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Abstract 

The present paper is in continuation to authors earlier 
paper {9} where two variable analogues of certain fractional 
integral operators of M. Saigo were investigated. This paper 
deals with the effect of operating two variable analogues of 

M ellin and Laplace transforms on these two variable 
analogues of fractional integral operators of the earlier paper. 

O Department of Applied Mathematics, India 



lntroduction 

In 1978, M. Saigo [15) defined certain integral operator involving the 
Gauss hypergeometric function as follows: 

Let a > f3 and r¡ be real numbers. The fractional integral operator ¡~JJ,1/, 
which acts on certain functions f(x) on the interval (O,oo) was defined 
as 

x-a-¡3 {x t 
1~'13 ' 11 f = r(a) Jo (x- t)a- 1 F(a + (3, -r¡; 1- ;)f(t) dt (1.1) 

Under the same assumptions in defining (1.1), he also defined the integral 
operator J~,/3, 11 as 

J~·13 · 11 f = rta) ¡00 

(t- x)a- 1ca-¡3 F (a+ (3, -r¡; a; 1- T) f(t)dt.(1.2) 

Later on in 1988, Saigo and Raina [17) obtained the generalized 
fractional integrals and derivatives introduced by Saigo [15)-[16) of the 
system S~(x), where the general system of polynomials. 

[n/q] ( ) 
sn(x) = "'"' -n qr A xr 

q L 1 n,r r. 
r=O 

were defined by Srivastava [18), where q >O and n ~O are integers, and 
An,r are arbitrary sequence of real or complex numbers. 

In an earlier communication the present authors [9) defined and studied 
certain two variables analogues of (1.1) and (1.2) which are as given 
below: 

I. Let e > O, a, b, b' be real numbers. A two variable analogue of 
fractional integral operator I~f'11 due to M. Saigo i.e. of (1.1) is 
defined as 

