conditional expectations

given in (4.4)–(4.5), specifically ûi and τ̂i, can be easily derived from
the results of Section 3.1. Thus, at least for the skew-t and skew-
contaminated normal distributions of the SNI class we have closed-form
expressions for the quantities ûi and τ̂i. For the skew-slash case, Monte
Carlo integration may be employed, which yield the so-called MC-EM
algorithm.

It follows, after some simple algebra involving (4.4)–(4.5), that the
conditional expectation of the complete log-likelihood function has the
form

Q(θ|θ̂) = E[ℓc(θ|yc)|y, θ̂]

= c− n

2
log |Γ| − 1

2

n∑

i=1

ûi(yi − µ)⊤Γ−1(yi − µ)

+
n∑

i=1

ûti(yi − µ)⊤Γ−1∆− 1

2

n∑

i=1

ût2i∆
⊤Γ−1∆.

We then have the following EM-type algorithm.

E-step: Given θ = θ̂, compute ût2i , ûti and ûi using (4.4)–(4.5).

M-step: Update θ̂ by maximizing Q(θ|θ̂) over θ, which leads us to the
following closed-form expressions

µ̂ =

n∑

i=1

(ûiyi − ûti∆)/(

n∑

i=1

ûi), (4.6)

Γ̂ =
1

n

n∑

i=1

[
ûi(yi − µ)(yi − µ)⊤ − 2ûti∆(yi − µ)⊤ + ût2i∆∆⊤

]
,

∆̂ =

∑n
i=1 ûti(yi − µ)
∑n

i=1 ût
2
i

.

The skewness parameter vector and the unstructured scale matrix
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can be estimated by the equalities Σ̂ = Γ̂+∆̂∆̂
T
and λ̂ = Σ̂

−1/2
∆̂/(1−

∆̂
⊤
Σ̂

−1
∆̂)1/2. It is clear that when λ = 0 (or when ∆ = 0), the M-step

equations reduce to the equations obtained assuming normal/indepen-
dent distribution. This algorithm clearly generalizes results found in
Lachos et al. (2007) [20, Section 2] by taking Ui = 1, i = 1, . . . , n.
Useful starting values required to implement this algorithm are those
obtained under the normality assumption, with the starting values for
the skewness parameter vector set equal to 0. However, in order to
ensure that the true ML estimate is identified, we recommend running
the EM algorithm using a range of different starting values. The log-
likelihood function for θ = (µ⊤,γ⊤,λ⊤)⊤, given the observed sample
y = (y⊤

1 , . . . ,y
⊤
n )

⊤, is of the form

ℓ(θ) =
n∑

i=1

ℓi(θ), (4.7)

where ℓi(θ) = log 2− p

2
log2π − 1

2
log |Σ|+ logKi, with

Ki = Ki(θ) =

∫ ∞

0

u
p/2
i exp{−1

2
uidi}Φ1(u

1/2
i Ai)dH(ui),

where di = (yi − µ)⊤Σ−1(yi − µ) and Ai = λ⊤Σ−1(yi − µ). Explicit
expressions for the observed information matrix can be derived from the
results presented in Section 5.

4.2 Multivariate measurement error model

In this section we further apply the SNI distribution to a multivariate
measurement error model. Let n be the sample size, Xi the observed
value in unit i of the covariate, yij the j-th observed response in unit
i, and xi the unobserved (true) covariate value for unit i; here i ranges
from 1 to n, and j from 1 to r. Relating these variables we postulate as
working model (see also Barnett (1969) [8] and Shyr and Gleser (1986)
[28]) the equations

Xi = xi + ui, (4.8)
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and

Zi = α+ βxi + ei, (4.9)

where Zi = (zi1, . . . , zir)
⊤ is the vector of responses for the i-th exper-

imental unit, ei = (ei1, . . . , eir)
⊤ is a random vector of measurement

errors of dimension r, and α = (α1, ..., αr)
⊤,β = (β1, ..., βr)

⊤ are pa-
rameter vectors of dimension r.

Set ǫi = (ui, e
⊤
i )

⊤ and Yi = (Xi,Z
⊤
i )

⊤. Then the model defined
by Equations (4.8)–(4.9) can be rewritten as

Yi = a+ bxi + ǫi, (4.10)

where a = (0,α⊤)⊤ and b = (1,β⊤)⊤ are p× 1 vectors, with p = r+ 1.
We assume

(
xi

ǫi

)
iid∼ SNIp+1

((
µx

0

)
, D(φx,φ),

(
λx

0

)
;H

)
, (4.11)

where D(φx,φ) = diag(φx, φ1, . . . , φp)
⊤, with φ = (φ1, . . . , φp), called

structural SNI-MMEM. From (2.2), this formulation implies

(
xi

ǫi

)
|Ui = ui ∼SNp+1

((
µx

0

)
, u−1

i D(φx,φ),

(
λx

0

))
, (4.12)

Ui ∼h(ui;ν). (4.13)

From Corollary 3.5, marginally we get

ǫi
ind∼NIm+1(0,D(φ);H) and xi

ind∼ SNI1(µx, φx, λx;H). (4.14)

The asymmetric parameter λx incorporates asymmetry in the latent
variable xi and consequently in the observed quantities Yi, which will be
shown to have marginally multivariate SNI distributions. If λx = 0, then
the asymmetric model reduces to the symmetric MMEM considering NI
distributions. Under (4.11), it follows from (1.2) that the regression
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setup defined in (4.8)–(4.11) can be written hierarchically as

Yi | xi, Ui = ui
ind∼ Np(a+ bxi, u

−1
i D(φ)), (4.15)

xi | Ti = ti, Ui = ui
ind∼ N1(µx + φ1/2

x δxti, u
−1
i φx(1− δ2x)), (4.16)

Ti
iid∼ HN1(0,

1

ui
), (4.17)

Ui
iid∼ h(ui;ν), (4.18)

all independent, where δx = λx/(1 + λ2
x)

1/2. As in Lange et al. (1989)
[23], we assumed ν to be known. Classical inference on the parameter
vector θ = (α⊤,β⊤,φ⊤, µx, φx, λx)

⊤ in this type of model is based on
the marginal distribution for Yi given in the following proposition (see
Bolfarine and Galea-Rojas (1995) [10]).

Proposition 4.1. For the structural SNI-MMEM model (4.8)–(4.11),
the marginal distribution of Yi is given by

fYi
(yi|θ) = 2

∫ ∞

0

φp(yi|µ, u−1
i Σ)Φ1(u

1/2
i λ̄

⊤
x Σ

−1/2(yi − µ))dH(ui)

(4.19)

(i.e., by Yi
iid∼ SNIp(µ,Σ, λ̄x;H), with µ = a + bµx, Σ = φxbb

⊤ +

D(φ), and λ̄x = λxφxΣ
−1/2

b√
φx+λ2

xΛx

; here Λx = (φx
−1 + b⊤D−1(φ)b)−1).

Proof. The proof is a direct consequence of Proposition 3.8 after some
algebraic manipulations.

It follows that the log-likelihood function for θ, given the observed
sample y = (y⊤

1 , . . . ,y
⊤
n )

⊤, is

ℓ(θ) =

n∑

i=1

ℓi(θ), (4.20)

where ℓi(θ) = log 2− p

2
log2π − 1

2
log |Σ|+ logKi, with

Ki = Ki(θ) =

∫ ∞

0

u
p/2
i exp{−1

2
uidi}Φ1(u

1/2
i Ai) dH(ui),
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and µ, Σ, λ̄x as in Proposition 4.1. Here di = (yi − µ)⊤Σ−1(yi − µ)

and Ai = λ̄
⊤
x Σ

−1/2(yi − µ) = Axai hold with Ax = λxΛx√
φx+λ2

xΛx

and

ai = (yi − µ)⊤D−1(φ)b.

The ML estimators of the parameters in the model (4.10)–(4.11) can
be found by direct maximization of the log-likelihood (4.20) which can be
computed numerically using the optim routine in platform R or fmincon
in Matlab. An oft-voiced complaint about these methods is that they
may not converge unless good starting values are provided. The EM
algorithm —which takes advantage of being insensitive to the stating
values— is a tool that requires the construction of unobserved data, and
has been well developed and has become a broadly applicable approach
to the iterative computation of ML estimates. Thus, if we let y =
(y⊤

1 , . . . ,y
⊤
n )

⊤, x = (x1, . . . , xn)
⊤, u = (u1, . . . , un)

⊤, t = (t1, . . . , tn)
⊤,

ν2x = φx(1 − δ2x) and τx = φ
1/2
x δx, it follows that the complete log-

likelihood function associated with (y,x, t,u) is given by

ℓc(θ|y,x, t,u) ∝ −n

2
log(|D(φ)|) (4.21)

−1

2

n∑

i=1

ui(yi − a− bxi)
⊤D−1(φ)(yi − a− bxi) (4.22)

−n

2
log(ν2

x)−
1

2ν2
x

n∑

i=1

ui(xi − µx − τxti)
2. (4.23)

Letting ûi = E[Ui|θ̂,yi], ûti = E[Uiti|θ̂,yi], t̂2i = E[t2i |θ̂,yi], ûxi =

E[Uixi|θ̂,yi], ûx2
i = E[Uix

2
i |θ̂,yi], and ûtxi = E[Uitixi|θ̂,yi] we obtain

ûti = ûiµ̂Ti + M̂TE[U
1/2
i WΦ1

(
U

1/2
i µ̂Ti

M̂T

)|θ̂,yi], (4.24)

t̂2i = ûiµ̂
2
Ti

+ M̂2
T + M̂T µ̂Ti

E[U
1/2
i WΦ1

(
U

1/2
i µ̂Ti

M̂T

)|θ̂,yi],

ûxi = r̂i ûi + ŝ ûti, ûx2
i = T̂x

2
+ r̂2i ûi + 2r̂iŝ ûti + ŝ2 t̂2i ,

ûtxi = r̂i ûti + ŝ t̂2i ,

where M̂T

2
= [1 + τ̂x

2b̂⊤(D(φ̂) + ν̂x
2b̂b̂⊤)−1b̂]−1, µ̂Ti

= τ̂xM̂
2
T b̂

⊤

(D(φ̂) + ν̂x
2b̂b̂⊤)−1(yi − â − b̂µ̂x), T̂x

2
= ν̂x

2[1 + ν̂x
2b̂⊤D−1(φ̂)b̂]−1,
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r̂i = µ̂x+ T̂x

2
b̂⊤D−1(φ̂)(yi− â− b̂µ̂x), and ŝ = τ̂x(1− T̂x

2
b̂⊤D−1(φ̂)b̂).

A closed-form expression for E[U
1/2
i WΦ1

(
U

1/2
i µ̂Ti

M̂T
)|θ̂,yi] can be found

from the results given in Section 3.1.
In this way we have the following EM type algorithm.

E-step: Given θ = θ̂, compute ûi, t̂2i , ûti, ûxi, ûx2
i , and ûtxi using

(4.24).

M-step: Update θ̂ by maximizing E[ℓc(θ|y,x, t,u)|y, θ̂] over θ; which
leads to

α̂ = zu − xuβ̂,

β̂ =

∑n
i=1 ûxi(zi − zu)

∑n
i=1 ûx

2
i − nûx2

u

,

φ̂1 =
1

n

n∑

i=1

(ûiX
2
i − 2ûxiXi + ûx2

i ),

φ̂j+1 =
1

n

n∑

i=1

(ûiz
2
ij + ûiα

2
j + β2

j ûx
2
i − 2ûiαjzij −

2yijβj ûxi + 2αjβj ûxi), j = 1, . . . , r,

µ̂x = xu − τ̂xtu, ν̂2x =
1

n

n∑

i=1

(ûx2
i − µ̂xûxi)− τ̂x

1

n

n∑

i=1

ûtxi,

τ̂x =

∑n
i=1(ûtxi − xuûti)∑n
i=1(t̂

2
i − tuûti)

,

where zu =
∑n

i=1 ûizi∑n
i=1 ûi

, xu =
∑n

i=1 ûxi∑n
i=1 ûi

, tu =
∑n

i=1 ûti∑n
i=1 ûi

, and û = 1
n

∑n
i=1 ûi.

When Ui = 1, the M-step equations reduce to the equations ob-
tained by Lachos et al. (2005) [21] under the skew-normal distribution.
When λx = 0 (or when τx = 0), the M-step equations become the
equations by Bolfarine and Galea-Rojas (1995) [10]. Moreover, when
U ∼ Gamma(ν/2, ν/2) and λx = 0, the M-step reduces to equations
obtained by Bolfarine and Galea-Rojas (1996) [11]. The shape and scale
parameters of the latent variable x can be estimated by noting the equal-
ities τx/νx = λx and φx = τ2x + ν2x.

38 Pro Mathematica, 28, 56 (2014), 11-53



Multivariate skew-normal/independent distributions

We now consider an empirical Bayes inference for the latent variable
that is useful for estimating the xi quantities. Models (4.10) and (4.14)
imply Yi|xi ∼ NIp(a + bxi, D(φ);H) and xi ∼ SNI1(µx, σ

2
x, λx;H).

The conditional density of xi, given yi, ui, is

f(xi|yi, ui) = φq(xi|µx + Λxai, u
−1
i Λx)

Φ1(u
1/2
i

λx(xi−µx)
σx

)

Φ1(u
1/2
i Ai)

,

where Λx and ai, Ai are as in Proposition 4.1 and Equation (4.20),
respectively. It follows from Lemma 8.1 in the appendix that we have

E[xi|yi, ui] = µx + Λxai + u
−1/2
i

Λxλx√
1 + λ2

xΛx

WΦ1
(u

1/2
i Ai),

and as E[x|y] = EU [E[x|y, U ]|y] holds, we conclude that the minimum
mean-square error (MSE) estimator of xi obtained by the conditional
mean of xi, given yi, is

x̂i = E[xi|yi] = µx + Λxai +
Λxλx√
1 + λ2

xΛx

E[U
−1/2
i

φ1(U
1/2
i Ai)

Φ1(U
1/2
i Ai)

|yi], (4.25)

If Yi has distribution STp(µ, Σ, λ̄x, ν) or SCNp(µ,Σ, λ̄x, ν, γ), then
we obtain closed-form expressions for the expected values given in (4.25)
from the results exhibited in Section 3.1. In practice the Bayes estimator
of xi, namely x̂i, can be obtained by substituting the ML estimate θ into
(4.25).

5. The observed information matrix

In this section we develop the observed information matrix in a general
form. Suppose that we have observations on n independent individuals
∧1, . . . ,∧n, where ∧i ∼ SNIni

(µi(β),Σi(γ),λi(λ);H). Then the log-
likelihood function for θ = (β⊤,γ⊤,λ⊤)⊤ ∈ Rq, given the observed
sample y = (y⊤

1 , . . . ,y
⊤
n )

⊤, is of the form

ℓ(θ) =

n∑

i=1

ℓi(θ), (5.1)
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where ℓi(θ) = log 2− ni

2
log2π − 1

2
log |Σi|+ logKi, with

Ki = Ki(θ) =

∫ ∞

0

u
ni/2
i exp{−1

2
uidi}Φ1(u

1/2
i Ai)dH(ui),

and di = (yi − µi)
⊤Σ−1

i (yi − µi), Ai = λ⊤
i Σ

−1
i (yi − µi). Using the

notation

IΦi (w) =

∫ ∞

0

uw
i exp{−1

2
uidi}Φ1(u

1/2
i Ai)dH(ui),

Iφi (w) =

∫ ∞

0

uw
i exp{−1

2
uidi}φ1(u

1/2
i Ai|0, 1)dH(ui),

(so that Ki(θ) can be expressed as Ki(θ) = IΦi (
ni

2 )), it follows that the
matrix of second derivatives with respect to θ is just

L =
n∑

i=1

∂2ℓi(θ)

∂θ∂θ⊤ (5.2)

= −1

2

n∑

i=1

∂2 log |Σi|
∂θ∂θ⊤ −

n∑

i=1

1

K2
i

∂Ki

∂θ

∂Ki

∂θ⊤ +
n∑

i=1

1

Ki

∂2Ki

∂θ∂θ⊤ , (5.3)

where here we have ∂Ki

∂θ = Iφi (
ni+1

2 )∂Ai

∂θ − 1
2I

Φ
i (

ni+2
2 )∂di

∂θ and ∂2Ki

∂θ∂θ⊤ =
1
4I

Φ
i (

ni+4
2 )∂di

∂θ
∂di

∂θ⊤ − 1
2I

Φ
i (

ni+2
2 ) ∂2di

∂θ∂θ⊤ − 1
2I

φ
i (

ni+3
2 )(∂Ai

∂θ
∂di

∂θ⊤ + ∂di

∂θ
∂Ai

∂θ⊤ )−
Iφi (

ni+3
2 )Ai

∂Ai

∂θ
∂Ai

∂θ⊤ + IΦi (
ni+1

2 ) ∂2Ai

∂θ∂θ⊤ .

From Propositions 3.13, 3.15, and 3.17 we have that for each distri-
bution considered in this work, the integrates can be written as follows.

• Skew-t:

IΦi (w) =
2wνν/2Γ(w + ν/2)

Γ(ν/2)(ν + di)ν/2+w
T1

(
Ai

(di + ν)1/2
√
2w + ν|0, 1, 2w + ν

)
,

Iφi (w) =
2wνν/2

√
2πΓ(ν/2)

(
1

di +A2
i + ν

) ν+2w
2

Γ(
ν + 2w

2
).
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• Skew-slash:

IΦi (w) =
2w+νΓ(w + ν)

dw+ν
i

P1(w + ν,
di
2
)E[Φ(S

1/2
i Ai)],

Iφi (w) =
ν2w+νΓ(w + ν)√
2π(di +A2

i )
w+ν

P1(w + ν,
di +A2

i

2
),

where Si ∼ Gamma(w + ν, di

2 )I(0,1).

• Contaminated skew–normal:

IΦi (w) =
√
2π{νγw−1/2φ1(di|0, 1

γ
)Φ(γ1/2Ai) + (1− ν)φ1(di|0, 1)Φ(Ai)}

Iφi (w) = νγw−1/2φ1(di +A2
i |0,

1

γ
) + (1− ν)φ1(di +A2

i ).

In many situations the derivatives of logΣi, di, and Ai involve com-
plicated algebraic manipulation. For SNI-MEM, the derivatives of logΣ,
di, and Ai can be found in Lachos et al. (2007) [20]. Asymptotic con-
fidence intervals and test on the maximun likelihood estimators can be
obtained using this matrix. Thus, if J = −L denotes the observed in-
formation matrix for the marginal log-likelihood ℓ(θ), then asymptotic
confidence intervals and hypotheses tests for the parameter θ ∈ Rq are
obtained once we assume the MLE θ̂ has approximately a Nq(θ,J

−1)
distribution. In practice, J is usually unknown and has to be replaced
by its maximun likelihood estimation Ĵ, that is, the matrix Ĵ evaluated
at θ̂. More generally speaking, for models as those in Proposition 3.7,
the observed information matrix can be derived from the results given
here.

6. Some examples

We illustrate the usefulness of the proposed class of distributions by
applying them to two real data sets. The first example is an application
of the methodology for univariate SNI responses, while the second is an
application of SNI-MEM with p = 5.
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6.1 Fiber-glass data set

In this section we apply four specific distributions of the skew nor-
mal/independent class, specifically, the univariate skew-normal, skew-
t, skew-slash, and skew-contaminated normal, to fit the data on the
breaking strength of 1.5cm long glass fiber, consisting of 63 observa-
tions. Jones and Faddy (2003) [19] and Wang and Genton (2006) [31]
had previously analyzed this data with a skew-t and a skew-slash distri-
bution, respectively. They both reported a strong presence of skewness
on the left as well as a heavy-tailed behavior of the data, as depicted in
Figure 4. We compare in the sequel the skew-normal (SN), skew-t (ST),
contaminated skew-normal (SCN), and skew-slash (SSL) fitting for this
data set. The resulting parameter estimates for the four models is given
in Table 1. As suggested by Lange et al. (1989) [23], for each model the
Schwarz information criterion was used for choosing the value of ν. This
strategy is illustrated in Figure 5. Figure 4 shows the histogram of the
fiber data superimposed with the fitted curves of the densities from the
four considered models. We observe that the contaminated skew-normal
fits the fiber data better than the other three distributions, especially
at the peak part of the histogram. This conclusion is also supported by
the log-likelihoods given in Table 1. Replacing the ML estimates of θ in
the Mahalanobis distance di = (yi − µ)2/σ2, we present Q-Q plots and
envelopes in Figure 6 (lines represent the 5th percentile, the mean, and
the 95th percentile of 100 simulated points for each observation). Plots
in Figure 6 again provide strong evidence that the SNI distributions
provides a better fit than the skew-normal distribution.

6.2 Chipkevitch et al. (1996) [12] data set

In this application, the multivariate skew-normal, skew-t, skew-slash,
and skew-contaminated normal distributions are applied to fit the data
studied by Chipkevitch et al. (1996) [12], where measurements of the tes-
ticular volume of 42 adolescents were converted to certain sequences by
five different techniques: ultrasound (US), a graphical method proposed
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Fiber grass strength
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Figure 4: The histogram of the fiber grass strength superimposed with the
fitted densities curves of the four distributions.

distribution µ̂ σ̂ λ̂ ν γ Log-likelihood
SN 1.8503 0.4705 -2.6789 - -

(0.0468) (0.0464) (0.7513) -13.9571
ST 1.7549 0.2725 -1.6196 3 -

(0.045) ( 0.0353) (0.6523) -11.7546
SCN 1.7241 0.1615 -1.2940 0.5 0.10

(0.0393) (0.0187) (0.5080) -9.1928
SSL 1.805591 0.2989667 -1.870298 1.7 -

(0.0461) (0.0366) (0.6320) -12.9367

Table 1: MLE of the four fitted models on the fiber grass strength data set.
Standard errors are based on the observed information matrix of Section 5.
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Figure 5: Plot of the profile log-likelihood for fitting (a) a skew-t model for
fiber grass strength, (b) a contaminated skew-normal model for Chipkevitch
data.

by the authors (I), dimensional measurement (II), Prader orchidometer
(III), and ring orchidometer (IV). The ultrasound approach is assumed
to be the reference measurement device. A histogram of the measure-
ments (see Figure 7c) shows a certain asymmetry in the data set so that
Galea-Rojas et al. (2002) [14] recommended a cubic root transformation
to achieve better normality. Resulting parameter estimates for the four
models are given in Table 2. The AIC criterion was used for choosing
among some values of ν. For the ST model we found ν = 6, for the
SSL ν = 3, and for the SCN ν = 0.3, γ = 0.3. Therefore, for the three
models a heavy-tailed distribution will be assumed. We can note from
Table 2 that the intercept and slope estimates are similar among the four
fitted models. However, the standard errors of the SNI distributions are
smaller than the ones for the skew-normal model, indicating that the
three models with longer than skew-normal tails seem to produce more
accurate maximum likelihood estimates. The estimates for the variance
components are not comparable since they are in a different scale. Note
also that the log-likelihood values, shown at the bottom of Table 2, favor
the SNI models. Particularly, we can see that the skew-t distribution fits
the data better than the other three. The plots in Figure 7 provide even
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Figure 6: Fiber grass strength data set. Q-Q plots and simulated envelopes:
(a) skew-normal model, (b) contaminated skew-normal model, (c) skew-t
model, and (d) skew-slash model.

stronger evidence that the ST distribution allows a better fit to the data
than the SN distribution.
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Figure 7: The Chipkevitch data set: (a) Q-Q plots and simulated envelopes for
skew-normal model, (b) skew-t model, (c) histogram of the observed measure-
ment, (d) histogram of the reference device measurement with superimposed
fitted SNI densities.
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SN ST SCN SSL
Parameter Estimate SE Estimate SE Estimate SE Estimate SE

α1 0.1022 0.5655 0.0426 0.4940 0.1559 0.5017 0.1226 0.5317
α2 -0.0096 0.6216 -0.2472 0.5261 -0.1527 0.5227 -0.1716 0.5777
α3 0.0483 0.6277 0.1110 0.5674 0.1464 0.5643 0.1027 0.5999
α4 1.5391 0.6337 1.5444 0.5605 1.6404 0.5729 1.5784 0.5978
β1 0.8838 0.0509 0.8990 0.0513 0.8911 0.0511 0.8887 0.0517
β2 0.9495 0.0559 0.9866 0.0565 0.9782 0.0547 0.9754 0.0577
β3 1.1419 0.0565 1.1537 0.0586 1.1540 0.0574 1.1466 0.0583
β4 1.0826 0.0570 1.0957 0.0579 1.0885 0.0584 1.0864 0.0578
φ1 1.3384 0.3714 0.9291 0.2893 0.7467 0.2240 0.8345 0.2508
φ2 1.3284 0.3480 0.9538 0.2841 0.7972 0.2225 0.8405 0.2369
φ3 1.6736 0.4322 0.9028 0.2960 0.7294 0.2105 0.8938 0.2849
φ4 1.1578 0.3710 0.9481 0.3160 0.7845 0.2537 0.7998 0.2581
φ5 1.4105 0.3994 1.0196 0.3385 0.9119 0.2761 0.9080 0.2783
µx 3.9952 1.3958 4.1688 1.0890 4.2784 1.3844 4.1830 1.3096
σ2
x 59.2857 21.5487 38.1512 14.3057 30.9914 13.6063 35.0036 13.3506

λx 4.7842 4.7925 3.4300 2.4361 3.2404 2.8759 3.7562 3.2021
ν - - 6 - 0.3 - 3 -
γ - - - - 0.3 - - -

log-likelihood -422.1628 -416.7776 -415.9791 -419.3461

Table 2: Results of fitting skew-normal and SNI-MEM to the Chipkevitch data. Standard errors are
based on the observed information matrix of Section 5.

P
ro

M
a
th
em

a
tica

,
2
8
,
5
6
(2
0
1
4
),

1
1
-5
3

47



Victor H. Lachos, Filidor V. Labra

7. Conclusion

In this work we have defined a new family of asymmetric models by ex-
tending the symmetric normal/independent family. Our proposal gen-
eralizes results by Azzalini and Capitanio (2003) [6], Gupta (2003) [17],
and Wang and Genton (2006) [31]. In addition, we have developed a gen-
eral method based on the EM algorithm for estimating the parameters
of the skew-normal/independent distributions. Closed-form expressions
were derived for the iterative estimation processes based on the fact that
the proposed distributions possess a stochastic representation that can
be used to represent them hierarchically. This stochastic representation
also allows us to study many of its properties easily. We believe that the
approaches proposed here can be applied to other asymmetric multivari-
ate models like those proposed by Branco and Dey (2001) [9, Section 3].
The assessment of influence of data and model assumption on the result
of the statistical analysis is a key aspect of any new class of distribution.
We are currently exploring the local influence and residual analysis to
address this issue.

8. Appendix: some lemmas

Now we take care of some technical lemmas needed in Section 3.

Lemma 8.1. Let Y ∼ SNp(λ). Then for any fixed p-dimensional vector
b and a p× p matrix A we have

E[Y⊤AYb⊤Y] = −
√

2

π
[(δ⊤Aδ + tr(A))b⊤δ + 2δ⊤Ab],

where δ is as in (3.3).

Proof. The proof follows by the stochastic representation of Y given in
(1.2) and the calculation of the moments E[|X0|] and E[|X0|3], when
X0 ∼ N(0, 1).
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Lemma 8.2. Let Y ∈ Rp be a random vector with

f(y|u) = k−1(u)φp(y|µ, u−1Σ)Φ1(u
1/2A+ u1/2B⊤y)

as probability density function, with u a positive constant, A ∈ R, B a

p-dimensional vector, and k(u) = Φ1(u
1/2 A+B⊤µ√

1 +B⊤ΣB
) a standardized

constant. Then we have

E[Y|u] = µ+ u−1/2 ΣB√
1 +B⊤ΣB

WΦ1
(u1/2 A+B⊤µ√

1 +B⊤ΣB
).

Proof. If we notice, by using Lemma 2 from Arellano-Valle et al. (2005)
[2], that

E[Y|u] = k−1(u)

∫

R

∫ ∞

0

yφ1(t|u1/2A+ u1/2B⊤y, 1)φ(y|µ, u−1Σ)dtdy

= k−1(u)

∫ ∞

0

φ1(t|u1/2A+ u1/2B⊤µ, 1 +B⊤ΣB)EY|t[Y]dt

holds, where Y|t ∼ Np(µ − ΛB(A + B⊤µ) + u−1/2ΛBt, u−1Λ), with
Λ = (Σ−1+BB⊤)−1, then the proof follows from well known properties
of the truncated normal distribution (compare Johnson et al. (1994) [18,
Section 10.1]).

Lemma 8.3. Let Y ∼ Gamma(α, β). Then for any a ∈ R we have

E[Φ1(a
√

(Y ))] = T1(a

√
α

β
|0, 1, 2α).

Proof. See Azallini and Capitanio (2003) [6, Lemma 1].
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Resumen

Liu (1996) discute una clase de distribuciones robustas a las que apela
como normal/independiente, y que contiene un grupo de distribuciones
de colas pesadas. En este art́ıculo desarrollamos una versión asimétrica
de tales distribuciones en un escenario multivariado, a las que llamaremos
distruciones normales asimétricas independientes multivariadas. Para
tales distribuciones derivamos algunas propiedades. La principal vir-
tud de los miembros de esta familia es que son fáciles de simular y se
prestan a un algoritmo de tipo EM para realizar estimaciones de máxima
verosimilitud de sus parámetros. Para dos modelos multivariados de in-
terés práctico se discute el algoritmo EM con énfasis en las distribuciones
t-asimétrica, slash asimétrica y normal asimétrica contaminada. Los re-
sultados obtenidos a partir de simulaciones y de dos conjuntos de datos
reales son reportados.
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1. Introduction

Let T be a complex algebraic torus of dimension d. Let X be a compact

complex algebraic variety where T acts with isolated fixed points. If X

has no rational cohomology in odd degrees (i.e., if X is equivariantly

formal [16]), then the equivariant cohomology ring H∗T (X) with rational

coefficients is a commutative positively graded algebra; it is a free mod-

ule of finite rank over the equivariant cohomology ring of a point (the

latter is a polynomial ring in d variables). Examples include Schubert

varieties and rationally smooth projective varieties where a complex re-

ductive group acts with finitely many orbits (a complex variety of pure

dimension n is rationally smooth if the local cohomology at any point is

the same as the local cohomology of Cn). In [6], Brion has shown that

several topological invariants of a T -variety X can be read off H∗T (X).

For instance, if X is equivariantly formal and n = dimX, then equivari-

ant Kronecker duality holds, i.e., the dualizing module of H∗T (X) is the

equivariant homology HT
∗ (X). Furthermore, the following conditions are

equivalent: (i) Poincaré duality, (ii) the algebra H∗T (X) is Gorenstein,

(iii) the Betti numbers of X satisfy bq(X) = b2n−q(X), for 0 ≤ q ≤ n,

and all equivariant multiplicities are nonzero (these are certain func-

tionals on HT
∗ (X)). See [6, Theorem 4.1]. Finally, Brion obtains some

Morse inequalities for the Betti numbers of X, assuming all equivariant

multiplicities are nonzero [6, Theorem 4.2].

The purpose of this article is to generalize Brion’s results to the

purely algebraic and more delicate setting of equivariant Chow groups

and equivariant operational Chow groups (or Chow cohomology); we re-

fer to Sections 2 and 3 for appropriate definitions and notation. In order

to achieve our goal, first we find a suitable class of varieties that resemble

equivariantly formal varieties from the viewpoint of equivariant intersec-

tion theory. This is done by combining two classes of varieties considered

in previous work, namely T -linear varieties [13] and Q-filtrable varieties

[14]. Let us quickly mention some of their relevant features. In [13]

we show that projective T -linear varieties satisfy equivariant Kronecker
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duality. This property is rather strong, and does not hold for arbi-

trary T -varieties. On the other hand, in [14] we introduced the class of

Q-filtrable varieties (Definition 2.12). A remarkable property of these

schemes is that their equivariant Chow groups are free modules of finite

rank over the equivariant Chow ring of a point. Hence, it is quite natural

to consider the class of Q-filtrable T -linear schemes as a suitable replace-

ment for the notion of equivariant formality in equivariant intersection

theory (cf. Theorem 3.5, Theorem 3.7). This expectation is confirmed

in Section 4, where we obtain criteria for Poincaré duality on projective

Q-filtrable T -linear varieties. Our main results (Theorems 4.1, 4.3, and

4.5, and Corollary 4.7) yield the sought-after generalizations of Brion’s

results, and open the way for further work in this direction.

2. Definitions and basic properties

2.1 Conventions and notation

Throughout this paper, we fix an algebraically closed field k of charac-

teristic zero. All schemes and algebraic groups are assumed to be defined

over k. By a scheme we mean a separated scheme of finite type. A vari-

ety is a reduced scheme. Observe that varieties need not be irreducible.

A subvariety is a closed subscheme which is a variety. A point on a

scheme will always be a closed point.

We denote by T an algebraic torus. A scheme X provided with

an algebraic action of T is called a T -scheme. For a T -scheme X, we

denote by XT the fixed point subscheme and by iT : XT → X the

natural inclusion. If H is a closed subgroup of T , we similarly denote

by iH : XH → X the inclusion of the fixed point subscheme. When

comparing XT and XH we write iT,H : XT → XH for the natural (T -

equivariant) inclusion. We denote by ∆ the character group of T , and by

S the symmetric algebra over Q of the abelian group ∆. The quotient

field of S is denoted by Q.

In this paper, torus actions are assumed to be locally linear, i.e.,
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the schemes we consider are covered by invariant affine open subsets.

This assumption is fulfilled for instance by T -stable subschemes of nor-

mal T -schemes [30]. A T -scheme is called T -quasiprojective if it has an

ample T -linearized invertible sheaf. This assumption is fulfilled, among

others, by T -stable subschemes of normal quasiprojective T -schemes [30].

Let G be a connected reductive group. Recall that a normal G-

variety X is called spherical if a Borel subgroup B of G has a dense

orbit in X. Then it is known that G and B have finitely many orbits

in X. It follows that X contains only finitely many fixed points of a

maximal torus T ⊂ B, see for example [31].

Equivariant Chow groups and equivariant operational Chow groups

are considered with rational coefficients.

2.2 The Bialynicki-Birula decomposition

The material in this subsection is due to Bialynicki-Birula [2], [3] (in the

smooth case) and Konarski [20] (in the general case).

Let X be a T -scheme with isolated fixed points. Then XT is finite.

We write XT = {x1, . . . , xm}. A one-parameter subgroup λ : Gm → T

is called generic if XGm = XT , where Gm acts on X via λ. Generic

one-parameter subgroups always exist due to the local linearity of the

action. Fix a generic λ : Gm → T . For each i, define the subset

X+(xi, λ) = {x ∈ X | lim
t→0

λ(t) · x = xi}.

Then X+(xi, λ) is a locally closed T -invariant subscheme of X. The

(disjoint) union of the X+(xi, λ)’s might not cover all of X, but when

it does (e.g., when X is complete), the decomposition {X+(xi, λ)}mi=1 is

called the Bialynicki-Birula decomposition, or BB-decomposition, of

X associated to λ. Each X+(xi, λ) is called a cell of the decomposition.

Definition 2.1. Let X be a T -scheme with finitely many fixed points.

Let {X+(xi, λ)}mi=1 be the BB-decomposition associated to some generic

λ : Gm → T . The decomposition {X+(xi, λ)} is said to be filtrable if
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there is a finite increasing sequence Σ0 ⊂ Σ1 ⊂ . . . ⊂ Σm of T -invariant

closed subschemes of X such that:

a) Σ0 = ∅, Σm = X,

b) Σj \ Σj−1 is a cell of the decomposition {X+(xi, λ)}, for each j =

1, . . . ,m.

In this context, it is common to say that X is filtrable, and refer

to Σj as the j-th filtered piece of X. If, moreover, the cells X+(xi, λ)

are isomorphic to affine spaces Ani , then X is called T -cellular.

Theorem 2.2 ([2], [3]). Let X be a complete T -scheme with isolated

fixed points, and let λ be a generic one-parameter subgroup. If X ad-

mits an ample T -linearized invertible sheaf, then the associated BB-

decomposition {X+(xi, λ)} is filtrable. Furthermore, if X is smooth,

then X is T -cellular.

2.3 Equivariant Chow groups for torus actions

Let X be a T -scheme of dimension n (not necessarily equidimensional).

Let V be a finite dimensional T -module, and let U ⊂ V be an invariant

open subset so that a principal bundle quotient U → U/T exists. Then

T acts freely on X×U and the quotient scheme XT = (X×U)/T exists.

Following Edidin and Graham [8], we define the i-th equivariant Chow

group ATi (X) by ATi (X) = Ai+dimU−dimT (X) if V \U has codimension

more than n − i. The definition is independent of the choice of (V,U),

see [8] for details. Set AT∗ (X) = ⊕iATi (X). If X is a T -scheme and

Y ⊂ X is a T -stable closed subscheme, then Y defines a class [Y ] in

AT∗ (X). If X is smooth, then so is XT , and AT∗ (X) admits an intersection

pairing; in this case, denote by A∗T (X) the corresponding ring graded by

codimension. The equivariant Chow ring A∗T (pt) is isomorphic to S, and

AT∗ (X) is a S-module, where ∆ acts on AT∗ (X) by homogeneous maps

of degree −1. This module structure is induced by pullback through

the flat map pX,T : XT → U/G. Restriction to a fiber of pX,T gives

i∗ : AT∗ (X) → A∗(X). If X is complete, we denote by
∫
X

(α) ∈ S the

proper pushforward to a point of a class α ∈ AT∗ (X).
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Poincaré duality in equivariant intersection theory

Next we state Brion’s description [4] of the equivariant Chow groups

in terms of invariant cycles. It also shows how to recover the usual Chow

groups from equivariant ones.

Theorem 2.3. Let X be a T -scheme. Then the S-module AT∗ (X) is

defined by generators [Y ], where Y is an invariant irreducible subvariety

of X, and relations [divY (f)] − χ[Y ], where f is a rational function

on Y which is an eigenvector of T of weight χ. Furthermore, the map

AT∗ (X)→ A∗(X) vanishes on ∆AT∗ (X), and it induces an isomorphism

AT∗ (X)/∆AT∗ (X)→ A∗(X).

The following is a slightly more general version of the localization

theorem for equivariant Chow groups [4, Corollary 2.3.2]. For a proof,

see [13, Proposition 2.15].

Theorem 2.4. Let X be a T -scheme, let H ⊂ T be a closed subgroup,

and let iH : XH → X be the inclusion of the fixed point subscheme.

Then the induced morphism of equivariant Chow groups

iH∗ : AT∗ (XH)→ AT∗ (X)

becomes an isomorphism after inverting finitely many characters of T

that restrict non-trivially to H.

2.4 T -linear schemes

We introduce our main class of testing spaces.

Definition 2.5. Let T be an algebraic torus and let X be a T -scheme.

1. We say that X is T -equivariantly 0-linear if it is either empty

or isomorphic to Spec (Sym(V ∗)), where V is a finite-dimensional

rational representation of T .

2. For a positive integer n, we say that X is T -equivariantly n-

linear if either one of the following conditions hold.
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(i) There is a T -scheme Y , which contains X as a T -invariant

open subscheme, so that Y and Z = Y \X are T -equivariantly

(n− 1)-linear.

(ii) There exists a T -invariant closed subscheme Z ⊆ X, with

complement U , so that Z and U are T -equivariantly (n− 1)-

linear.

3. We say that X is T -equivariantly linear (or simply, T -linear)

if it is T -equivariantly n-linear for some n ≥ 0. T -linear varieties

are varieties that are T -linear schemes.

Clearly, if T → T ′ is a morphism of algebraic tori, then every T ′-
linear scheme is also T -linear. On the other hand, if X is T -equivariantly

n-linear, then the fixed point subscheme XH of any subtorus H ⊂ T is T -

equivariantly n-linear. Observe that T -linear schemes are linear schemes

in the sense of [17], [32], and [18].