l a,b,b' ;cj( ) 
1 O,x;O,y X, Y 

170 

~~~~;: 1x 1Y (x- u)c-l(y _ v)c-1 x 

Fl [ a, b, b'; 1- ~' 1- ~ ] f(u, v)dvdu. 
e; 

(1.3) 



SPECIAL CASES: 

(i) For a = b = b' = O, e = a, (1.3) reduces to 

¡O,O,O;a j( ) 
1 O,x;O,y X, Y 1Rg,x;O,y f(x, y) 

1 ["' {y 
{f(a)}2 lo lo (x- u)a-

1 
x 

(y- v)a- 1 f(u, v) dvdu. (1.4) 

Here (1.1) may be considered as a two variable analogue of 
Riemann - Liouville fractional integral operator Rg,x. 

(ii) For a = e = a, b = -r¡, b' = O, (1.3) becomes 

l a,-1),0;a j( ) 
1 O,x;O,y x,y = fE~,':;o,y f(x,y) 

x-a-1)y-a {"' {Y a-1 

{f(a)p lo lo (x-u) x 

(y- v)a- 1u 17 f(u, v)dvdu. (1.5) 

(iii) For a = e = a, b = O, b' = -r¡, (1.3) gives 

l a,0,-1);a J( ) 
1 O, x; O, y X, Y == fE~,':;o,y f(x,y) 

x~;r~)~:1J 1"' 1y (x -u)a- 1 
X 

(y- v)a-1v 17 f(u, v)dvdu. (1.6) 

Here (1.5) and (1.6) may be considered as two-variable 
analogues of Erdélyi-Kober fractional integral operator E~,'~. 

Under the same conditions of (1.3), a two variable analogue 
of another fractional integral operator J';/}¿ 17 dueto M. Saigo 
i.e. of (1.2) is defined as follows: ' 

Ja,b,b' ;e J(x y) 
1 x,oo;y,CX> ' 

F [ 
a, b, b'; 1- .:f., 1- 1.1. 

1 
U V 

e· 
' 

u-av-a f(u, v)dvdu. (1.7) 
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SPECIAL CASES: 

(i) For a= b = b' =O, e= a, (1.7) reduces to 

JO,O,O;a f(x y) 
1 X,CXJ¡y,cx:> ' 1L~,oo;y,oo f(x, y) 

1 100 roo 
{r(a)}2 x }y (u- x)a-1 x 

(v- y)a- 1 f(u, v)dvdu. (1.8) 

It can be considered as a two variable analogue of Weyl 
fractional integral operator L~,oo· 

(ii) For a= e= a, b = -r¡, b' =O, (1.7) becomes 

Ja,-r¡,O;af(x y) 
1 x,oo;y,oo ' f K';,':lo;y,oo f(x, Y) 

{r~~)}21oo ioo (u- x)a-1 x 

(v- y)a- 1u-a-r¡v-a f(u, v)dvdu. 

(1.9) 

(iii) For a = e = a, b = O, b' = -r¡ (l. 7) gives 

1 Ja,O,-:-r¡;a f(x y) 
X,CXJ,y,CXJ ' 

Here (1.9) and (1.10) may be considered as two variable analogues 
of Erdélyi-Kober fractional integral operator K';::lo· 

II. Let e > O, e' > O, a, b, b' be real numbers. Then a second two 
variable analogue of I~!·r¡ is as given below: 

1a,b,b' ;c,c' J( ) 
2 O,x;O,y X, Y ~:;;~:) 1x 1Y (x _ u)c-1(y _ v)c'-1 x 

F2 [ a, b, b'; 1- ~, 1-; ] f(u, v)dvdu. 
e, e'; 

(1.11) 
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SPECIAL CASES: 

(i) For a= b = b' =O, e= a::, e'= a::', (1.11) reduces to 

1o,O,O;o,o/ f(x y) 
2 O,x¡O,y ' 2Rg,':~,y f(x, y) 

1 r ry 
f(a::)f(a::') lo lo (x- u)cx-l X 

(y- v)
01

-
1 j(u,v)dvdu. (1.12) 

Here (1.12) may be taken as second two variable analogues 
of Riemann-Liouville fractional integral operator Ro,x. For 
a::' =a::, (1.12) reduces to (1.4). 

(ii) For a= e= a::, b = -r¡, b' =O, e' = a::', (1.11) becomes 

1a,-1],0;cx,cx1 f(x y) = 
2 O,x¡O,y ' 

1 

xEcx,cx •'~j( ) 
2 O,x;O,y X, Y 
x-cx-'ly-cx {x {Y a-l 

f(a::)f(a::') lo lo (x-u) X 

(y- v) 01 - 1 u'~f(u,v) dvdu. 

(1.13) 

For a::' =a::, (1.13) reduces to (1.5). 

(iii) For a= e= a::, b =O, b' = -r¡, d =a::, (1.11) gives 

1a,0,-1];cx,cx1 j( ) 
2 o,x;O,y x,y 

1 yEcx,cx ,1] J( ) 
2 O,x;O,y X, Y 
x-cxy-cx-1] {x {Y a-l 

f(a::)f(a::') lo lo (x-u) X 