It is known that if X is a T -linear scheme, then AT∗ (X) is a finitely

generated S-module and A∗(X) is a finitely generated abelian group

(see e.g. [13, Lemma 2.7]). The next theorem provides some concrete

examples. For a proof of items (i)-(ii) see [19, Proposition 3.6], for item

(iii) see [13, Theorem 2.5].

Theorem 2.6. Let T be an algebraic torus. Then the following holds.

(i) A T -cellular scheme is T -linear.

(ii) Every T -scheme with finitely many T -orbits is T -linear. In partic-

ular, a toric variety with dense torus T is T -linear.

(iii) Let B be a connected solvable linear algebraic group with maximal

torus T . Let X be a B-scheme. If B acts on X with finitely many

orbits, then X is T -linear. In particular, spherical varieties are

T -linear.
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2.5 Equivariant multiplicities at nondegenerate fixed

points

Let X be a T -scheme. A fixed point x ∈ X is called nondegenerate if

all weights of T in the tangent space TxX are non-zero. A fixed point

in a nonsingular T -variety is nondegenerate if and only if it is isolated.

To study singular schemes, Brion [4] developed a notion of equivariant

multiplicity at nondegenerate fixed points. The main features of this

concept are outlined below, for details see [4, Section 4].

Theorem 2.7. Let X be a T -scheme with an action of T , let x ∈ X

be a nondegenerate fixed point and let χ1, . . . , χn be the weights of TxX

(counted with multiplicity).

(i) There exists a unique S-linear map

ex,X : AT∗ (X) −→ 1

χ1 · · ·χn
S

such that ex,X [x] = 1 and that ex,X [Y ] = 0 for any T -invariant

irreducible subvariety Y ⊂ X which does not contain x.

(ii) For any T -invariant irreducible subvariety Y ⊂ X, the rational

function ex,X [Y ] is homogeneous of degree −dim(Y ) and coincides

with ex,Y [Y ].

(iii) The point x is nonsingular in X when ex[X] =
1

χ1 · · ·χn
.

For a T -stable irreducible subvariety Y ⊂ X, set ex,X [Y ] = ex[Y ],

and call ex[Y ] the equivariant multiplicity of Y at x.

Proposition 2.8. Let X be a T -scheme such that all fixed points in X

are nondegenerate, and let α ∈ AT∗ (X). Then, in AT∗ (X)⊗S Q, we have

α =
∑
x∈XT ex(α)[x].

Next we describe a special class of nondegenerate fixed points. Let

X be a T -variety. Call a fixed point x ∈ X attractive if all weights in the

tangent space TxX are contained in an open half-space of ∆R = ∆⊗ZR.
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Theorem 2.9. Let X be a T -variety with a fixed point x. The following

conditions are equivalent.

(i) The point x is attractive.

(ii) There exists a one-parameter subgroup λ : Gm → T such that, for

all y in a neighborhood of x, we have lim
t→0

λ(t)y = x.

If (i) or (ii) holds, then x admits a unique open affine T -stable neighbor-

hood in X, denoted Xx, and Xx admits a closed equivariant embedding

into TxX. Moreover, ex[X] is non-zero.

2.6 Q-filtrable varieties and equivariant Chow groups

Here we recall some of the main results from [14].

Definition 2.10. Let X be an affine T -variety with an attractive fixed

point x, and let n = dimX. We say that (X,x), or simply X, is an

algebraic rational cell when it satisfies

Ak(X) =

{
Q if k = n

0 if k 6= n.

In particular, if (X,x) is an algebraic rational cell, then it is irreducible.

Let X be an affine T -variety with an attractive fixed point x. Then

there exists a generic one-parameter subgroup λ : Gm → T for which

X = X+(x, λ) and X admits a closed T -equivariant embedding into TxX

(Theorem 2.9). Since all the weights of the Gm-action on TxX (via λ)

are positive, the geometric quotient Pλ(X) = (X \ {x})/Gm exists and

is a projective variety. In fact, it is a closed subvariety of the weighted

projective space Pλ(TxX). Remarkably, X is an algebraic rational cell

if and only if

Ak(Pλ(X)) =

{
Q if 0 ≤ k ≤ n− 1,

0 otherwise

holds. See [14] for details.
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Example 2.11. Let k = C. Algebraic rational cells are naturally found

on rationally smooth spherical varieties. Indeed, let X be a G-spherical

variety with an attractive fixed point x ∈ X. Let Xx be the unique open

affine T -stable neighborhood of x. If X is rationally smooth at x, then

(Xx, x) is an algebraic rational cell [14, Theorem 7.2].

Using algebraic rational cells as building blocks, one can study the

global geometry of T -varieties equipped with a paving by algebraic ra-

tional cells.

Definition 2.12. Let X be a T -variety. We say that X is Q-filtrable

if the following hold:

1. the fixed point set XT is finite, and

2. there exists a generic one-parameter subgroup λ : Gm → T for

which the associated BB-decomposition of X is filtrable (Defini-

tion 2.1) and consists of T -invariant algebraic rational cells.

In particular, we have X =
⊔
j X+(xj , λ). Also, observe that the

fixed points xj ∈ XT need not be attractive in X, but they are so in

their corresponding algebraic rational cells X+(xj , λ). The key result is

stated below.

Theorem 2.13 ([14, Theorem 4.4]). Let X be a Q-filtrable T -variety.

Then the T -equivariant Chow group of X is a free S-module of rank

|XT |. In fact, it is freely generated by the classes of the closures of

the cells X+(xi, λ). Consequently, A∗(X) is also freely generated by the

classes of the cell closures X+(xi, λ).

Next we compute equivariant multiplicities of algebraic rational cells

and Q-filtrable varieties. Recall that a primitive character χ of T is called

singular if it satisfies Xker (χ) 6= XT .

Theorem 2.14 ([14, Corollary 3.8]). Let X be an irreducible T -variety

with attractive fixed point x. Let Xx be the unique open affine T -stable

neighborhood of x. If (Xx, x) is an algebraic rational cell, then the fol-

lowing hold.
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(i) ex[X] is the inverse of a polynomial. In fact, we have

ex[X] =
d

χ1 · · ·χr
,

here the χi’s are singular characters, r = dimX, and d is a positive

rational number.

(ii) Moreover, if the number of closed irreducible T -stable curves through

x is finite, say `(x), then dimX = `(x). Furthermore, we may take

for χ1, . . . , χr the characters associated to these curves.

In general, if X is an affine T -variety with an attractive fixed point

x, and `(x) as above is finite, then dimX ≤ `(x) [5, Corollary 1.4.2].

Example 2.15. Let k = C. Let X be a G-spherical variety. Recall that

XT is finite. If there is a generic λ : Gm → T so that {X+(xi, λ)} is a

filtrable BB-decomposition and each cell is rationally smooth, then X is

Q-filtrable and both the equivariant and non-equivariant cycle maps are

isomorphisms [14, Theorem 7.3]. In particular, this holds for rationally

smooth projective group embeddings [14, Corollary 5.10]; see below for

a definition of this important class of spherical varieties.

2.7 Applications to group embeddings

We recall some results and notation on group embeddings that will be

used freely throughout the paper. Here G denotes a connected reductive

group with Borel subgroup B and maximal torus T ⊂ B.

An irreducible algebraic variety is called an embedding of G, or a

group embedding, if it is a normal G×G-variety containing an open

orbit isomorphic to G itself, where G×G acts on G by left and right mul-

tiplication. When G is a torus, we recover the notion of toric varieties.

Group embeddings are spherical G×G-varieties (by the Bruhat decom-

position). Affine embeddings of G are nothing but reductive monoids

having G as group of units [29]. Recall that an algebraic monoid is

an algebraic variety equipped with an associative product map, which
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is a morphism of varieties and admits an identity element. An affine

algebraic monoid is called reductive if it is irreducible, normal, and its

unit group is a reductive algebraic group.

Let M be a reductive monoid with zero and unit group G. Then

there exists a central one-parameter subgroup ε : Gm → T that satisfies

limt→0 ε(t) = 0, see [7, Lemma 1.1.1]. Moreover, the quotient space

Pε(M) = (M \ {0})/ε(Gm) is a projective embedding of the quotient

group G/ε(Gm). In fact, projective embeddings of connected reductive

groups are exactly the projectivizations of reductive monoids [24].

Let M be a reductive monoid with zero and unit group G. It is

worth noting that 0 is the unique attractive T ×T -fixed point of M (see

e.g., [7, Lemma 1.1.1]). Let T ⊂ M be the Zariski closure of T in M .

Then T is a normal affine toric variety [25, Theorem 5.4]. We denote

by E(M) the idempotent set of M , that is, E(M) = {e ∈ M | e2 = e}.
Likewise, E(T ) denotes the idempotent set of T . One defines a partial

order on E(M) (and thus on E(T )) by declaring f ≤ e if and only if

fe = f = ef . Write W for the Weyl group of (G,T ), and denote by

S its set of simple reflections. Then W acts on E(T ) by conjugation,

and the corresponding set of W -conjugacy classes can be identified with

Λ = {e ∈ E(T ) |Be = eBe}. See [25] for details. The lattice Λ is called

the cross-section lattice of M . Notably, Λ can also be identified with

the (finite) set G×G-orbits of M [25, Theorem 4.5]. For e ∈ E(M), set

Me = {g ∈ G | ge = eg = e}. Then Me is a reductive monoid with e as

its zero element [7]. Finally, let Λk = {x ∈ Λ | dimTx = k } be the set

of elements of rank k in Λ.

Definition 2.16. A reductive monoid M with zero element is called

quasismooth if, for any minimal non-zero idempotent e ∈ E(M), the

submonoid Me is an algebraic rational cell.

This definition agrees with that of [26]. For details, we refer to [14,

Definition 5.8]. Over the complex numbers, M is quasismooth if and only

if Pε(M) is rationally smooth [28, Theorem 2.5]. For a combinatorial

classification of quasismooth monoids, see [28]. The main result in this
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context is stated next. See [14, Theorem 5.9] for a proof.

Theorem 2.17. If M is a quasismooth monoid, then the projective

group embedding Pε(M) is Q-filtrable.

3. Equivariant Chow cohomology: localiza-

tion and equivariant Kronecker duality

Let X be a T -scheme. The i-th T -equivariant operational Chow

group of X, denoted opAiT (X), is defined as follows: an element c ∈
opAiT (X) is a collection of homomorphisms c

(m)
f : ATm(Y ) → ATm−i(Y ),

written z 7→ f∗c ∩ z, for every T -map f : Y → X and all integers m.

(The underlying category is the category of T -schemes.) These homo-

morphisms must satisfy certain compatibility conditions, see [9, Chapter

17] and [8] for details. For any X, the ring structure on opA∗T (X) =

⊕iopAiT (X) is given by composition of such homomorphisms. The ring

opA∗T (X) is graded, and opAiT (X) can be non-zero for any i ≥ 0. The

basic properties we need are summarized below.

(i) The cup product opApT (X)⊗opAqT (X)→ opAp+qT (X), a⊗b 7→ a∪b,
is well defined and makes opA∗T (X) into a graded associative ring.

Note that this ring is commutative since char(k) = 0, and so all

T -schemes admit equivariant resolution of singularities.

(ii) There are contravariant graded maps f∗ : opAiT (X) → opAiT (Y ),

for arbitrary equivariant morphisms f : Y → X.

(iii) The cap product opAiT (X)⊗ATm(X)→ ATm−i(X), c⊗ z 7→ c∩ z, is

well defined and makes AT∗ (X) into an opA∗T (X)-module satisfying

the projection formula.

(iv) For any T -scheme X of pure dimension n, there is an equivariant

Poincaré duality map:

PT : opAkT (X)→ ATn−k(X), z 7→ z ∩ [X].
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If X is nonsingular, then PT is an isomorphism, and the ring struc-

ture on opA∗T (X) is that determined by intersection products of cycles

on the mixed spaces XT . In particular, by (iii) and (iv), opA∗T (X) is

a graded S-algebra. We say that X satisfies equivariant Poincaré

duality if PT is an isomorphism. Similar remarks apply to the non-

equivariant Poincaré duality map (denoted P).

Now we state the localization theorem for equivariant Chow coho-

mology. It is applicable to possibly singular complete T -schemes, regard-

less of whether opA∗T (X) is a free S-module or not.

Theorem 3.1 ([13, Theorem A.6]). Let X be a complete T -scheme and

let iT : XT → X be the inclusion of the fixed point subscheme. Then the

pull-back map

i∗T : opA∗T (X)→ opA∗T (XT )

is injective, and its image is exactly the intersection of the images of

i∗T,H : opA∗T (XH)→ opA∗T (XT ),

where H runs over all subtori of codimension one in T . �

Theorem 3.1 makes equivariant Chow cohomology more computable.

For instance, a version of GKM theory also holds [13, Theorem A.9],

and there is a description of the equivariant operational Chow groups of

spherical varieties [13, Section 4], which generalizes [4, Theorem 7.3].

Let X be a T -scheme, and let (V,U) be as in Subsection 2.2. By

[8, Corollary 2], there is an isomorphism opAjT (X) ' opAj(X × U/T ),

provided V \U has codimension more than j. Thus there is a canonical

map i∗ : opA∗T (X) → opA∗(X) induced by restriction to a fiber of

pX,T : XT → U/T . But, unlike the case of equivariant Chow groups,

this map is not surjective in general, and its kernel is not necessarily

generated in degree one, not even for toric varieties [22]. This becomes an

issue when trying to translate results from equivariant to non-equivariant

Chow cohomology. Nevertheless, for certain Q-filtrable varieties the map

i∗ is surjective. Before studying them, let us recall a definition from [13].
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Definition 3.2. Let X be a complete T -scheme. We say that X sat-

isfies T -equivariant Kronecker duality if the following conditions

hold.

(i) The S-module AT∗ (X) is finitely generated.

(ii) The equivariant Kronecker duality map

KT : opA∗T (X) −→ HomS(AT∗ (X), S), α 7→ (β 7→
∫

X

(β ∩ α)).

is an isomorphism of S-modules.

If, in addition, the ordinary Kronecker duality map K is also an

isomorphism, then we say that X satisfies the strong T -equivariant

Kronecker duality.

Example 3.3. By [13, Lemma 3.3], a nonsingular projective T -variety

satisfies the T -equivariant Kronecker duality if and only if it satisfies

ordinary Kronecker duality. In particular, a projective smooth curve of

positive genus (with any T -action) does not satisfy T -equivariant Kro-

necker duality, for the kernel of K in degree one is the Jacobian of the

curve [10].

The main result on equivariant Kronecker duality needed here is a

consequence of [10], [32], and [13, Theorem 3.6].

Theorem 3.4. Let X be a complete T -linear scheme. If X has an

ample T -linearized invertible sheaf (e.g., if X is a nonsingular projective

T -variety with isolated fixed points or X is a possibly singular projective

spherical variety), then X satisfies the strong T -equivariant Kronecker

duality.

The next result makes Q-filtrations relevant to the study of the

equivariant Chow cohomology of T -schemes. The proof is an easy adap-

tation of [13, Corollary 3.9].
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Theorem 3.5. Let X be a complete T -scheme. If X satisfies the strong

T -equivariant Kronecker duality and AT∗ (X) is S-free, then the S-module

opA∗T (X) is free, and the map

opA∗T (X)/∆opA∗T (X)→ opA∗(X)

is an isomorphism.

Corollary 3.6. Let X be a complete T -linear variety having an am-

ple T -linearized invertible sheaf. If X is Q-filtrable, then the S-module

opA∗T (X) is free, and we have opA∗T (X)/∆opA∗T (X) ' opA∗(X).

To conclude this section, we present two results which motivate our

quest for conditions guaranteeing (equivariant) Poincaré duality.

Theorem 3.7. Let G be a complex connected reductive group with max-

imal torus T . Let X be a projective complex G-spherical variety. If X

is equivariantly formal, then there is a natural isomorphism opA∗T (X) '
H∗T (X) of S-algebras, and we get opA∗T (X)/∆opA∗T (X) ' H∗(X). In

particular, the S-module opA∗T (X) is free. If, moreover, X is Q-filtrable,

then we get opA∗(X) ' H∗(X).

Proof. By Theorem 3.1, the pullback i∗T : opA∗T (X) → opA∗T (XT ) is

injective, and its image im(i∗T ) is described explicitly in [13, Theorem

4.8]. On the other hand, because XT is finite, we get a canonical iden-

tification opA∗T (XT ) ' H∗T (XT ). Since X is equivariantly formal, the

pullback ĩT
∗

: H∗T (X) → H∗T (XT ) is also injective. Moreover, XH is

equivariantly formal for any codimension-one subtorus H ⊂ T . Hence,

using [13, Subsection 4.2] and the localization theorem for equivariant

cohomology [16], one easily checks the equality im(i∗T ) = im(ĩT
∗
). Conse-

quently, we obtain opA∗T (X) ' H∗T (X). This, together with equivariant

formality, yields opA∗T (X)/∆opA∗T (X) ' H∗T (X)/∆H∗T (X) ' H∗(X).

Finally, the last assertion follows from Theorem 3.5.

Proposition 3.8. Let M be a reductive monoid with zero. If M is qua-

sismooth (Definition 2.16), then opA∗T×T (Pε(M)) is a free S-module,

Pro Mathematica, 28, 56 (2014), 54-80 69



Richard Paul Gonzales Vilcarromero

and it is isomorphic, as an S-algebra, to the ring of piecewise polyno-

mial functions PPT×T (Pε(M)) associated to the GKM graph of Pε(M).

Furthermore, if k = C, then we have opA∗T×T (Pε(M)) ' H∗T×T (Pε(M))

and thus also opA∗(X) ' H∗(X).

Proof. The first part follows from Theorem 2.17, Corollary 3.6 and [13,

Theorem A.9]. For the second one, use Theorem 3.7.

For a description of the GKM graph of Pε(M) see [12].

4. Equivariant Poincaré duality and Chow

homology Betti numbers

The goal of this section is to show that Q-filtrable T -linear varieties are

analogues of the equivariantly formal spaces of Goresky, Kottwitz, and

MacPherson [16] from the viewpoint of equivariant operational Chow

groups.

Let X be a projective T -variety of pure dimension n. Suppose that

X is Q-filtrable. Then, by Theorem 2.13, AT∗ (X) is a free S-module

of finite rank and A∗(X) is a free Q-vector space of finite dimension.

Now set bk = dimQAk(X), and call it the k-th Chow homology Betti

number ofX. It follows from Theorem 2.13 that bk equals the number of

k-dimensional algebraic rational cells. When X is smooth, these cells are

actually affine spaces, and we get bk = bn−k [2, Corollary 1]. Moreover,

Poincaré duality holds, and all equivariant multiplicities are non-zero

(Theorem 2.7). In the singular case this is not necessarily true, and our

motivation for this section is to determine in which cases the identity

bk = bn−k holds. Is this equivalent to Poincaré duality for the Chow

cohomology of X? Could it be studied via equivariant multiplicities?

Notice that these multiplicities played a fundamental role in Section 2.

In equivariant cohomology and for equivariantly formal varieties these

questions have been answered in [6]. Below we provide some analogues

of the results of [6] in equivariant Chow cohomology. Our methods rely
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on Theorem 3.1, Theorem 3.5, and the notion of algebraic rational cells.

No comparison via the cycle map is needed.

A first approximation to Poincaré duality via equivariant multi-

plicities is given next. For the corresponding statement in equivariant

cohomology, see [6, Theorem 4.1].

Theorem 4.1. Let X be a complete equidimensional T -scheme with only

finitely many fixed points. If all equivariant multiplicities are non-zero,

then the equivariant Poincaré duality map is injective.

Proof. In view of Theorem 3.1, the argument is the same as that of [6,

Theorem 4.1]. We include it for convenience. Let α ∈ opA∗T (X) and

suppose that α ∩ [X] = 0. Then we have

∫

X

(α ∪ β) ∩ [X] = 0

for all β ∈ A∗T (X). Thus, in Q, we obtain

∑

x∈XT

αxβxeT (x,X) = 0.

By the localization theorem, the identity holds for all sequences (βx)x∈XT

in Q. Since, by assumption, no ex[X] vanishes, we must have αx = 0 for

all x ∈ XT . Thus we get α = 0 (for the map i∗T : opA∗T (X)→ opA∗T (XT )

is injective).

Remark 4.2. Theorem 4.1 applies to: (i) projective nonsingular T -

varieties with isolated fixed points, for then the equivariant multiplicities

are all inverses of polynomials (Theorem 2.7); (ii) Schubert varieties and

toric varieties, as they have only attractive fixed points, so Theorem 2.9

implies that the corresponding equivariant multiplicities are non-zero;

(iii) simple projective embeddings of a connected reductive group G, as

they have only one closed G×G-orbit, and W ×W acts transitively on

the T × T -fixed points (at least one of these is attractive, hence so are

all of them).
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We now combine our previous results to produce a criterion for

Poincaré duality. For equivariantly formal varieties and equivariant co-

homology this was done in [6, Theorem 4.1].

Theorem 4.3. Let X be a complete equidimensional T -variety with iso-

lated fixed points. Suppose

(a) X is Q-filtrable and

(b) X satisfies the strong T -equivariant Kronecker duality.

Then the following conditions are equivalent.

(i) X satisfies Poincaré duality.

(ii) X satisfies T -equivariant Poincaré duality.

(iii) The Chow homology Betti numbers of X satisfy bq(X) = bn−q(X),

for 0 ≤ q ≤ n, and all equivariant multiplicities are nonzero.

If any of these conditions holds, then all equivariant multiplicities are

inverses of polynomial functions.

Proof. Assumptions (a) and (b) imply that the S-modules AT∗ (X) and

opA∗T (X) are free. So the equivalence of (i) and (ii) follows readily from

Theorem 3.5 and the graded Nakayama lemma.

We prove that (ii) implies (iii). It only remains to show that all the

equivariant multiplicities are nonzero. For this, let {[W1], . . . , [Wm]} be

the basis of AT∗ (X) consisting of the closures of the algebraic rational

cells. Fix j ∈ {1, . . . ,m}, and let xj be the unique attractive fixed point

of Wj . By (ii) there is a unique α ∈ opA∗T (X) for which we have

α ∩ [X]− [Wj ] = 0.

But then, arguing as in the proof of Theorem 4.1, the identity

∑

xi∈XT

βxi(αxiexi [X]− exi [Wj ]) = 0
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holds for all sequences (βxi)xi∈XT in Q. In particular, we have

αxj
exj

[X]− exj
[Wj ] = 0.

Since xj is an attractive fixed point of Wj , we get exj
[Wj ] 6= 0. This

yields αxj
6= 0 and exj

[X] 6= 0, so that exj
[X] is the inverse of a polyno-

mial. Indeed, we have exj [Wj ] = d∏`
s=1 χs

(Theorem 2.14) and αxj ∈ S.

Now is the turn for (iii) implies (i). In view of Theorem 4.1, it

remains to show that

PT : opAqT (X)→ ATn−q(X)

is surjective for all q ∈ Z. For this, it suffices to show that the dimen-

sion of opAqT (X) matches that of ATn−q(X). But this follows from the

assumption on the Chow homology Betti numbers combined with the

isomorphisms

opA∗T (X) ' opA∗(X)⊗Q S and AT∗ (X) ' A∗(X)⊗Q S,

where the first one is granted by Theorem 3.5.

Remark 4.4. It is worth noting that Kronecker duality does not imply

Poincaré duality. For instance, consider the following example from [10,

page 184]. Let X be the closure of a generic torus orbit in the Grass-

mannian G(2, 4). Then X is a toric variety with Chow homology groups

Q, Q, Q5, and Q in dimensions 0, 1, 2, and 3. By Kronecker duality,

the Chow cohomology groups are Q, Q, Q5, and Q in codimensions 0,

1, 2, and 3. Clearly, the Poincaré duality maps Ak → A3−k are not

isomorphisms.

It stems from Theorem 4.3 that the class of Q-filtrable varieties sat-

isfying the strong T -equivariant Kronecker duality indeed resembles that

of equivariantly formal spaces [16]. To push the analogy even further,

here is a version of the Morse inequalities for these varieties. For the

analogous result in equivariant cohomology, see [6, Theorem 4.2].
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Theorem 4.5. Let X be a T -quasiprojective T -linear variety of pure

dimension n with isolated fixed points. If X is complete, Q-filtrable, and

all equivariant multiplicities are nonzero, then the following inequalities

hold for the Chow homology Betti numbers:

bq + bq−1 + . . .+ b0 ≤ bn−q + bn−q+1 + . . .+ bn,

for 0 ≤ q ≤ n, and

2b1 + 4b2 + . . .+ 2nbn ≥ nχ(X),

where χ(X) = b0 + b1 + . . . + bn is the Euler characteristic, i.e., the

number of algebraic rational cells of X. In fact, we get χ(X) = |XT |.
Furthermore, X satisfies Poincaré duality if and only if

2b1 + 4b2 + . . .+ 2nbn = nχ(X).

Proof. The proof is an easy adaptation of [6, Theorem 4.2], with a few

changes. First note that, as X is T -linear, it is also Gm-linear, where Gm
acts on X via the generic one-parameter subgroup λ : Gm → T chosen

to obtain the Q-filtration. Secondly, since X has an ample T -linearized

invertible sheaf, and this sheaf is clearly Gm-linearized, then Theorem

3.4 implies that X satisfies the strong Gm-equivariant Kronecker dual-

ity. Thus, by Theorem 3.5, we have opA∗Gm
(X) ' opA∗(X)⊗Q Q[t] and

AGm∗ (X) ' A∗(X) ⊗Q Q[t], as graded vector spaces, where t is an inde-

terminate of degree 1. On the other hand, since the ex[X] are nonzero,

the same holds for e′x[X], the Gm-equivariant multiplicity at x, by [4,

Lemma 4.5]. It follows that the map

PGm
: opAqGm

(X)→ AGm
n−q(X), z 7→ z ∩ [X],

is injective for all q ∈ Z. In view of these results, Brion’s argument from

[6, Proof of Theorem 4.2] applies verbatim, yielding the result.

Example 4.6. Let M be a quasismooth monoid, and consider the asso-

ciated projective embedding X = Pε(M). Suppose that X has a unique
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closed G×G-orbit (i.e., X is simple). By the calculations of [26] we get

bk = bn−k. Since all the T × T -fixed points in X are attractive, then by

Theorem 4.3, X satisfies Poincaré duality for Chow cohomology. Over

the complex numbers this reflects the fact that X is rationally smooth.

Once more, we point out that the cycle map was not needed in our

arguments.

Corollary 4.7. Let X be a projective G-spherical variety. Let Pic(X)

(respectively Cl(X)) denote the Picard group (respectively Class group)

of X with rational coefficients. If X is Q-filtrable and satisfies Poincaré

duality, then Pic(X) ' Cl(X).

Proof. Because X is normal, the natural map Pic(X)→ Cl(X) is injec-

tive. But both, source and target, are finite dimensional vector spaces, so

in order to obtain the result it suffices to show that they have the same

dimension. By [10], we have Pic(X) ' opA1(X) ' Hom(A1(X),Q).

The dimension of the latter vector space is b1, which equals bn−1, by

Poincaré duality. Since An−1(X) ' Cl(X), the proof is complete.

Remark 4.8. If X is a complex variety with rational singularities, then

we have Pic(X) ' opA1(X), by [21, Prop. 12.1.4]. So, the conditions of

Corollary 4.7 could be slightly relaxed in that case.

Corollary 4.7 admits a combinatorial interpretation in the case of

simple group embeddings. Let X = Pε(M) be a projective group embed-

ding. Recall that Λ \ {0} indexes the G×G-orbits of X (see Subsection

2.7 for notation). If X is simple, then the unique closed orbit of X is

a projective homogeneous variety G/PJ × G/P−J , where J ⊂ S, PJ is

a standard parabolic subgroup, and P−J is its opposite (see e.g. [24]).

Remarkably, Λ is completely determined by J and the Dynkin diagram

of G [25, Section 7.3]. For instance, we have Λ2 ' S \ J . On the other

hand, notice that the number of G × G-stable divisors of X is |Λd−1|,
where d = dimT .

Next we give a qualitative relation between Λd−1 and J .
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Corollary 4.9. Let M be a quasismooth monoid. If X = Pε(M) is

simple, then |Λd−1| = |S \ J |.

Proof. By Theorem 2.17 and Corollary 4.7 we have Pic(X) ' Cl(X).

Since Cl(X) is freely generated by the G×G-stable divisors of X (since

Cl(G)Q = 0), we get dimQ Cl(X) = |Λd−1|. Finally, by a result of Brion

(see e.g. [23]) the Picard group of X is freely generated by those B×B-

stable irreducible divisors which do not contain G/PJ × G/P−J . But

these correspond to S \ J , by [25, Theorem 5.1].

For a complete list of all J ’s that yield quasismooth monoids M , see

[27]. Corollary 4.9 states that Poincaré duality is reflected on the poset

structure of the G×G-orbits.

Final remarks

LetX be a complete equidimensional T -variety with isolated fixed points.

If all equivariant multiplicities are nonzero (e.g., all fixed points are at-

tractive), then due to Theorem 4.1 the equivariant Poincaré duality map

is injective. Thus we get opA∗T (X) ⊆ AT∗ (X). An interesting open prob-

lem is to describe opA∗T (X) as a subgroup of AT∗ (X) in terms of T -

invariant cycles. Notice that opA∗T (X) carries an additional ring struc-

ture. A related task is to assess the effect of this “abstract” product on

the associated (geometric) cycles. Solutions to these problems will yield

a geometric interpretation of operational Chow groups, at least in the

cases of Example 4.2 and those where Poincaré duality holds (Theorem

4.3). Applications to equivariant operational K-theory ([1], [15]) are also

envisioned. Notice that all the analysis can be carried out intrinsically

using the tools developed in Section 4 and the rich structure of equiv-

ariant Chow groups (there is no need for comparing with equivariant

cohomology). This will be pursued elsewhere.
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Resumen

En este art́ıculo estudiamos el homomorfismo de dualidad de Poincaré,

el cual relaciona cohomoloǵıa de Chow equivariante y grupos de Chow

equivariante en aquellos casos donde un toro algebraico actúa sobre una

variedad singular compacta y con puntos fijos aislados. Nuestros resulta-

dos proporcionan criterios bajo los cuales el homomorfismo de dualidad

Pro Mathematica, 28, 56 (2014), 54-80 79



Richard Paul Gonzales Vilcarromero

de Poincaré es un isomorfismo. Para ello, usamos el teorema de locali-

zación en cohomoloǵıa de Chow equivariante y la noción de célula alge-

braica racional. Aplicamos nuestros resultados a las variedades esféricas

compactas y sus generalizaciones.

Palabras clave: Grupos de Chow, acciones tóricas, descomposiciones celu-

lares, dualidad de Poincaré, variedades esféricas.
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1. Introduction

Orbifolds are geometric objects that can be realized as quotients of Rie-

mannian manifolds by isometries. However, in doing so some finite

proper subgroup of the isometries may fix some points. Sometimes they

come about as space forms, others in more subtle situations, for instance,

as compactifications of moduli spaces. Usually one would like to con-

struct fiber bundles over orbifolds in such a manner that the total space

desingularizes geometric data arising from the orbifold. Obviously, addi-

tional conditions on both the singularities and the geometric structure on

the orbifold should bring additional benefits. In recent years, an specific

type of fibration, namely Riemannian orbifold submersions, has been

intensively studied to establish the existence of Einstein or η-Einstein

metrics on manifolds that do not admit special holonomy groups. More

precisely, in [4, 6, 7, 8], attention is given to S1-principal orbibundles

over orbifold Kähler surfaces. These bundles can be viewed as a type of

real resolution of the singularities of the corresponding orbifold. Under

certain conditions, this sort of resolution ends up being the link of the

associated Milnor fiber. On the other hand, there is an algebraic ge-

ometric procedure to resolve the singularities, namely, minimal models

associated to an algebraic variety. The affinity between the resolution

and the Milnor fiber, through the link, is well understood in complex

dimension 1, where the complex algebraic curve is studied via its 2-

dimensional affine cone. This interplay has produced one of the most

important relations in singularity theory for surfaces. The extension of

this picture to complex dimension 2 brought some remarkable results

from Orlik and Wagreich [26]. However, there is no precise description

of the relationship of these two types of resolutions at this level.

In this article, we describe a correspondence between two different

links associated to the same K3 orbifold. This duality is produced when

two elements, one in the interior and the other on the boundary of the

Kähler cone, are identified. We call this correspondence ∂-duality. We

also discuss the consequences of ∂-duality at the level of metrics. It will
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be interesting to determine whether this duality can be interpreted in

terms of the Milnor fiber and the minimal model of a K3 surface. This

possible connection is encrypted in a variation of the Dynkin diagram of

the resolution and its associated equivariant plumbing manifold. This

questions –and others– are part of joint work in progress with R. Gon-

zales.

Here is a concise outline of the paper. In Section 2 some prelimi-

naries on Riemannian orbifolds are presented, avoiding singularities of

codimension 1 (due to a significant result of Kollar [18]). We also ex-

plain the Hopf map in the context of orbifold Riemannian submersions

(a snapshot that will be recurrent on this article). In Section 3, we give

a brief introduction to projective Kähler orbifolds, we also exhibit some

canonical examples and review some important recent results of Boyer

and Galicki relating Kähler geometry and Sasakian geometry. In Sec-

tion 4, we introduce K3 surfaces and some of their properties, and discuss

S1-orbibundles over K3 surfaces. We conclude the paper in Section 5 ex-

plaining ∂-duality and discussing some consequences for the Riemannian

metrics associated to the dual pairs.

2. Orbifolds and orbifold Riemannian sub-

mersions.

The notion of an orbifold was introduced by Satake in [29] under the

name V -manifold. The symbol ‘V ’ in that context indicated the cone-

like singularity he was dealing with. In the late seventies Thurston re-

discovered the concept of V -manifolds under the name orbifold in his

study of the geometry of 3-manifolds [34].

In the sequel K denotes either C or R. Let O(m) = O(m,K) be the

orthogonal group, and let Br be the open ball of radius r in Km centered

at the origin. If G is a subgroup of O(m), then G acts by isometries on

Br; let Br/G be the associated quotient space.
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A compact metric space M is said to be an orbifold if every point

p ∈M has an open neighborhood Up which is homeomorphic to Br(p)/Gp
for some r(p) > 0 and some finite subgroup Gp ⊂ O(m); the groups Gp
are called local uniformizing groups. Set Ũp = Br(p) and let

ρp : Ũp → Ũp/Gp = Up

be the natural projection. A point q of Ũp whose isotropy subgroup

Γq ⊂ Gp is non-trivial is called a singular point of Ũp. The set of all

singular points of Ũp is denoted by Σp. Then the map

ρp : Ũp\Σp → Up\ρp(Σp)
is a covering projection. The singular set or orbifold singular locus

of M is defined to be

Σ(M) =
⋃

p∈M
{ρp(Σp)}.

Note that Σp is the union of a finite number of linear subspaces of Ũp.

In this paper the on going assumption is that these subspaces all have

codimension at least 2.

We will say that M is a smooth (or complex) orbifold if

M\Σ(M) has the structure of a smooth (or complex) manifold and the

maps ρp from Ũp\Σp to Up\ρp(Σp) are local diffeomorphisms (or local

biholomorphisms). The orbifold is a smooth (or complex) manifold

if Σ(M) is empty or, equivalently, if Gp = {e} for every p ∈M.

A Riemannian metric g on an orbifold M is a Riemannian metric

gp on every Ũp that is invariant under the action of Gp and such that

each ρp is a local isometry from Ũp\Σp to Up\ρp(Σp). Similarly, one

defines a Hermitian metric h for complex orbifolds, but this time one

requires the maps ρp to be local Hermitian isometries.

Remark 2.1. In general one talks about tensors on orbifolds, defining

them on the complement of the singular set of the orbifold X (assumed

to be of codimension at least 2): a tensor θ on an orbifold X is a
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tensor θns on X\Σ(X) such that for every chart ρp : Ũp → Ũp/Gp = Up
the pullback ρp

∗(θns) extends to a tensor on Ũp. Therefore the notions

of curvature, Kähler metrics, and Kähler-Einstein metrics on orbifolds

make sense (see [7] for details).

The following proposition is a slight variation of the partition of

unity argument (see [24] for details).

Proposition 2.2. Every orbifold admits a Riemannian metric, and ev-

ery complex orbifold admits a Hermitian metric. �

Remark 2.3. The definition of smooth (or complex) orbifold given here

avoids several technical subtleties that will not affect the subsequent

arguments; the skeptical reader is encouraged to seek out other sources

(e.g. [25]).

Recall that a submersion in the smooth setting is a (smooth) map

π : M → B of closed Riemannian manifolds (M, g) and (B, gB) with

maximal rank. It follows that for z ∈ M the tangent space TzM splits

as Vz
⊕
Hz, where

Vz = ker(π∗z) and Hz = V ⊥z

are the vertical and horizontal spaces, respectively. If, additionally,

π∗ is an isometry from Hz to Tπ(z)B, one says that π is a Riemannian

submersion.

Now we briefly explain how to extend this notion to the singular

setting. First, consider the extension of charts given previously and

consider the (usual) action of Gp on Ũ × F, where F is a closed smooth

Gp-manifold, given by

γ.(ũ, x) = (γũ, γ(ũ)x) for γ ∈ Gp. (2.1)

This action is referred to as Ũ ×
Gp
F. We use this notation in the next

definition.
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Definition 2.4. Let X and Y orbifolds and let F be a smooth manifold.

One says that π : Y → X is a fiber orbibundle with fiber F if one can

choose charts Ũx/Gx in X and charts Ũx ×Hx
F over Y such that the

following diagram

Ũx × F
ρYx−−−−→ Ũx ×Hx

F
yπ̃

yπ

Ũx
ρx−−−−→ Ux = Ũx/Gx

(2.2)

commutes. Here Hx is a subgroup of Gx, π̃ and π are projections onto

the first factor, and the projections ρYx and ρx are the associated quo-

tient maps. We say that π is a Riemannian orbifold submersion if

additionally π̃ is a Riemannian submersion.

In general the Riemannian metric on Ũx×F is not a product metric,

and the decomposition under discussion works only locally.

Remark 2.5. It must be understood that the orbifold fibration is not

a fibration in the usual sense. However one can think of this object as

a fibration rationally, that is, such that certain tensor power of the fiber

is indeed a conventional fiber.

If the fiber F is a vector space of dimension r and all the uniformiz-

ing groups act on F as linear transformations, then the orbibundle is

called a vector orbibundle of rank r. If the rank of the vector orbi-

bundle equals 1, we talk about line orbibundles. Similarly, if F is a

Lie group G, then the orbibundle is called a principal orbibundle. Of

particular interest is the case when all the uniformizing groups Gx are

subgroups of the Lie group G that act freely on the fiber, in which case

the total space ends up being a smooth manifold.

Now, let us briefly recall the Hopf fibration in order to generate

some examples of orbifold Riemannian submersions. Consider the sphere

S2n+1 in Cn+1 centered at the origin, and let z be the unit outward nor-

mal. Let J be the natural almost complex structure. Then Jz defines an
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integral distribution on S2n+1 with totally geodesic leaves. Identifying

the leaves as points, one obtains the complex projective space CPn. The

horizontal distribution can be taken to be the orthogonal complement

to Jz in the tangent bundle TS2n+1, and one can turn this into a Rie-

mannian submersion, known as the Hopf fibration h : S2n+1 → CPn

with fibers given by great circles.

We explain this fibration with some detail for n = 1. The unit sphere

Sk is given the standard metric gk of constant sectional curvature +1.

We regard S3 ⊂ C2 and S2⊂C⊕ R. The Hopf fibration H : S3 → S2 is

defined via the rule

H(z1, z2) = (2z1z̄2, |z1|2 − |z2|2).