(y-v) 01
-

1v'l f(u,v) dvdu. 

(1.14) 

For a::'= a::, (1.14) reduces to (1.6). 

Here (1.13) and (1.14) may be taken as second two variable 
analogues of Erdélyi-Kober fractional integral operator Eg,-;:. 
Under the same conditions of (1.11), a second two variable analogue 
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of Jg:fj;r¡ is as defined below: 

Ja,b,b';c,c' J(x y) = 
2 x,oo;y,oo ' 

SPECIAL CASES: 

1 100 roo 
f(c)f(c') x }y (u- x)c-1 X 

(v- )c'- 1p. [ a,b,b';1-;,1-~ 
Y 2 e ¿. 

' ' 
u-av-a f(u, v) dvdu. 

(i) For a= b = b' =O, e= a, e'= a', (1.15) reduces to 

JO,O,O;o,o/ J(x y) 
2 x,oo;y,oo ' 2L~;~;y,oo f(x, y) 

] X 

( 1.15) 

1 100 roo 
f(a)f(a') x }y (u- X)o-1 X 

(v- y)o'-1 f(u, v) dvdu. (1.16) 

We may consider (1.16) as second two variable analogues of 
Weyl fractional integral operator L~,oo· For a' = a, (1.16) 
reduces to (1.8). 

(ii) For a = e= a, b = -r¡, b' = O, e' = a', (1.15) becomes 

2Jo,-r¡,O;o,o' J(x y) 
x ,oo,y,cx:> ' ~K':,'~;·;,oo f(x, y) 

f(a~;(a') loo ioo (u- x)o-1 X 

(v- y)o'-1u-o-r¡v-o f(u,v) dvdu. 

(1.17) 

For a' =a, (1.17) reduces to (1.9). 

(iii) For a = e = a, b = O, b' = -r¡, e' = a', (1.15) gives 

For a'= a, (1.18) reduces to (1.10). 



We m ay consider ( 1.17) and (1.18) as second two variable analogues 
of Erdélyi-Kober fractional integral operator K:J;g_,. 

III. Let e > O, a, a', b, b' be real numbers. Then a third two variable 
analogue of I;,f·'1 is as follows: 

l a,a' ,b,b' ;e J( ) 
3 O,x;O,y X, Y 

(1.19) 

SPECIAL CASES: 

(i) For a= a' =O, e= o:, (1.19) reduces to 

I O,O,b,b';a J( ) _ Ra J( ) 
3 O,x;O,y X' Y - 1 O,x;O,y X, Y 

1 r ry (1.20) 
= {r(o:) p lo lo (x- u)a-l (y- v)a-l f(u, v) dv du. 

which is (1.4). 

(ii) For a= e= o:, a'= O, b = -r¡, (1.19) becomes 

1a,0,-1),b';aj( ) _ xEa,1) J( ) 
3 O,x;O,y x, Y - 3 O,x;O,y x, Y 

(iii) For a= O, a' =e= o:, b' = -r¡, (1.19) gives 

3lg,';;~,';;1J;a f(x, y) = ~E;,~~o,y f(x, y) 

-Q-1) r rv 
= {~(o:)p lo lo (x- u)a-l(y- v)a-lv1J f(u,v)dvdu. 

(1.22) 
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Here (1.21) and (1.22) may be thought of as the third two variable 
analogues of Erdélyi-Kober fractional integral operator Eg,~'1. 

Under the same conditions of (1.19), a third two variable analogue 
of J~,'!·'1 is as defined below: 

Ja,a' ,b,b' ;e¡ (x y) 
3 x,oo;y,oo ' 

1 100100 = {f(e)}2 x Y (u- x)c-l(v- y)c-1 x 

(1.23) 

SPECIAL CASES: 

(i) For a =a' = O, and e= a, (1.23) reduces to 

J O,O,b,b';a f(x y) - La f(x y) 
3 x,oo;y,OC> ' - 1 x,oo;y,oo ' 

1 100100 = {r(a)p x Y (u-x)"'-l(v-yy•-lx (1.24) 

f(u, v) dv du 

which is (1.8). 

(ii) For a' = O, a = e = a, b = -r¡, (1.23) becomes 

J<>,0,-1J,b';a f(x y) = x K"'·'1 f(x y) 
3 x,oo;y,oo ' 3 x,oo¡y,cx:> ' 

f(u,v) dvdu. 



(iii) For a = O, a' = e = a, b' = -r¡, (1.23) gives 

JO,a,b,-1);a f(x y) = Y Ka,17 f(x y) 
3 x,oo;y,oo ' 3 x,oo;y,oo ' 

f(u,v) dvdu. 

Here (1.25) and (1.26) may be taken as the third two variable 
analogues of Erdélyi-Kober fractional integral operator K~::;,. 

IV. Let e> O, e' >O, a, b be real numbers. Then a fourth two variable 