It is not difficult to show that if two points (z1, z2) and (z3, z4) in the

sphere project to the same point, then there is an r ∈ S1 such that

(z1, z2) = r(z3, z4). Then the fibers are Hopf circles, that is, are orbits

of points of S3 under the S1 action (z, w) 7→ (eiθz, eiθw). The O’Neill

formulae [20] show that S2 is a half-radius sphere of constant sectional

curvature equal to 4. Hence H : (S3, g3)→ (S2,
1

4
g2) is a Riemannian

submersion.

Example 2.6. Let Z/nZ be the group of n roots of unity. Consider the

actions
ρ2 : Z/nZ× S2 −→ S2

(γ,w, t) 7−→ (γw, t)

and

ρ3 : Z/nZ× S3 −→ S3

(γ, z1, z2) 7−→ (γz1, z2).

These two actions (performing as isometries) turn S2/ρ2(Z/nZ) and

S3/ρ3(Z/nZ) into Riemannian orbifolds. Moreover, as the group ac-

tions are compatible with the Hopf fibration H, one obtains the following

commutative diagram:
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S3 π3−−−−→ S3/ρ3(Z/nZ)
yH

yH̃
S2 π2−−−−→ S2/ρ2(Z/nZ).

(2.3)

Here the induced Hopf map H̃ is the Riemannian orbifold submersion.

Example 2.7. In a similar fashion, one can define different actions with

different orbifold structures. For instance, consider p, q ∈ Z such that

gcd(p, q) = 1, and let n = pq. Let a, b be integers subject to ap− bq = 1.

Here we do not modify the action ρ2 of Z/nZ on S2 given in the previous

example. However, this time the action ρ3 of Z/nZ on S3 is taken to be

(γ, z1, z2) 7→ (γapz1, γ
bqz2).

It is clear that these actions are compatible with the Hopf map, and we

obtain a commutative diagram similar to Diagram (2.3). Please do not

overlook the following interesting fact: the isotropy groups are different

over different components of the singular set. For instance, if one consid-

ers the north pole (0, 1) and the south pole (0,−1) of S2, it follows that

the action of Z/nZ on H−1((0, 1)) = (z1, 0) and H−1((0,−1)) = (0, z2) is

not faithful. The isotropy groups are Z/qZ and Z/pZ. This construction

is going to be revisited from another point of view in Section 3.

To conclude this section, we state a theorem due to Molino [23]

for foliations with compact leaves. The setup of this theorem is the

prototype of Riemannian orbifold submersion that will be used in the

sequel.

Theorem 2.8. Let M be a manifold with a p-dimensional Riemannian

foliation F with compact leaves. Then the space of leaves M/F admits

the structure of an orbifold of codimension p. Moreover, the canonical

projection π : M →M/F is an orbifold Riemannian submersion. �
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3. Projective Kähler orbifolds

It is well known that a complex manifold (M,J) always admits a Her-

mitian metric h that can be written as

h = g − iω,

where g is a Riemannian metric and ω is a 2-form called the Kähler

form which is of type (1, 1) for the almost complex structure J (as follows

from the invariance of h under J). If, in addition, we have dω = 0, then

we say that the manifold is Kähler and that g is a Kähler metric.

Sometimes, by abuse of language, one even says that ω is a Kähler

metric. There are several characterizations of Kähler metrics: see [35]

for a thorough treatment on the matter. From Remark 2.1 (see also [7]),

these notions carry over easily to the level of orbifolds.

Formally, a positive line orbibundle over a compact orbifold

X is a holomorphic orbibundle that carries a Hermitian metric whose

associated curvature form Ω with respect to the Hermitian connection

is positive, or in other words, i
2πΩ is a closed Kähler form. One can

reinterpret this stiffness of style by saying that certain power L⊗ν of this

line orbibundle is a positive line bundle on X in the usual sense (ν is

just the least common multiple of the orders of the isotropy groups). Of

course, this is equivalent to saying that L⊗ν admits enough holomorphic

sections to provide an embedding of X into some complex projective

space. This colloquialism is adopted –or tolerated– due to the following

version of Kodaira’s embedding theorem as proven by Baily [1].

Theorem 3.1. Let X be a compact complex orbifold that admits a pos-

itive orbibundle. Then X is a projective algebraic variety. �

Remark 3.2. At the level of cohomology, line orbibundles on X can

be considered as rational elements and, as such, line orbibundles lie in

H2(X,Q).

Pro Mathematica, 28, 56 (2014), 81-117 89



Jaime Cuadros Valle

An interesting family of examples of projective Kähler orbifolds is

given by weighted projective spaces and weighted complete intersections.

Let us consider an affine variety V ' Cn. As a vector space, the

grading of V =
⊕

k V
k is equivalent to saying that V is endowed with a

C∗-action acting on the eigen-spaces (or weight-spaces) V k with weight

k. This is equivalent to a Z-grading of the coordinate ring C[V ] (in this

case a Z-grading of the ring of polynomials C[x1, . . . xn]).

The weights are taken to be strictly positive. Afterwards, one con-

siders the quotient

P(V ) = (V \{0})/C∗.
This space, usually denoted CP(w0, . . . , wn), is called the weighted pro-

jective space. Here we have n = dimC V, and the wk are the weights.

It is always assumed gcd(w0, . . . , wn) = 1.

Let xj , for j = 1, . . . , n, be coordinates on V such that xj has weight

wj . Then CP(w0, . . . , wn) is covered by charts

ρ : {xj = 1} ' Cn−1 −→ CP(w0, . . . , wn).

The wj-th roots of unity in C∗ act trivially on the xj coordinate and

hence preserve the slice Cn−1 displayed above. The map ρ is the quotient

by Z/wjZ ⊂ C∗, explicitly given by (xl) 7→ (exp(2πiwl/wj)xl).

The orbifold points of CP(w0, . . . , wn) are determined on each stra-

tum. For instance, each vertex Pi = [0, . . . , 1, . . . , 0] is of type

1

wi
(w1, . . . , ŵi, . . . , wn).

The general points along the line PiPj are orbifold points of type

1

gcd(wi, wj)
(w1, . . . , ŵi, . . . , ŵj , . . . , wn),

with similar orbifold types for higher dimensional strata. We will always

assume that di = gcd(w0, . . . , wi−1, wi+1, . . . , wn) equals 1 for all i =

0, . . . , n. This assumption will exclude the case where the singularities

have codimension 1.
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As in the smooth case, the tautological line orbibundleOP(V )
(−1)

over the weighted projective space is the orbibundle over CP(w0, . . . , wn)

whose fiber over [v] is the union of the orbit C∗.v and 0 ∈ V . The struc-

ture of vector space is given as follows: any two elements on the fiber

O
[v]

(−1) can be written ui = ti.v for ti ∈ C, i = 1, 2, so the linear struc-

ture is defined via au1+bu2 = (at1+bt2).v. However, this linear structure

is not necessarily the one arising from the vector space structure of V,

and hence in general O
[v]

(−1) ⊂ V is not a linear subspace.

By definition, weighted projective spaces are projective and hence

admit (orbifold) Kähler metrics. One can argue in a similar way as it

is done for the smooth case: since the dual OP(V )
(1) of the tautologi-

cal line orbibundle ends up being ample, the Kähler metric, associated

to it, is the curvature associated to the hermitian metric on OP(V )
(1).

The interested reader can find many details on this type of metric in

[28] for instance (where the authors even allowed the orbifolds to have

singularities of codimension 1).

A polynomial f ∈ C[z0, . . . zn] is a weighted homogeneous poly-

nomial of degree d and weight w = (w0, . . . wn) ∈ Zn+1 if for any

λ ∈ C∗ we have

f(λz) = f(λw0z0, . . . , λ
wnzn) = λdf(z0, z1, . . . , zn) = λdf(z).

The space of weighted homogeneous polynomials of degree d is a λd-

eigenspace of the induced C∗(w)-action on C[z0, . . . zn]. A weighted

hypersurface Xf is the zero locus in CP(w) of a single weighted homo-

geneous polynomial f . A weighted variety is called a weighted com-

plete intersection if the number of polynomials in the collection equals

the codimension of X. We denote by Xd ⊂ CP(w) the weighted hyper-

surface of degree d and by Xd1,...,dc ⊂ CP(w) the weighted complete

intersection of multidegree di (here c denotes the codimension of the va-

riety). We say that the weighted variety is quasi-smooth if its affine

cone is smooth outside the origin 0. Under the quasi-smoothness hy-

pothesis, it is not difficult to see that the orbifold structure on CP(w)
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induces a locally cyclic orbifold structure on Xd1,...,dc . Clearly, the re-

sulting orbifolds are of Kähler type.

For example, let x, y, z, u and w be the homogeneous coordinates

on CP(1, 1, 1, 2, 2) of weights 1, 1, 1, 2 and 2 respectively. Let f = x3 +

y3 + z3 + ux + wy and g = x4 + y4 + z4 + u2 + w2 be polynomials of

homogeneous degree 3 and 4 respectively. Then the intersection locus of

f and g defines an orbifold X
3,4
⊂ CP(1, 1, 1, 2, 2) with only two 2 cyclic

singularities, both modeled on C2/(Z/2Z).

Now we discuss one of many incarnations of the Hopf map: locally

free actions on odd spheres. First, let us consider the lowest possible

dimension, say S3 = {(z0, z1) ∈ C2 : |z0|2 + |z1|2 = 1}. This time we

reinterpret the Hopf map in terms of the vector field ξ on C2 given by

ξ = i

(
w0z0

∂

∂z0
+ w1z1

∂

∂z1

)
,

where w0, w1 are non-zero real numbers such that quotient w1/w0 is

rational. Restricted to S3 this vector field is everywhere tangent to S3

and defines a nowhere vanishing vector field on S3. Hence ξ generates a

1-dimensional foliation Fξ on the sphere, and this time the associated

action is given by the rule

(z0, z1) 7→ (e2πiw0tz0, e
2πiw1tz1).

We will assume that w0, w1 are coprime positive integers (were it not

the case, we reparametrize and use complex conjugation if necessary to

achieve this assumption). Hence, the leaves of this foliation are all circles.

According to Theorem 2.8, the space of leaves S3/Fξ is an orbifold:

the weighted projective space CP(w0, w1). We also obtain an orbifold

Riemannian submersion

π : (S3, ḡw)→ (CP(w0, w1), gw).

Here the metric ḡw on the sphere is of Sasaki type (see [9]), thus, the

metric determines a contact distribution D ⊂ TS3 that admits an inte-
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grable CR-structure (this structure is inherited from the standard com-

plex structure on C2). Furthermore, ḡw defines a Kähler orbifold metric

gw on the weighed projective space.

Of course, one can generalize this procedure to higher dimensions

in exactly the same way, and one obtains an orbifold Riemannian sub-

mersion from the sphere to the weighted projective space

π : (S2n+1, ḡw)→ (CP(w), gw), (3.1)

for w = (w0, . . . wn) positive integers satisfying the expected condition:

gcd(w0, . . . wn) = 1. In recent years, fibrations of this type have been

used to establish, due to the intimate relationship between Kähler struc-

tures on weighted projective spaces and Sasakian structures on the cor-

responding total space, existence of Einstein metrics on exotic spheres

(see [7] and the references therein). Let us see how to extend this corre-

spondence to weighted complete intersections.

The notion of links of hypersurface singularities was introduced by

Milnor in [22]. In [12], Hamm generalized this idea to complete inter-

sections: they are defined as a p-tuple of linearly independent weighted

homogeneous polynomials f = (f1, . . . , fp) ∈ (C[z0, . . . , zn])p of degrees

d1, . . . , dp respectively, and weight vector w. Consider the weighted

affine cone Cf = {(z0, . . . , zn) ∈ Cn+1| f(z0, . . . , zn) = 0}, which has

dimension n+ 1− p. Let us assume that the origin in Cn+1 is the only

singularity, and it is isolated. Then we define the link

Lf = Cf ∩ S2n+1,

which is smooth, of real dimension 2(n−p)+1, and (n−p−1)-connected

(cf. [12, 19]).

It is clear that the link admits a locally free S1-action inherited from

the weighted circle action on the sphere S2n+1. Furthermore, the Rie-

mannian submersion given in Equation (3.1) endows Lf with a Sasakian
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structure. Thus, one obtains the commutative diagram

Lf −−−−−−−→ S2n+1

yπ
y

Zf −−−−−−−→ CP(w),

(3.2)

where the horizontal arrows are Sasakian and Kählerian embeddings,

respectively, while π : Lf → Zf is an orbifold Riemannian submersion,

and the algebraic variety Zf is a weighted complete intersection in CP(w)

(see [5] for a proof of this result).

Of course, the S1-actions with the qualities described above are

the associated actions coming from the proper analytic actions of C∗

on the associated weighted affine cone Cf to Zf . It is well known that

these actions are determined by the Picard group of the variety Zf . In

this case, the action is induced by the natural action of the transition

functions of the line orbibundle on the trivializations (see [26] and [18]

for generalizations of this procedure in an algebro-geometric setting). In

that direction, Boyer and Galicki showed an interesting result (cf. [9]),

of which we present a simplified version good enough for our purposes.

Theorem 3.3. Let (Z, ω) be a polarized Kähler orbifold with rational

Kähler form ω, that is, such that [ω] ∈ H2(Z,Q). Then the associ-

ated principal S1-orbibundle π : M
[ω]
−→ Z defined by [ω] determines

a Sasakian structure on the total space M[ω]. The curvature two-form

on M[ω] is given by the pullback π∗ω of the Kähler form defining this

fibration. Moreover, if the orbifold is locally cyclic (that is, if it has an

orbifold atlas all of whose local uniformizing groups are cyclic groups)

then M is a manifold. �

4. K3 orbifolds and S1-orbibundles

In this section we briefly describe certain results in [10] on circle or-

bibundles over K3 surfaces. In particular, we discuss the associated
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Sasakian metrics on the total space of this bundles coming from pull-

backs of orbifold Ricci-flat metrics on the K3 surface. We also give an

explicit description of the Kähler cone for a K3 surface of low rank. This

calculation will come handy for the last section.

First, we present some facts about K3 surfaces (see [3] or [30] for

proofs of the results stated here). A K3 surface X is a compact Kähler

surface with only du Val singularities such that H1(X,Ox) = 0 and

whose dualizing sheaf ωX is trivial in the sense that it satisfies ωX = OX .
If X is a K3 surface and ρ : X̃ → X is a minimal resolution, then

ρ induces an isomorphism between H1(X,O) and H1(X̃,OX̃), and also

satisfies ωX̃ = ρ∗ωX = OX̃ . So X̃ turns out to be a smooth K3 surface.

Non-singular rational curves on a K3 surface X can be blown down

to yield rational double points. On the other hand, under resolution of

singularities, a rational singularity determines an exceptional locus con-

sisting of smooth rational curves that intersect transversally. In terms

of intersection theory, the arrangement of the curves can be viewed

as a configuration of a Dynkin diagram of one of the following types:

An, Dn, E6, E7, E8.

An important feature of smooth K3 surfaces is that any smooth

curve C is rational if and only if it satisfies C.C = −2 (this follows

from a direct application of the adjunction formula). Moreover, any

irreducible curve on a smooth K3 surface has self-intersection 0 (mod 2).

If X is non-singular, the dualizing sheaf becomes the line bundle

associated to the canonical divisor KX . In that case H2(X,Z) is torsion

free of rank b2(X) = 22. By means of the intersection form, H2(X,Z)

is endowed with the structure of a lattice LΛ which is isomorphic to

−E8 ⊕ −E8 ⊕ H ⊕ H ⊕ H. Here and for future reference H is the

indefinite rank 2 lattice with intersection

(
0 1

1 0

)
and −E8 is the

root-lattice associated to the Dynkin diagram E8, which is even, uni-

modular and negative definite. It follows from Poincaré duality that

in H2(X,Z) the cup-product is even, unimodular, and indefinite with

signature (b2+, b
2
−) = (3, 19).
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Consider the exact sequence

H1(X,OX) −→ H1(X,OX∗) = Pic(X)
c1−→ H2(X,Z) (4.1)

induced by the exponential sequence

0 −→ Z −→ OX −→ OX∗ −→ 0.

From Lefschetz (1, 1)-theorem and H1(X,OX) = 0, the map c1 sends

isomorphically Pic(X) onto the Picard lattice H1,1(X) ∩H2(X,Z). We

will denote by ρ the rank of the Picard lattice. From the Hodge index

theorem, the signature of Pic(X) equals (1, ρ− 1).

Example 4.1. A Kummer surface is defined as the minimal resolution

S of the 16 singularities of type A1 of Z/ι, the quotient of a complex

torus Z of dimension 2 by an involution ι on Z which is induced by

multiplication by −1 on C2. The quotient Z/ι is simply-connected and

Hk(Z/ι,C) is the ι-invariant part of Hk(Z,C). Thus, the second Betti

number b2(Z/ι) equals 3. The blow-up replaces each singular point with

a copy of CP1 with self-intersection −2. This leaves π1 and b2+ invari-

ant but adds 1 to b2− for each of the 16 singular points. Hence S is

simply-connected with signature (3, 19). Thus S is a smooth K3 surface.

Notice that Kummer surfaces are not necessarily projective, however,

they admit Kähler metrics: Siu (cf. [32]) showed that every K3 surface

is Kähler.

Example 4.2. Consider the Fermat quartic

X4 = {[z0, . . . , z3] ∈ CP3 : z4
0 + z4

1 + z4
2 + z4

3 = 0}.

From the adjuntion formula, it follows that X4 has trivial canonical bun-

dle. From Lefschetz hyperplane theorem, X4 is connected and simply-

connected, hence H1(X4,O) = 0. Thus X4 is a smooth K3 surface.

Next, we consider a principal circle bundle Lf over X4. One can always

choose a line bundle on Pic(X4) such that Lf is simply-connected and

spin. From work of Smale on the classification of simply-connected 5-

dimensional spin manifolds (cf. [31]), one concludes Lf = 21#(S2×S3).
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It follows from Theorem 3.3 that Lf admits a Sasakian metric coming

from the corresponding Riemannian submersion. Here the correspond-

ing metric on X4 is of Calabi-Yau type, that is, a Ricci-flat Kähler

metric. Sasakian metrics satisfying this property are called null Sasaki-

η-Einstein metrics, and all of them have scalar curvature equal to −4

(see [8]).

Example 4.3. Weighted K3 surfaces of codimension one and

two. A classification of quasi-smooth weighted surface complete inter-

sections of codimension 1 and 2 was given by Reid [27] and Iano-Fletcher

[13]. All these surfaces are defined in terms of weighted affine cones

that are smooth outside the origin, fact that translates into the quasi-

smoothness of the corresponding weighted surface. Thanks to the ex-

tension of the adjunction formula to weighted surfaces given in [13], it is

straightforward to detect the members of these two families that end up

being K3 surfaces with at worst rational doble points (compare Tables

1 and 2). In [10] the results of the previous example are generalized to

these two lists where we established the existence of Sasakian metrics of

constant scalar curvatures on manifolds diffeomorphic to #k(S2 × S3),

where k is the second Betti number of the link, and k ranges from 3 to 21

inclusive. The projections of these metrics, via the Riemannian submer-

sions, on the corresponding weighted K3 surfaces are orbifold metrics of

Calabi-Yau type. Actually, in [10] is given a complete classification of

null Sasaki η-Einstein metrics in 5-manifolds. Here we present a simpli-

fied version of this theorem.

Theorem 4.4. Let π : L −→ X be a S1-orbibudle with L a smooth

simply-connected 5-manifold and let X be a Calabi-Yau orbifold. Then

L admits a null Sasaki η-Einstein structure if L is diffeomorphic to

#k(S2 × S3) for 3 6 k 6 21. �

Next, we will calculate the space of Kähler classes of a particular

non-singular K3 surface. It will be useful to review the description of

the Kähler cone for a smooth K3 surface.

Recall that in a compact complex manifold (X, J) admitting a Kähler
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metric g, the Kähler form ω of g defines a de Rham cohomology class

[ω] ∈ H2(X,R), called the Kähler class of g. Since ω is also a (1, 1)-

form, [ω] lies in the intersection of H1,1(X,C) with H2(X,R). The

Kähler cone of X is the set of Kähler classes of X.

On a smooth K3 surface X, the description of the Kähler cone can

be made more precise. Let us consider the set

C = {x ∈ Pic(X)⊗ R with x.x > 0}.

Due to the signature (1, ρ−1) of the Picard lattice, the condition x.x > 0

determines two disjoint connected cones C+ and C−, and since the Kähler

classes form a convex subcone of C+∪C−, they all belong to one of them,

say C+. The Kähler cone of a K3 (cf. [3] or [30]) is the convex subcone

of C+ given by

K(X) = {y ∈ C+ : y.d > 0 for all d ∈ ∆},

where ∆ = {d ∈ Pic(X) : d.d = −2 and d effective}.
As an example consider number 2 in Table 1: X5 ⊂ CP(1, 1, 1, 2).

This weighted K3 surface has only one cyclic singularity, of type A1.

The surface X5 can be given by different polynomials, f1(x, y, z, w) =

x4+y4+z4+w2, f2(x, y, z, w) = x2y2+y2w+z4, f3(x, y, z, w) = xyx+z4,

etcetera. Nevertheless, in [2] it is shown that one can find a polynomial

f such that the orbifold Picard group Pic(X)⊗Q of any weighted K3

surface of Table 1 has rank one. We will assume this type of polynomial

as the one defining X5. (Notice that the second Betti number of the link,

and therefore the number of connected sums of S2 × S3, is only deter-

mined by the type of singularities and not by how many elements in the

orbifold Picard group one started with.) After resolving the singularity

one obtains a smooth K3 surface with quadratic form determined by

the hyperplane bundle and the exceptional divisor arising from A1. This

quadratic form is represented by the matrix D =

(
2 1

1 −2

)
.

Let us determine the set of effective classes of (−2)-curves, that is,
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the set ∆. It is given by integral solutions of the equation

2x2 + 2xy − 2y2 = −2,

which is equivalent to

(x− ρy)(x− ρ̄y) = −1,

with ρ =
−1 +

√
5

2
. Hence, one obtains

∆ = {v ∈ Z[ρ] |vv̄ = −1}.

It is not difficult to see that the solutions are generated by odd powers of

α =
(

1+
√

5
2

)
and ᾱ =

(
1−
√

5
2

)
. These two numbers satisfy the relation

α3 = 3α + ᾱ. One obtains, by induction, α2k+1 = aα + bᾱ with a, b

positive integers. Since the point (0, 1) satisfies the relation given above,

owing to ᾱ = 1 − α, the point (1,−1) is also a solution of this last

equation. It is clear then that the Kähler cone of X̃5 is given by

K(X̃5) = {(x, y) : x− 2y > 0 and x+ 3y > 0}.

5. Duality in connected sums of S2 × S3

In this section we explain certain duality between k connected sums of

S2 × S3 for k an integer ranging from 3 to 21. This correspondence

comes into sight if one prescribes the Riemannian structure on these 5-

manifolds. They will be given in terms of a map which can be thought

of as a transversely birational mapping. The aforementioned duality is a

consequence of considering the transverse space, in general a K3 orbifold,

as a smooth K3 surface with fixed exceptional lattice.

First, let us recall some notions from algebraic geometry. (See e.g.,

[17], for details).

Let X be a complex surface with a holomorphic line bundle L. What

follows can be presented in more generality, the interested reader should

consult [17].
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Let us denote by H0(X,L) the vector space of holomorphic sections

of L over X, which is known to be finite dimensional over C, of dimension

` + 1, say. Let us denote by |L| the complete linear system of L. The

base locus Bs(|L|) ⊂ X of |L| is the set of points at which all sections

of H0(X,L) vanish. One says that |L| is free or base point-free (or

simply that L is globally generated) if its base locus is empty. This is

equivalent to obtaining, for each x ∈ X, a section s ∈ H0(X,L) subject

to s(x) 6= 0.

Let us choose a basis s0, . . . , s` for H0(X,L). Then one has a natural

map

ϕ|L| : X −Bs(|L|) −→ PH0(X,L)

with rule ϕ|L|(x) = [s0(x), . . . , s`(x)]. It is costumary to ignore the base

locus and construe ϕ|L| as a rational mapping ϕ|L| : X 99K PH0(X,L).

When L is globally generated one obtains a globally defined morphism

ϕ|L| : X −→ PH0(X,L).

This map is finite, or equivalently satisfies L.C > 0 for any irreducible

curve C in X, if and only if L is ample. A line bundle is big if the map

ϕ|mL| : X 99K PH0(X,L⊗m)

is birational onto its image for some m. In this situation L is not, in

general, globally generated. A divisor D is numerically effective (or

nef for short) if it satisfies D.C > 0 for any irreducible curve C ∈ X.

The notion of amplitud (or ampleness) can also be given numerically:

a line bundle L on a smooth surface is ample if and only if satisfies

c1(L)2 > 0 and L.D > 0 for every effective divisor on the surface. This

characterization is known as Nakai’s criterion (cf. [3, Corollary 5.4]).

Now, we explain the duality or correspondence between two suppos-

edly different S1-Seifert bundles. We will always consider elements Xw

of one of the two familes of quasi-smooth K3 surfaces depicted in Tables

1 and 2.
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Let X̃ be the minimal resolution f : X̃ → Xw. By Theorem 4.5,

one has for (Xw, [ω]), as a (polarized) projective orbifold, an associated

S1-orbibundle

π1 : (b2(Xw)− 1)#(S2 × S3)→ Xw

defined by [ω]. On the other hand, recall (Section 4) that the res-

olution X̃ is a smooth projective K3 surface, and then, as a conse-

quence of Kodaira’s embedding theorem, admits an integral Kähler class

[ωX̃ ] ∈ H2(X̃,Z) associated to certain ample line bundle A on X̃ sub-

ject to c1(A) = [ωX̃ ]. Again, we appeal to Theorem 4.5 to conclude

the existence of a 5-manifold diffeomorphic, this time, to 21#(S2 × S3).

As we mentioned previously, it is important to bear in mind that both

(b2(Xw)− 1)#(S2 × S3) and 21#(S2 × S3) have scalar curvature −4.

Now let us denote by L1 the pullback, via f , of L, where c1(L) = [ω]

with L a positive orbibundle (or ample in the orbifold sense). Notice

that L1 is a big and nef line bundle (almost by definition) that cannot

be ample, otherwise the null locus Null(L1) of L1, that is, the set of

divisors D such that L1.D = 0, ends up consisting of the exceptional

divisors, contradicting Nakai’s criterion for ampleness.

We would rather reinterpret the previous paragraph at the level of

Kähler classes. Notice that the pullback f∗[ω] of [ω] lies on the boundary

∂K(X̃) of the Kähler cone of X̃. From the discussion given above, it

follows that the orbifold Riemannian submersion

π1 : (b2(Xw)− 1)#(S2 × S3)→ (Xw, [ω])

induces a natural map

π̃1 : (b2(Xw)− 1)#(S2 × S3)→ (X̃\∆, f∗[ω]),

where ∆ denotes de exceptional divisor coming from the resolution of

the orbifold. Of course, at the level of the total spaces one obtains the

map

f̂ : 21#(S2 × S3) −→ (b2(Xw)− 1)#(S2 × S3).
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As an example, consider number 2 in Table 1: X5 ⊂ P(1, 1, 1, 2)

with singularity A1 and Picard number 1. In [10], it is proven that the

corresponding S1-Seifert bundle is diffeomorphic to 20#(S2 × S3).

In the previous section we computed the Kähler cone of the resolu-

tion X̃5 of X5, which is given by the set

K(X̃5) = {(x, y) : x− 2y > 0 and x+ 3y > 0}.

Observe that a big and nef class that is not ample lies on the boundary of

the Kähler cone, that is, in one of the lines x−2y = 0 or x+3y = 0. From

the previous analysis, it is known that at least there is one element that

corresponds to an ample class that is integral, in the orbifold sense, inX5,

and the duality between 21#(S2×S3) and 20#(S2×S3) shows up when

an integral class insideK(X̃5) is related to a class in the boundary, that is,

a class lying on either the line x−2y = 0 or the line x+3y = 0. Actually,

it is always possible to find an element that provides this duality. We

explain this in the next paragraph.

Even though it may no be true that a big and nef line bundle

L comes from the pullback of a Hodge orbifold class, in [33], Tosatti

showed that this is always the case for projective smooth K3 surfaces:

it is enough to apply the basepoint free theorem (see [14, Theorem 6.1])

together with the fact that one is dealing with a Calabi-Yau manifold to

conclude that mL is globally generated for m sufficiently large. Thus,

any irreducible D ∈Null(L) has negative self-intersection (this follows

from the Hodge index theorem, since we obtain (mL)2 > 0). As we men-

tioned before, in a smooth K3 surface, self-intersections are even, and

since D2 > −2 (see [3, Chapter VIII, Proposition 3.6]) then D2 = −2.

By the adjuntion formula one concludes that D is a smooth rational

curve. Then the map ϕ|mL| contracts D to a rational double point while

X contracts to a projective K3 orbifold with ample line bundle L1 (in

the orbifold sense) and one can assume that its pullback is mL. So,

in general, pulling-back an ample class is not enough, as also “sliding”

along the boundary may be necessary. The m under discussion is noth-

ing more than the least common denominator of the orders of the cyclic
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K(X̃5)��
��

��
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��*

∂K(X̃5)
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rω
X̃

6

��*rf∗ω
X̃

rmf∗ω
X̃

Figure 1: The Kähler cone of X̃5: even if f∗ω does not provide the ∂-duality,

a multiple mf∗ω
X̃

will achieve this goal.

singularities one encounters in the orbifold, so there is a globally defined

line bundle on the orbifold. In the example given above m = 2 will suf-

fice. For X24,30 ⊂ CP(8, 9, 10, 12, 15), number 84 in Table 2, it is enough

to take m = 180.

Since a link is the boundary of a Milnor fiber, we will refer to this

duality as ∂-duality. Let us put the discussion given above in theorem

form.

Theorem 5.1. There is ∂-duality, in the sense explained above, between

k connected sums of S2 × S3 for any k ∈ {3, . . . 20} and 21#(S2 × S3).

The following diagram summarizes the relations among these maps

(b2(Xw)− 1)#(S2 × S3)

π̃1

��

π1

uu

21#(S2 × S3)

π0

��

f̂
oo

(Xw, [ω]) (X̃\∆, f∗[ω])oo (X̃, [ωX̃ ]).oo

f

kk
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Thus, the duality occurs when one considers simultaneously the integral

class [ωX̃ ] in the Kähler cone K(X̃) and a class lying on the closure of

the Kähler cone that is big but not ample, i.e., a class [ω∂ ] ∈ K(X̃)\K(X̃)

that we must take equal to f∗[ω]. �

A natural question will be whether one can extend this ∂-duality

among k connected sums of S2 × S3 with 3 6 k 6 20. We con-

sider a projective smooth K3 surface X with enough smooth rational

curves that intersect each other transversally (this type of K3 surface

always can be found, e.g., the Fermat quartic). Let us choose a subset

C = {C1, . . . , Cs, . . . , Cl} of rational curves with this sort of intersection.

We will perform two blow-downs, the first one contracting all the curves

of C, and the other one contracting only l− s curves from C. These con-

tractions manufacture two different K3 orbifolds Xw1 and Xw2 , which

are projective and hence admit ample line orbibundles L1 and L2, re-

spectively. With abuse of notation, we will denote also by L1 and L2 the

corresponding pullbacks of these two line orbibundles. These two line

bundles end up being big and nef on X, so both are globally generated

with corresponding maps

ϕ|L1|
: X → PH0(X,L1) and ϕ|L2|

: X → PH0(X,L2).

If one pursues ∂-duality on the corresponding links, the null spaces of

these line bundles must satisfy Null(L1) = ∆ = ∪li=1Di and Null(L2) =

∆\∪si=1 Di. Here each Di denotes disjoint components of the base locus

∆.

This is not necessarily the case in general. Take for instance X7 ⊂
P(1, 1, 2, 3), number 5 in Table 1, with singularities A1, A2. Here the

minimal resolution X has null space Null(L1) = D1∪D2, where D1 is just

the rational curve created when the singularity of type A1 is resolved and

D2 consists of the union of two smooth rational curves E1 and E2 with

E1.E2 = 1, created when the singularity of type A2 is resolved. Then the

existence of duality between the link 18#(S2×S3) associated to L1 and

some other connected sum of S2 × S3 (with k 6= 0) forces the existence
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of another big and nef line bundle L2 satisfying Null(L2) = D1 (in this

case our choice for the ∂-dual is 20#(S2 × S3), the other possibility

is taking Null(L2) = D2 with ∂-dual 19#(S2 × S3), but the argument

works identically). Thus, condition L2.D2 > 0 is necessary, otherwise

the map ϕ|L2|
: X → PH0(X,L2) will contract D2 to a point and hence

D2 would belong to the null locus of L2.

In general, in order to have duality one needs to verify the condition

L2. ∪si=1 Di > 0. (5.1)

With the notation from the last two paragraphs, we have the fol-

lowing result.

Theorem 5.2. Let Xw1 and Xw2 two K3 orbifolds from either Table 1

or 2. Let K1 = (21 − l)#(S2 × S3) and K2 = (21 − l + s)#(S2 × S3)

be the corresponding links determined by the line orbibundles L1 and L2

as explained in the previous paragraphs. Then K1 is ∂-dual to K2 if and

only if the condition stated on (5.1) is satisfied. �

Let us interpret this result at the level of metrics. When one con-

siders two classes, first an integral class inside the Kähler cone and then

another big and nef class, both in the same smooth K3 surface, the first

one has a corresponding Ricci-flat metric on the K3 surface (the cele-

brated Yau’s theorem), while the second one gives rise to a Ricci-flat

orbifold metric on the orbifold, obtained from contracting the rational

curves belonging to the null space of this big and nef class (see [15]).

Moreover, in [16] (see also [33] for a more general statement) it is shown

that this metric is smooth Ricci-flat on X\E, with E the correspond-

ing set of exceptional divisors, object that can be extended to a closed

positive current on the whole K3 surface. The translation of this fact

to the corresponding five dimensional Seifert bundle is the existence of

one smooth null Sasaki η-Einstein metric on 21#(S2 × S3) (with scalar

curvature equal to −4) and a pseudometric on 21#(S2 × S3) that de-

generates into l copies of S2 × S3 (of course, here l corresponds in a

natural way to the number of linearly independent rational curves that
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determine the null space of the big and nef class). The last metric turns

into a smooth null Sasaki η-Einstein metric on (21− l)#(S2 × S3) also

with constant scalar curvature equal −4.

Remark 5.3. From the previous paragraph, it would be tempting to

conclude that all manifolds diffeomorphic to 21#(S2×S3) admit a met-

ric with scalar curvature −4 collapsing on l connected sums of S2 × S3

for every 0 6 l 6 18; however this is not the case. As indicated before,

the ∂-duality is determined by the map f̂ which exists only in the trans-

versely birational sense, that is, only on the space of leaves determined

by the action of S1. Indeed, one cannot use this correspondence to state

that the two null Sasakian metrics in display (both with constant scalar

curvature −4) can be considered to exist in the same ambient space,

that is, in the same differential structure. Actually, the open neighbor-

hood Vf−1(x) of f−1(x) is not necessarily diffeomorphic to the open set

Ũx ⊂ C2 coming from the local orbifold chart Ũx/Γx (with uniformizing

group Γx). In fact, Vf−1(x) is diffeomorphic to the corresponding Milnor

fiber (see [11, page 148] ). Whether there exists a natural differential

geometric minimal model that contains these two seemingly unrelated

Riemannian structures and, therefore, a common place where one can

consider both metrics as defining a unique metric on this model amounts

to establish a more precise partnership between the minimal resolution

of a K3 surface and the link of its affine cone. The existence of a mini-

mal model for S1-Seifert bundles and its possible applications is part of

a joint work in progress with R. Gonzales.

106 Pro Mathematica, 28, 56 (2014), 81-117



Duality on 5-dimensional S1-Seifert bundles

Xw singularities b2(Xw)

No.1 X4 ⊂ P(1, 1, 1, 1) 22

No.2 X5 ⊂ P(1, 1, 1, 2) A1 21

No.3 X6 ⊂ P(1, 1, 1, 3) 22

No.4 X6 ⊂ P(1, 1, 2, 2) 3×A1 19

No.5 X7 ⊂ P(1, 1, 2, 3) A1, A2 19

No.6 X8 ⊂ P(1, 1, 2, 4) 2×A1 20

No.7 X8 ⊂ P(1, 2, 2, 3) 4×A1, A2 16

No.8 X9 ⊂ P(1, 1, 3, 4) A3 19

No.9 X9 ⊂ P(1, 2, 3, 3) A1, 3×A2 15

No.10 X10 ⊂ P(1, 1, 3, 5) A2 20

No.11 X10 ⊂ P(1, 2, 2, 5) 5×A1 17

No.12 X10 ⊂ P(1, 2, 3, 4) 2×A1, A2, A3 15

No.13 X11 ⊂ P(1, 2, 3, 5) A1, A2, A5 15

No.14 X12 ⊂ P(1, 1, 4, 6) A1 21

No.15 X12 ⊂ P(1, 2, 3, 6) 2×A1, 2×A2 14

No.16 X12 ⊂ P(1, 2, 4, 5) 3×A1, A4 15

No.17 X12 ⊂ P(1, 3, 4, 4) 3×A3 13

No.18 X12 ⊂ P(2, 2, 3, 5) 6×A1, A4 12

No.19 X12 ⊂ P(2, 3, 3, 4) 3×A1, 4×A2 11

No.20 X13 ⊂ P(1, 3, 4, 5) A2, A3, A4 13

No.21 X14 ⊂ P(1, 2, 4, 7) 3×A1, A3 16

No.22 X14 ⊂ P(2, 2, 3, 7) 7×A1, A2 13

No.23 X14 ⊂ P(2, 3, 4, 5) 3×A1, A2, A3, A4 10

No.24 X15 ⊂ P(1, 2, 5, 7) A1, A6 15

No.25 X15 ⊂ P(1, 3, 4, 7) A3, A6 13

No.26 X15 ⊂ P(1, 3, 5, 6) 2×A2, A5 13

No.27 X15 ⊂ P(2, 3, 5, 5) A1, 3×A4 9

No.28 X15 ⊂ P(3, 3, 4, 5) 5×A2, A3 9

No.29 X16 ⊂ P(1, 2, 5, 8) 2×A1, A4 16

Table 1. Reid’s List of 95 Codimension 1 Weighted K3 Surfaces.
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Xw singularities b2(Xw)