analogue of Ig,f' 17 is as defined below: 

a,b;c,c' _ X Y c-1 c'-1 -a -a 1x 1y 
4lo,x;O,y f(x, y) - r(e)r(e') o o (x-u) (y- v) X 

(1.27) 

F4 '; x' Y f(u,v)dvdu. [ 
a b· 1 - :!! 1 - :!!. ] 

e, e; 

Under the same conditions of (1.27), a fourth two variable analogue 
of J';,'/!o'17 is as given below: 

1 1 roo roo 
4J~:~~y~oo j(x, y) = r(e)r(e') lx }y (u- x)c-1 X 

f(u,v) dvdu. 

(1.28) 

The aim of the present paper is to study the effects of integral transforms 
say the Mellin and Laplace transforms on the two variable analogues 
of fractional integral operators introduced in [9] and reproduced here 
through (1.3), (1.7), (1.11), (1.15), (1.19), (1.23), (1.27) and (1.28). 

We shall also need here the definitions of certain generalizations of 
Appell's functions studied by the present authors in a separate communi­
cation [8]. 
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For convenience we reproduce the definitions of only those functions of 
[8] which we need in this paper. Two such functions M1 and M4 needed 
in this paper are defined as 

M1 (a, a', b, b', e, e', d, e, e'; x, y) 

= ~ ~ (a)m(a')n(b)m(b')n(e)m(e')n xm yn 
~0 f;:a (d)m+n(e)m(e')n m! n!' 

(1.29) 

M ax{lxl, IYI} < 1; 

M4(a, b, b', e, e', d, e, e'; x, y) 

= f f (a)m+n(b)m(b')n(e)m(e')n Xm yn 
(d)m+n(e)m(e')n m! n!' m=On=O 

(1.30) 

Max{lxl, IYI} <l. 

We also need the results of the following theorems of [9] in this paper: 

Theorem 1.1. For functions of two variables f(x, y) and g(x, y) defined 
in the positive quadrant of the xy-plane and e > O, we have 

(1.31) 

= 100100 
g(x,y) d:;~~;~oo f(x,y) dydx 

provided that eaeh double integral exists. 

Theorem 1.2. For functions of two variables f(x, y) and g(x, y) defined 
in the positive quadrant of the xy-plane ande > O, e' > O, we ha ve 

1
00100 a,b,b' ;c,c' 

0 0 
j(x,y)2lo,x;O,y g(x,y)dydx 

(1.32) 

= 100100 
g(x,y)2J:;~~;~~~ f(x,y) dydx 

provided that each double integral exists. 
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Theorem 1.3. Under the conditions stated in theorem 1.1, we have 

~o= ~o= f(x,y) 3Ig:::o~~b';c g(x,y) dydx 

=~o= 1= g(x,y) 3J:;~;~,,~c f(x,y) dydx 

provided that each double integral exists. 

(1.33) 

Theorem 1.4. Under the conditions stated in theorem 1.2, we have 

~o= ~o= f(x,y) 4Ig:!;~:~ g(x,y) dydx 

=~o= ~o= g(x,y) 4J:;!h~:,'oo f(x,y) dydx 

provided that each double integral exists. 

(1.34) 

The present paper also indicates representation of the results of the 
following theorems of [9] in terms of double Mellin transforms. 

Theorem 1.5. For functions f(x,y),g(x,y),J (~·t) and g (~·t) 
defined forO ::; x < oo, O ::; y < oo ande> O, we have 

a-c-1 a,b,b' ;e 1
00 ¡= (1 1) 

0 0 
(xy) f ;•y 1Io,x;O,yg(x,y)dydx 

(1.35) 

r= r= ( 1 1) =lo lo (xy)a-c-lg ;•y lig:!;~::J(x,y) dydx 

provided that each double integral exists. 

Theorem 1.6. Under the conditions stated in theorem 1.5, we have 

r= r= ( 1 1 ) , 
lo lo (xy)a-c-l f ;• y d:;~~J~oo g(x, y) dy dx 

(1.36) 

r= r= (1 1) '· =lo lo (xy)a-c-l g -;• y d:;~~y~oo f(x,y) dydx 