No.30 X16 ⊂ P(1, 3, 4, 8) A2, 2×A3 14

No.31 X16 ⊂ P(1, 4, 5, 6) A1, A4, A5 12

No.32 X16 ⊂ P(2, 3, 4, 7) 4×A1, A2, A6 10

No.33 X17 ⊂ P(2, 3, 5, 7) A1, A2, A4, A6 9

No.34 X18 ⊂ P(1, 2, 6, 9) 3×A1, A2 15

No.35 X18 ⊂ P(1, 3, 5, 9) 2×A2, A4 14

No.36 X18 ⊂ P(1, 4, 6, 7) A3, A1, A6 12

No.37 X18 ⊂ P(2, 3, 4, 9) 4×A1, 2×A2, A3 11

No.38 X18 ⊂ P(2, 3, 5, 8) 2×A1, A4, A7 9

No.39 X18 ⊂ P(3, 4, 5, 6) 3×A2, A3, A1, A4 8

No.40 X19 ⊂ P(3, 4, 5, 7) A2, A3, A4, A6 7

No.41 X20 ⊂ P(1, 4, 5, 10) A1, 2×A4 13

No.42 X20 ⊂ P(2, 3, 5, 10) 2×A1, A2, 2×A4 10

No.43 X20 ⊂ P(2, 4, 5, 9) 5×A1, A8 9

No.44 X20 ⊂ P(2, 5, 6, 7) 3×A1, A5, A6 8

No.45 X20 ⊂ P(3, 4, 5, 8) A2, 2×A3, A7 7

No.46 X21 ⊂ P(1, 3, 7, 10) A9 13

No.47 X21 ⊂ P(1, 5, 7, 8) A4, A7 11

No.48 X21 ⊂ P(2, 3, 7, 9) A1, 2×A2, A8 9

No.49 X21 ⊂ P(3, 5, 6, 7) 3×A2, A4, A5 7

No.50 X22 ⊂ P(1, 3, 7, 11) A2, A6 14

No.51 X22 ⊂ P(1, 4, 6, 11) A3, A1, A5 13

No.52 X22 ⊂ P(2, 4, 5, 11) 5×A1, A3, A4 10

No.53 X24 ⊂ P(1, 3, 8, 12) 2×A2, A3 16

No.54 X24 ⊂ P(1, 6, 8, 9) A1, A2, A8 11

No.55 X24 ⊂ P(2, 3, 7, 12) 2×A1, 2×A2, A6 10

No.56 X24 ⊂ P(2, 3, 8, 11) 3×A1, A10 9

No.57 X24 ⊂ P(3, 4, 5, 12) 2×A2, 2×A3, A4 8

No.58 X24 ⊂ P(3, 4, 7, 10) A1, A6, A9 6

Table 1. Reid’s List of 95 Codimension 1 Weighted K3 Surfaces.
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Xw singularities b2(Xw)

No.59 X24 ⊂ P(3, 6, 7, 8) 4×A2, A1, A6 7

No.60 X24 ⊂ P(4, 5, 6, 9) 2×A1, A4, A2, A8 6

No.61 X25 ⊂ P(4, 5, 7, 9) A3, A6, A8 5

No.62 X26 ⊂ P(1, 5, 7, 13) A4, A6 12

No.63 X26 ⊂ P(2, 3, 8, 13) 3×A1, A2, A7 10

No.64 X26 ⊂ P(2, 5, 6, 13) 4×A1, A4, A5 9

No.65 X27 ⊂ P(2, 5, 9, 11) A1, A4, A10 7

No.66 X27 ⊂ P(5, 6, 7, 8) A4, A5, A2, A6 5

No.67 X28 ⊂ P(1, 4, 9, 14) A1, A8 13

No.68 X28 ⊂ P(3, 4, 7, 14) A2, A1, 2×A6 7

No.69 X28 ⊂ P(4, 6, 7, 11) 2×A1, A5, A10 5

No.70 X30 ⊂ P(1, 4, 10, 15) A3, A4, A1 14

No.71 X30 ⊂ P(1, 6, 8, 15) A1, A2, A7 12

No.72 X30 ⊂ P(2, 3, 10, 15) 3×A1, 2×A2, A4 6

No.73 X30 ⊂ P(2, 6, 7, 15) 5×A1, A2, A6 9

No.74 X30 ⊂ P(3, 4, 10, 13) A3, A1, A12 5

No.75 X30 ⊂ P(4, 5, 6, 15) A3, 2×A1, 2×A4, A2 7

No.76 X30 ⊂ P(5, 6, 8, 11) A1, A7, A10 4

No.77 X32 ⊂ P(2, 5, 9, 16) 2×A1, A4, A8 8

No.78 X32 ⊂ P(4, 5, 7, 16) 2×A3, A4, A6 6

No.79 X33 ⊂ P(3, 5, 11, 14) A4, A13 5

No.80 X34 ⊂ P(3, 4, 10, 17) A2, A3, A1, A9 7

No.81 X34 ⊂ P(4, 6, 7, 17) A3, 2×A1, A5, A6 6

No.82 X36 ⊂ P(1, 5, 12, 18) A4, A5 13

No.83 X36 ⊂ P(3, 4, 11, 18) 2×A2, A1, A10 7

No.84 X36 ⊂ P(7, 8, 9, 12) A6, A7, A3, A2 4

No.85 X38 ⊂ P(3, 5, 11, 19) A2, A4, A10 6

No.86 X38 ⊂ P(5, 6, 8, 19) A4, A5, A1, A7 5

No.87 X40 ⊂ P(5, 7, 8, 20) 2×A4, A6, A3 5

Table 1. Reid’s List of 95 Codimension 1 Weighted K3 Surfaces.
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Xw singularities b2(Xw)

No.86 X38 ⊂ P(5, 6, 8, 19) A4, A5, A1, A7 5

No.87 X40 ⊂ P(5, 7, 8, 20) 2×A4, A6, A3 5

No.88 X42 ⊂ P(1, 6, 14, 21) A1, A2, A6 13

No.89 X42 ⊂ P(2, 5, 14, 21) 3×A1, A4, A6 9

No.90 X42 ⊂ P(3, 4, 14, 21) 2×A2, A3, A1, A6 8

No.91 X44 ⊂ P(4, 5, 13, 22) A1, A4, A12 5

No.92 X48 ⊂ P(3, 5, 16, 24) 2×A2, A4, A7 7

No.93 X50 ⊂ P(7, 8, 10, 25) A6, A7, A1, A4 4

No.94 X54 ⊂ P(4, 5, 18, 27) A3, A1, A4, A8 6

No.95 X66 ⊂ P(5, 6, 22, 33) A4, A1, A2, A10 5

Table 1. Reid’s List of 95 Codimension 1 Weighted K3 Surfaces.

Xw singularities b2(Xw)

No.1 X2,3 ⊂ P(1, 1, 1, 1, 1) 22

No.2 X3,3 ⊂ P(1, 1, 1, 1, 2) A1 21

No.3 X3,4 ⊂ P(1, 1, 1, 2, 2) 2×A1 20

No.4 X4,4 ⊂ P(1, 1, 1, 2, 3) A2 20

No.5 X4,4 ⊂ P(1, 1, 2, 2, 2) 4×A1 18

No.6 X4,5 ⊂ P(1, 1, 2, 2, 3) 2×A1, A2 18

No.7 X4,6 ⊂ P(1, 1, 2, 3, 3) 2×A2 18

No.8 X4,6 ⊂ P(1, 2, 2, 2, 3) 6×A1 16

No.9 X5,6 ⊂ P(1, 1, 2, 3, 4) A1, A3 18

No.10 X5,6 ⊂ P(1, 2, 2, 3, 3) 3×A1, 2×A2 15

No.11 X6,6 ⊂ P(1, 1, 2, 3, 5) A4 18

No.12 X6,6 ⊂ P(1, 2, 2, 3, 4) 4×A1, A3 15

No.13 X6,6 ⊂ P(1, 2, 3, 3, 3) 4×A2 14

No.14 X6,6 ⊂ P(2, 2, 2, 3, 3) 9×A1 13

Table 2. Fletcher’s List of 84 Codimension 2 Weighted K3

surfaces.
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Xw singularities b2(Xw)

No.15 X6,7 ⊂ P(1, 2, 2, 3, 5) 3×A1, A4 15

No.16 X6,7 ⊂ P(1, 2, 3, 3, 4) A1, 2×A2, A3 14

No.17 X6,8 ⊂ P(1, 1, 3, 4, 5) A4 18

No.18 X6,8 ⊂ P(1, 2, 2, 3, 5) 2×A2, A4 14

No.19 X6,8 ⊂ P(1, 2, 3, 4, 4) 2×A1, 2×A3 14

No.20 X6,8 ⊂ P(2, 2, 3, 3, 4) 6×A1, 2×A2 12

No.21 X6,9 ⊂ P(1, 2, 3, 4, 5) A1, A3, A4 14

No.22 X7,8 ⊂ P(1, 2, 3, 4, 5) 2×A1, A2, A4 14

No.23 X6,10 ⊂ P(1, 2, 3, 5, 5) 2×A4 14

No.24 X6,10 ⊂ P(2, 2, 3, 4, 5) 7×A1, A3 12

No.25 X8,9 ⊂ P(1, 2, 3, 4, 7) 2×A1, A6 14

No.26 X8,9 ⊂ P(1, 3, 4, 4, 5) 2×A3, A4 13

No.27 X8,9 ⊂ P(2, 3, 3, 4, 5) 2×A1, 3×A2, A4 10

No.28 X8,10 ⊂ P(1, 2, 3, 5, 7) A2, A6 14

No.29 X8,10 ⊂ P(1, 2, 4, 5, 6) 3×A1, A5 14

No.30 X8,10 ⊂ P(1, 3, 4, 5, 5) A2, 2×A4 12

No.31 X8,10 ⊂ P(2, 3, 4, 4, 5) 4×A1, A2, 2×A3 10

No.32 X9,10 ⊂ P(1, 2, 3, 5, 8) A1, A7 14

No.33 X9,10 ⊂ P(1, 3, 4, 5, 6) A2, A3, A5 12

No.34 X9,10 ⊂ P(2, 2, 3, 5, 7) 5×A1, A6 11

No.35 X9,10 ⊂ P(2, 3, 4, 5, 5) 2×A1, A3, 2×A4 9

No.36 X8,12 ⊂ P(1, 3, 4, 5, 7) A4, A6 12

No.37 X8,12 ⊂ P(2, 3, 4, 5, 6) 4×A1, 2×A2, A4 10

No.38 X9,12 ⊂ P(2, 3, 4, 5, 7) 3×A1, A4, A6 9

No.39 X10,11 ⊂ P(2, 3, 4, 5, 7) 2×A1, A2, A3, A6 9

No.40 X10,12 ⊂ P(1, 3, 4, 5, 9) A2, A8 12

No.41 X10,12 ⊂ P(1, 3, 5, 6, 7) 2×A2, A6 12

Table 2. Fletcher’s List of 84 Codimension 2 Weighted K3

surfaces.
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Xw singularities b2(Xw)

No.42 X10,12 ⊂ P(1, 2, 5, 6, 6) A1, 2×A5 11

No.43 X10,12 ⊂ P(2, 3, 4, 5, 8) 3×A1, A3, A7 9

No.44 X10,12 ⊂ P(2, 3, 5, 5, 7) 2×A4, A6 8

No.45 X10,12 ⊂ P(2, 4, 5, 5, 6) 5×A1, 2×A4 9

No.46 X10,12 ⊂ P(3, 3, 4, 5, 7) 4×A2, A6 8

No.47 X10,12 ⊂ P(3, 4, 4, 5, 6) 2×A2, 3×A3, A1 8

No.48 X11,12 ⊂ P(1, 4, 5, 6, 7) A1, A4, A6 11

No.49 X10,14 ⊂ P(1, 2, 5, 7, 9) A8 14

No.50 X10,14 ⊂ P(2, 3, 5, 7, 7) A2, 2×A6 8

No.51 X10,14 ⊂ P(2, 4, 5, 6, 7) 5×A1, A3, A5 9

No.52 X10,15 ⊂ P(2, 3, 5, 7, 8) A1, A6, A7 8

No.53 X12,13 ⊂ P(3, 4, 5, 6, 7) 2×A2, A1, A4, A6 7

No.54 X12,14 ⊂ P(1, 3, 4, 7, 11) A10 12

No.55 X12,14 ⊂ P(1, 4, 6, 7, 8) A1, A3, A7 11

No.56 X12,14 ⊂ P(2, 3, 4, 7, 10) 4×A1, A9 9

No.57 X12,14 ⊂ P(2, 3, 5, 7, 9) A2, A4, A8 8

No.58 X12,14 ⊂ P(3, 4, 5, 7, 7) A4, 2×A6 6

No.59 X12,14 ⊂ P(4, 4, 5, 6, 7) 3×A3, 2×A1, A4 7

No.60 X12,15 ⊂ P(1, 4, 5, 6, 11) A1, A10 11

No.61 X12,15 ⊂ P(3, 4, 5, 6, 9) 3×A2, A1, A8 7

No.62 X12,15 ⊂ P(3, 4, 5, 7, 8) A3, A6, A7 6

No.63 X12,16 ⊂ P(2, 5, 6, 7, 8) 4×A1, A4, A6 8

No.64 X14,15 ⊂ P(2, 3, 5, 7, 12) A1, A2, A11 8

No.65 X14,15 ⊂ P(2, 5, 6, 7, 9) 2×A1, A5, A8 7

No.66 X14,15 ⊂ P(3, 4, 5, 7, 10) A3, A4, A9 6

No.67 X14,15 ⊂ P(3, 5, 6, 7, 8) 2×A2, A5, A7 6

No.68 X14,16 ⊂ P(1, 5, 7, 8, 9) A4, A8 10

Table 2. Fletcher’s List of 84 Codimension 2 Weighted K3

surfaces.
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Xw singularities b2(Xw)

No.69 X14,16 ⊂ P(3, 4, 5, 7, 11) A2, A4, A10 6

No.70 X14,16 ⊂ P(4, 5, 6, 7, 8) A1, 2×A3, A4, A5 6

No.71 X15,16 ⊂ P(2, 3, 5, 8, 13) 2×A1, A12 8

No.72 X15,16 ⊂ P(3, 4, 5, 8, 11) 2×A3, A10 6

No.73 X14,18 ⊂ P(2, 3, 7, 9, 11) 2×A2, A10 8

No.74 X14,18 ⊂ P(2, 6, 7, 8, 9) 5×A1, A2, A7 8

No.75 X12,20 ⊂ P(4, 5, 6, 7, 10) 2×A1, 2×A4, A6 6

No.76 X16,18 ⊂ P(1, 6, 8, 9, 10) A1, A2, A9 10

No.77 X16,18 ⊂ P(4, 6, 7, 8, 9) 2×A1, 2×A3, A2, A6 6

No.78 X18,20 ⊂ P(4, 5, 6, 9, 14) 2×A1, A2, A13 5

No.79 X18,20 ⊂ P(4, 5, 7, 9, 13) A6, A12 4

No.80 X18,20 ⊂ P(5, 6, 7, 9, 11) A2, A6, A10 4

No.81 X18,22 ⊂ P(2, 5, 9, 11, 13) A4, A12 6

No.82 X20,21 ⊂ P(3, 4, 7, 10, 17) A1, A16 5

No.83 X18,30 ⊂ P(6, 8, 9, 10, 15) 2×A1, 2×A2, A7, A4 5

No.84 X24,30 ⊂ P(8, 9, 10, 12, 15) A1, A3, A8, A2, A4 6

Table 2. Fletcher’s List of 84 Codimension 2 Weighted K3

surfaces.
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Resumen

Describimos una correspondencia entre dos enlaces asociados a un mismo

espacio K3 que soporta a lo más, singularidades ćıclicas de tipo orbifold.

Esta dualidad se hace evidente cuando dos elementos, uno en el inte-

rior y el otro en la frontera del cono de Kähler, son identificados. De-

nominamos a esta correspondencia ∂-dualidad. También discutimos las

consecuencias de ∂-dualidad al nivel de estructuras riemaniannas.
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We characterize invariant measures for quadratic polynomial Julia sets

with no interior. We prove that besides the harmonic measure —the only

one that is even and invariant—, all others are generated by a suitable

odd measure.
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Measures in quadratic Julia sets

1. Introduction

For a given a degree d ≥ 2 polynomial, the filled Julia set is the set of

points that have bounded orbit under iteration. We denote this set by

K. It is well known that this set is a compact invariant subset of C. For

this and several other facts related to iteration of rational functions we

refer the reader to [3].

In this paper we are concerned with the algebra of continuous func-

tions defined on K. For them, our starting point is the following classical

setting.

Let C(K) be the algebra of continuous functions defined on a com-

pact set K ⊂ C with values in C. We denote by Pol(K) the linear space

of polynomial restrictions to K.

Theorem 1.1 (Lavrientiev, Mergelyan [1],[4]). Let K be a compact set of

the plane whose interior is empty. If the complement of K is connected,

then Pol(K) is dense in C(K) in the uniform topology. �

Along this work, P (z) = z2 + c is a degree two polynomial whose

filled Julia set K has no interior. Therefore K is compact with empty

interior and connected complement, and Lavrientiev’s theorem applies.

2. The harmonic decomposition

Let P (z) = z2 + c be a degree two polynomial whose filled Julia set K

has no interior. As this set is symmetric by the involution z 7→ −z, it is

safe to define even and odd objects using a standard procedure.

Given f ∈ C(K), continuous, its even and odd parts are defined

by the averages

E(f)(z) =
f(z) + f(−z)

2
, O(f)(z) =

f(z)− f(−z)
2

,
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respectively.

Lemma 2.1. The odd and even parts of f are continuous functions with

norm not bigger than ||f ||. If f is a (restriction of a) polynomial, so are

E(f) and O(f).

Proof. Both claims are elementary.

A continuous function f is even if E(f) = f , and odd if O(f) = f .

Alternatively, as f = O(f) + E(f) holds, we have that f to be even is

equivalent to O(f) = 0 (that is to f(z) = f(−z)), while f to be odd is

equivalent to E(f) = 0 (or to f(z) = −f(−z)).
Also note that E ,O : C(K) → C(K), which recover in turn the

symmetric and antisymmetric part, are norm 1 operators. Both E and

O are projections.

Lemma 2.2 (Reduction lemma). A continuous function f ∈ C(K) is

even if and only if there exists g ∈ C(K) such that f(z) = g(P (z)). In

particular, we have E(f ◦ P ) = f ◦ P for all f ∈ C(K). On the other

side, if g(P (z)) is continuous, then g(z) is continuous. We always have

||f || = ||g||. Anyway, f is a polynomial if and only if g is a polynomial.

Proof. If f is even, as K is closed and P : K → K is surjective and

proper, we have that f factors through P . Conversely, g(P (z)) is always

even and continuous.

It is clear that f peaks at z0 if and only if g peaks at P (z0) and

that f is continuous at z0 if and only if g is continuous at P (z0).

That g is a polynomial (when f is) was already indicated in Lemma

2.1.

This lemma gives rise to a unique even—odd decomposition

f(z) = f0(z) + g0(P (z)),
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where f0 is odd and g0 continuous. If we again split g0 into its odd and

even parts as g0(z) = f1(z) + g1(P (z)), we get

f(z) = f0(z) + f1(P (z)) + g1(P ◦2(z)).

We can continue this process indefinitely.

Proposition 2.3. Fix n ≥ 0. For every f ∈ C(K) there are unique odd

continuous functions f0, f1, . . . fn and gn ∈ C(K) subject to

f(z) = f0(z) + f1(P (z)) + · · ·+ fn(P ◦n(z)) + gn(P ◦n+1(z)).

Here we have ||fi|| ≤ ||f || and ||gn|| ≤ ||f ||.

Proof. Apply induction to the odd—even decomposition of f .

Corollary 2.4. In the decomposition above we have

|f0(z) + f1(P (z)) + · · ·+ fn(P ◦n(z))| ≤ 2||f ||.

Proof. Indeed, the partial sum is bounded by |f(z)|+|gn(P ◦n+1(z))|.

The decomposition displayed in Proposition 2.3 is much simpler for

polynomials as the process eventually reaches a deadlock.

Proposition 2.5. Given a polynomial F ∈ Pol(K), there exist a con-

stant H(F ) subject to |H(F )| ≤ ||F ||, and a finite number of odd poly-

nomials, say F0, F1, . . . Fn, such that

F (z) = H(F ) + F0(z) + F1(P (z)) + · · ·+ Fn(P ◦n(z)).

Those elements are uniquely determined.

Proof. A trivial induction in the degree of F .

The assignment H : Pol(K)→ C clearly is linear and annihilates all

odd polynomials, hence the symmetry formula H(E(f)) = H(f). Also,

for F ∈ Pol(K) we have H(F ◦ P ) = H(F ) and |H(F )| ≤ ||F ||.
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Theorem 2.6. Suppose the filled Julia set K = K(P ) has no interior.

Then there exists a unique norm 1 even invariant measure supported on

the Julia set that agrees with H on polynomials. In other words, for all

f ∈ C(K) the measure H satisfies

• H(f) =

∫
f(z) dH(z) =

∫
f(P (z)) dH(z) (invariance),

• H(f) =

∫
f(z) dH(z) =

∫
E(f)(z) dH(z) = H(E(f)) (symmetry).

Proof. In fact, when K has no interior, polynomial restrictions to K

are dense in C(K). As H : Pol(K) → C is continuous, it can be ex-

tended uniquely to all of C(K). Since all other properties are satisfied

for polynomials, they are satisfied for continuous functions as well.

As Lyubich proved (cf. [2]), the harmonic measure already satisfies

the properties stated in the theorem, so H is actually the harmonic

measure of K. This corollary is actually true for all polynomial Julia

sets. Functions for which the harmonic integral vanish (i.e, f such that

H(f) = 0) are harmonic free functions. For simplicity, we will write

Hf for H(f).

Next we retrace our steps with these results in mind. First we apply

the odd—even decomposition to the function f(z)−Hf in order to obtain

f(z)−Hf = f0(z) + f1(P (z)) + . . .+ fn(P ◦n(z)) + en(P ◦n+1(z)).

where f0, . . . , fn are odd.

Notice that here we have 0 = H(f0) = H(f1) = . . . = H(fn) because

H is even and invariant. We also get H(en) = 0 by linearity (together

with invariance). From our previous work we get further estimates.

Lemma 2.7. We have ||en|| ≤ ||f −Hf || ≤ 2||f ||. �

Corollary 2.8. For n < m we get

||fn+1(P ◦n+1(z)) + . . .+ fm(P ◦m(z))|| ≤ 2||en||.
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Proof. From Proposition 2.3 with

en(P ◦n+1(z)) = fn+1(P ◦n+1(z)) + . . .+ fm(P ◦m(z)) + em(P ◦m+1(z))

in the role of f we get ||em|| ≤ ||en||. Then we apply several times

Lemma 2.2 and reduce to

en(z) = fn+1(z) + . . .+ fm(P ◦m−n(z)) + em(P ◦m−n+1(z)).

From here we conclude

||fn+1(z) + . . .+ fm(P ◦m−n(z))|| ≤ ||en||+ ||em|| ≤ 2||en||.

Lemma 2.9. If K have no interior, then ||en|| → 0.

Proof. Given ε > 0, choose a polynomial Q so that |f(z)−Hf−Q(z)| ≤ ε
on K. Expand Q as Q(z) = HQ +

∑N
i=0Qi(P

◦i(z)). Then, by unique-

ness, for n > N we get

f(z)−Hf −Q(z) = HQ +
N∑

i=0

fi(P
◦i(z))−Qi(P ◦i(z))

+
n∑

i=N+1

fi(P
◦i(z)) + en(P ◦n+1(z)).

Finally, Lemma 2.7 yields ||en|| ≤ 2||f −Hf −Q|| ≤ 2ε when applied to

f −Hf −Q.

The expansion in the next theorem is the harmonic decomposi-

tion of f .

Theorem 2.10. Let K have no interior. Then for f ∈ C(K) there are

odd continuous functions f0, f1, . . . such that

f(z) = Hf + f0(z) + f1(P (z)) + f2(P ◦2(z)) + . . . ;

the convergence here is uniform.
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Proof. In fact, for m ≥ n ≥ N we have

||fn+1(P ◦n+1(z)) + . . .+ fm(P ◦m(z))|| ≤ 2||en|| → 0.

So, the partial sums form a Cauchy sequence since the discrepancy en
tends to 0.

The next result is trivial after inspecting grand orbits. Anyhow, we

present an alternative proof.

Lemma 2.11 (Lyubich [2]). If K has no interior, the only invariant

continuous functions are the constants.

Proof. In fact, if f = f ◦ P , then by matching their harmonic decom-

positions we get Hf = Hf◦P together with f0 = 0, f1 = f0, f2 = f1, . . ..

Hence f(z) = Hf is a constant.

3. The dual decomposition

For the study of measures supported in K we will take the functional

analysis approach. Thus, a “measure” on K “is” a linear functional

(with values in C) defined on C(K). We denote by M(K) the space of

(complex valued) measures.

Given a measure ν, the odd and even parts are given by

O(ν)(f) = ν(O(f)) E(ν)(f) = ν(E(f)).

Evidently, we get ||O(ν)||, ||E(ν)|| ≤ ||ν|| (because at the level of func-

tions we have ||O||, ||E|| ≤ 1). Also, note the equality ν = O(ν) + E(ν).

The measure O(ν) is odd in the sense that it kills all even functions,

while E(ν) is even as it kills the odd functions.
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Example 3.1. For the delta mass δz0 based at a point z0 ∈ K, the even

part E(δz0) is given by
1

2

∑

P (ẑ)=P (z0)

δẑ =
δz0 + δ−z0

2
. In fact, we get

E(δz0)(f) = E(f)(z0) =
1

2

∑

P (ẑ)=P (z0)

f(ẑ) =


1

2

∑

P (ẑ)=P (z0)

δẑ


 (f).

As a by-product we obtain

O(δz0) =
δz0 − δ−z0

2
.

It is important to set some notation straight. Instead of the custom-

ary dν(z) we will use ν(z) most of the time. In this way, given f ∈ C(K),

we write

ν(f) =

∫
f ν =

∫
f(z) ν(z)

when needed. We will even use ν(z), meaning ν, when the context calls

for it.

The measure ν ◦ P (or ν(P (z)) in brief) is by convention the even

measure that satisfies

∫
g(P (z))ν(P (z)) =

∫
g(z)ν(z).

Example 3.2. The harmonic measure is even as the relation H(f) =

H(E(f)) is equivalent to H(f) = E(H)(f).

Also, for f ∈ C(K) we set hf (z) = f(z)H(z), where H(z) is the

standard harmonic measure as defined in Section 2. Then we have

hf (P (z)) = f(P (z))H(z). In fact, as both of the above measures are

even, it is enough to check the equality

∫
g(P (z))hf (P (z)) =

∫
g(P (z))f(P (z))H(z).
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For them, however, we readily get

∫
g(P (z))hf (P (z)) =

∫
g(z)hf (z)

=

∫
g(z)f(z)H(z)

=

∫
g(P (z))f(P (z))H(z),

where the fist equality is given by convention, the second by definition

of hf , and the third by the invariance of the harmonic measure. This

notable fact is what justifies our convention for the dynamical push-

forward of the measure.

Example 3.3. We claim that

E(δz0) =
δz0 + δ−z0

2
= δz1 ◦ P

holds (as usual, we have P (z0) = z1). In fact, let f(z) = f0(z) + g(P (z))

with f0 odd. Then we have

∫
f0(z) + g(P (z)) δz1(P (z)) =

∫
g(P (z)) δz1(P (z))

=

∫
g(z) δz1(z)

= g(z1).

On the other side, oddness of f0 implies 1
2

∑
P (ẑ)=z1

f0(ẑ) = 0, so we get

∫
f0(z) + g(P (z)) (

1

2

∑

P (ẑ)=z1

δẑ) =
1

2

∑

P (ẑ)=z1

(f0(ẑ) + g(P (ẑ))) = g(z1).

Thus, the two values coincide, and the measures agree.

An easy induction delivers δzn ◦ P ◦n =
1

2n

∑

P◦n(ẑ)=zn

δẑ as well, for

zn = P ◦n(z0).
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Lemma 3.4. The measures τ and τ ◦ P have the same norm.

Proof. Notice that τ(f) = τ ◦ P (f ◦ P ) implies ||τ || ≤ ||τ ◦ P ||.
Now take f + g ◦ P with f odd subject to ||f + g ◦ P || ≤ 1. Then

||g|| = ||g ◦ P || = ||E(f + g ◦ P )|| ≤ 1 forces

||τ ◦ P (f + g ◦ P )|| = ||τ ◦ P (g ◦ P )|| = ||τ(g)|| ≤ ||τ || ||g|| ≤ ||τ ||.

Lemma 3.5. All even measures have the form τ◦P for some τ ∈M(K).

Proof. Let ν be a measure that kills all odd functions. For the functional

τ(f) =

∫
f(P (z)) ν(z),

the convention

∫
f(z) τ(z) =

∫
f(P (z)) τ(P (z)) joining forces with the

symbolism τ(f) =

∫
f(z) τ(z) leads us to ν(z) = τ(P (z)).

In view of Lemma 3.5, we have a natural splitting

ν(z) = ν0(z) + σ(P (z)),

where ν0 is odd. However, before iterating this odd–even decomposition,

practice gained in the manipulation of continuous functions suggests we

better subtract the “harmonic” part first. For that, we set

Hν = ν(1) =

∫
ν(z).

Whenever we have Hν = 0, we say that ν is harmonic free.

Proposition 3.6. Fix n ≥ 0. There are unique odd measures ν0, . . . νn
and a measure τn such that

ν(z) = Hν dH(z) + ν0(z) + · · ·+ νn(P ◦n(z)) + τn(P ◦n+1(z)).

This decomposition is unique provided Hτn = 0. In this case we have

||τn|| ≤ 2||ν|| and ||νi|| ≤ ||ν||.
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Proof. Trivial.

What is not trivial is the following asymptotic decomposition.

Theorem 3.7. If K has no interior, the partial sums

Hν dH(z) + ν0(z) + · · ·+ νn(P ◦n(z))

converge ∗-weak to ν.

Proof. Key here is to understand how

ν(z) = Hν dH(z) + ν0(z) + · · ·+ νn(P ◦n(z)) + τn(P ◦n+1(z))

acts on the function

f(z) = Hf + f0(z) + f1(P (z)) + . . .+ fn(P ◦n(z)) + en(P ◦n+1(z)).

To begin with, by definition Hf is the way how dH(z) acts on f .

Therefore Hν dH(z) paired against f gives HfHν .

Next, νi(P
◦i(z)) acts on g(P ◦m(z)), with m > i, as νi(z) acts on

G(P ◦m−i(z)), hence kills them all since νi is odd and the said func-

tions are even. This applies to Hf , fm(P ◦m(z)), for m > i, and to

en(P ◦n+1(z)). When m < i then νi(P
◦i(z)) acts on fm(P ◦m(z)) in the

same way as νi(P
◦i−m(z)) acts on fm(z), thus annihilating them. We

also have

∫
fi(P

◦i(z))νi(P
◦i(z)) =

∫
fi(z)νi(z) by reduction, the sur-

viving term at this stage.

Finally, it should be clear by now that τn(P ◦n+1(z)) annihilates all

the fi. Also, evaluating at the constant function 1 we get

ν(1) = H(ν)H(1) + ν0(1) + . . .+ νn(1) + τn(1).

Since we have relations νi(1) = 0 and HνH(1) = ν(1)H(1) = ν(1), we

conclude the equality τn(1) = 0. Therefore, τn(P ◦n+1(z)) acts merely

on en(P ◦n+1(z)).
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Collecting our findings we obtain

∫
f(z)ν(z) = HfHν +

n∑

i=0

∫
fi(z)νi(z) +

∫
en(z)τn(z).

By the above formula, the action on f of ν(z)− τn(P ◦n+1(z)) (i.e,

of Hν dH(z) + ν0(z) + · · · + νn(P ◦n(z))) is HfHν +
∑n
i=0

∫
fi(z)νi(z);

which in turn equals
∫
f(z)ν(z)−

∫
en(z)τn(z). However,

∣∣∣∣
∫
en(z)τn(z)

∣∣∣∣ ≤ ||en|| ||τn|| ≤ 2||ν|| ||en||

converges to 0, so we are done.

Example 3.8. We try the decomposition of a delta mass. Let z0 ∈ K.

Then we have

δz0(z) = dH(z) + ∆0(z) + . . .+ ∆n(P ◦n(z)) + . . . ,

since the harmonic part is δz0(1) = 1.

Now take f ∈ C(K) odd (so that f(z) + f(−z) = 0 for all z ∈ K).

Then the formula
∫
f(z) ∆0(z) =

∫
f(z) δz0(z) = f(z0) =

f(z0)

2
− f(−z0)

2
,

shows that the odd part of δz0 is
δz0 − δ−z0

2
(compare also Example 3.3).

In general, (we use here the convention zn = P ◦n(z0))) for f odd

we get
∫
f(P ◦n(z)) ∆n(P ◦n(z)) =

∫
f(P ◦n(z)) δz0(z) = f(zn),

and we conclude that ∆n is the odd part of δzn , that is
δzn − δ−zn

2
. In

short, we have

δz0 = 1 +
∞∑

i=0

O(δzi) ◦ P ◦i.
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A measure ν is invariant when for all f ∈ C(K) we have

∫
f(z) ν(z) =

∫
f(P (z)) ν(z).

The harmonic measure dH(z) and the delta masses δzf located at fixed

points zf are prototypical examples of invariant measures. This is in

sharp contrast with the function case where we only have one invariant

object. Other examples of invariant measures are averages along periodic

orbits.

The following is a characterization of invariant measures using the

canonical decomposition.

Theorem 3.9. Suppose K has no interior. If ν(z) = α + ν0(z) +

ν1(P (z)) + . . . is an invariant measure, then ν0 = ν1 = ν2 = . . ..

Proof. For any odd test function f we get thanks to invariance

∫
f(z)νn(z) =

∫
f(P ◦n(z))νn(P ◦n(z))

=

∫
f(P ◦n(z))ν(z)

=

∫
f(z)ν(z)

=

∫
f(z)ν0(z).

Therefore νn and ν0 are the same functional.

As an extra remark, we should indicate that not all odd functions

give rise to invariant measures. For instance, we will see briefly that the

odd part of a delta mass seldom determines an invariant measure.

Corollary 3.10. If K has no interior, then the space of even invariant

measures supported in K is one-dimensional. �
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Theorem 3.11. Suppose K has no interior. Let ν0 be an odd measure.

Then the partial sums µn = ν0 + ν0 ◦ P + . . . + νn ◦ P ◦n converge (∗-
weak) to an invariant measure if and only if there is a constant M so

that ||µn|| ≤M .

Proof. If the sequence µn converges ∗-weak, then their norms certainly

form a bounded sequence.

On the other side, if ||µn|| is bounded, it carries ∗-weakly convergent

subsequences. Therefore it is enough to prove that for all f ∈ C(K) the

limit of µn(f) exists. Given ε > 0, let N be such that for n ≥ N we have

f(z) = Hf + f0(z) + . . .+ fn(P ◦n) + en(P ◦n+1(z)),

with ||en|| ≤ ε. When we take m > n ≥ N , we get

|µm(f)− µn(f)| = |(µn − µm)(eN ◦ P ◦N+1)| ≤ 2M ||eN || ≤ 2Mε.

Example 3.12. Let z0 ∈ K be a non-periodic point outside the orbit

of the critical point (any point with a countable number of exceptions

would do). We use Theorem 3.11 to prove that the odd part of the delta

mass δz0 does not generate an invariant measure.

If ±z−1 are the two preimages of z0, the measures δ±z−1
(P ◦i(z))

have total mass 1 and support (P ◦i)−1(±z−1), mutually disjoint sets.

The bottom line is that

n−1∑

i=0

(
δz−1

− δ−z−1

2
) ◦ P ◦i

has norm n.
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4. Iteration and reduction

In this section we study the iteration process as an operator acting both

on continuous functions and on measures. For better understanding, we

introduce in parallel the process of reduction.

The iteration operator it is defined in continuous functions as

it(f)(z) = f(P (z)) and in measures as it(ν)(z) = ν(P (z)). The reduc-

tion operator red is defined as follows. If ϕ(z) = O(ϕ)(z) + ψ(P (z)),

then we set red(ϕ)(z) = ψ(z), both for functions and measures.

When K has no interior and

ϕ(z) = Hϕ + ϕ0(z) +
∞∑

i=1

ϕi(P
◦i(z)),

with ϕi odd, holds, then we write

red(ϕ)(z) = Hϕ +
∞∑

i=1

ϕi(P
◦i−1(z)).

Proposition 4.1. The adjoint operator of red : C(K) → C(K) is

given by it :M(K)→M(K), while the adjoint of it : C(K)→ C(K) is

red :M(K)→M(K). Both are norm 1 operators.

Proof. For f ∈ C(K) let f(z) = O(f)(z) + g(P (z)) and for ν ∈ M(K)

let ν(z) = O(ν)(z) + τ(P (z)). Then we have
∫
f(z) red∗(ν)(z) =

∫
red(f)(z) ν(z) =

∫
g(z) ν(z)

=

∫
g(P (z)) ν(P (z))

=

∫
O(f)(z) + g(P (z)) ν(P (z))

=

∫
f(z) it(ν)(z).

Therefore, we obtain it(ν) = red∗(ν).
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The other identity is tackled in a similar way.

About the norm, this should be obvious by now.

Next we comment briefly about the operators I−λ it and I−λ red,

with λ ∈ C.

Lemma 4.2. Both in C(K) and in M(K) the operators I − λ it and

I − λ red are invertible for |λ| < 1.

Proof. In fact, both it and red have norm 1.

Lemma 4.3. Both in C(K) and in M(K), for |λ| > 1, the operators

I − λ it are closed, injective but not surjective, while the I − λ red are

closed, surjective but not injective.

Proof. We first attack the surjectivity of I − λ red. Given ψ in the

appropriate space, we define ϕ(z) = −∑∞i=0 ψ(P ◦i+1(z))/λi+1. From

λ red(ϕ)(z) = −λ
∞∑

i=0

ψ(P ◦i(z))/λi+1

= −
∞∑

i=0

ψ(P ◦i(z))/λi

= −ψ(z)−
∞∑

i=1

ψ(P ◦i(z))/λi

= −ψ(z) + ϕ(z),

we get {I − λ red}(ϕ) = ψ, and the operator is surjective. Evidently, a

surjective operator has closed range. Also, for any odd ψ, the element∑∞
i=0 ψ(P ◦i(z))/λi is well defined (since |λ| > 1) and belongs to the

kernel of I − λ red.

The properties for the operator I − λ it follow by duality.

When |λ| = 1, the study of those operators is not simple. We will

be concerned specially with the case λ = 1, since they help characterize

invariant measures.
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Proposition 4.4. For ν ∈ M(K) the following properties are equiva-

lent.

• The measure ν is invariant;

• the condition {I − it}(ν) = O(ν) holds;

• the measure {I − it}(ν) is odd;

• the measure ν belongs to the kernel of I − red.

Proof. Everything is trivial.

Proposition 4.5. If K has empty interior, the kernel of I − it is one

dimensional: it consists of the constants or of the multiples of the har-

monic measure, depending in the case. These operators are not closed.

Proof. It is clear that the constants (or constant multiples of H) are the

only members of the kernel of I − it.

To prove that this operator acting on continuous functions is not

closed, we note that the space of all functions annihilated by the har-

monic measure is a codimension one space in where I−it acts injectively.

Therefore it is enough to construct a sequence of harmonic free functions

ϕn of norm greater or equal to 1 such that ||{I − it}(ϕn)|| converges to

0. With that in mind, let zf be a non-critical fixed point of P . Let

F : K → [−1, 1] be any continuous function such that F (zf ) = 1 and

F (−zf ) = −1. Write F0 = O(F ). Notice that F (zf ) = −F (−zf ) implies

F0(zf ) = F (zf ) = 1. Therefore we get 1 ≤ ||F0|| ≤ ||F || = 1. Now for

ϕn(z) =
1

n

n−1∑

i=0

F0(P ◦i(z)) we have ϕn(zf ) = 1, and so ||ϕn|| ≥ 1. How-

ever by construction the function {I − it}(ϕn)(z) =
F0(z)− F0(P ◦n(z))

n
has norm at most 2/n.

For measures we proceed similarly: for z0 a point that is not even-

tually periodic (compare Example 3.12), we take the odd measure ν0 =

O(δz0) and define ϕn(z) = (1/n)
∑n−1
i=0 ν0(P ◦i(z)). A trivial calculation

gives then ||ϕn|| = 1 and ||{I − it}(ϕn)|| = 2/n.

Corollary 4.6. If K has empty interior, the image of Id−red is dense

in the space of harmonic free objects. This operator is not closed.
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Proof. This follows from Proposition 4.5 by duality.
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Resumen

En este art́ıculo caracterizamos medidas invariantes sobre conjuntos de

Julia sin interior asociados con polinomios cuadráticos. Probamos que

más allá de la medida armónica —la única par e invariante—, el resto

son generadas por su parte impar.
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