provided that each double integral exists. 

179 



Theorem 1.7. Forfunetionsf(x,y),g(x,y),f.(~,~) andg(~,~) 
defined forO:::; x < oo,O:::; y< oo ande> O, e'> O, we have 

xa-c-1ya-c -1 f -,- 2¡a': ;c,c g(x,y) dydx 1
00 100 

1 ( 1 1) b bl 1 

O O X y O,x,O,y 
(1.37) 

= 1oo 1oo Xa-c-1Ya-c~-1g (~, ~) 2Ig,';;~~,:,cl J(x, y) dy dx 

provided that eaeh double integral exists. 

Theorem 1.8. Under the eonditions stated in theorem 1. 7, we have 

{

00 

{

00 

xa-c-1ya-c
1
-1 f (.!.)) 2 Ja,b,~1 ;C,C1 

g(x, y) dy dx lo lo X Y x,oo,y,oo 
(1.38) 

= 1oo 1oo xa-c-1Ya-c~-1 g (~,~) 2J~,'~~J~t,~J(x,y) dydx 

provided that eaeh double integral exists. 

Theorem1.9. Forfunetionsf(x,y), g(x,y), 1(~,~) andg(~,~) 
defined forO :S x < oo, O :S y< oo ande> O, we have 

roo roo 1 (1 1) 1 bb1
• lo lo xa-c-1ya -c-1 f -;¡;'y 3Ig,':;o,~ ,e g(x, y) dy dx 

(1.39) 

= 1oo 1oo xa-c-1ya~-c-1 g (~,~) 3Ig:::o~~b~;c f(x,y) dydx 

provided that eaeh double integral exists. 

Theorem 1.10. Under the eonditions stated in theorem 1.9, we have 

1oo 1oo Xa-c-1Ya~-c-1 J (~, ~) 3J~;~;t',~c g(x, y) dy dx 

(1.40) 

= 1oo 1oo Xa-c-1Ya~-c-1g (~, ~) 3J~~~;:,':;,;c J(x,y) dydx 

provided that eaeh double integral exists. 
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Theorem 1.11. For functions f(x, y),g(x, y), f (~, t) and g ( ~' t) 
defined forO :::; x < oo, O :::; y < oo ande> O, e' > O, we have 

1
00 100 

a-c-1 a-c1 -1j (!_ ~) la,b,c,c
1 

( ) d d X y , 4 0 x·O y g X, y y X 
O O X y , , , 

(1.41) 

roo roo 1 1 1 ( 1 1) a b·c·c1 
( ) = lo lo xa-c- ya-c- g -;'y 4lo~;O,~ f x, y dy dx 

provided that each double integral exists. 

Theorem 1.12. Under the conditions stated in theorem 1.11, we have 

xa-c-1ya-c -1 f -,- 4Ja,b,~,c g(x, y) dy dx 1
00 100 

1 ( 1 1) . 1 

O O X Y x,oo,y,oo 

(1.42) 

provided that each double integral exists. 

2 Mellin Transformation 

In this section we shall study the effect of operating two variable 
analogues of Mellin transform on the above defined operators. A two 
variable analogue of Mellin transform of a function f (x, y) of two 
variables x and y is defined as follows: 

M {f(u, v) : s, t} = 100 100 

U
8

-
1vt-1 f(u, v) dv du. (2.1) 

The effects of operating (2.1), on the operators (1.3), (1.7), (1.11), 
(1.15), (1.19), (1.23), (1.27) and (1.28) are given in the form of the 
following theorems: 
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Theorem 2.1. For e> O, Rl(1 +a- e-s) >O, Rl(1 +a- e- t) >O, 
we have 

M { 1a,b,b';c f( ) . } _ r(1 +a- e- s)r(1 +a- e- t) 
1 O,x;O,y x,y .s,t - r(1+a-s)r(1+a-t) X 

M 4 [ a.; b b'; e, e;.1, 1 ] M {(xy)c-a f(x, y) : s, t} 
e,l+a-s,l+a-t, 

(2.2) 

provided that term by term integration is valid and M 4 is given by {1.30}. 

Theorem 2.2. For e> O, Rl(s) >O, Rl(t) >O, we have 

{ 
a,b,b';c ( ) . } - r(s)r(t) 

M ¡Jx,oo;y,oo f x, y . s, t - r(s + e)r(t +e) X 

M 4 [a.; b, b';e,e;1,1] M{(xy)c-a f(x,y): s,t} 
e,s+c, t+c; 

(2.3) 

provided that term by term integration is valid and M4 is given by {1.30}. 

{/ 
Theorem 2.3. Fore >O, e'> O,Rl(1+a-e-s) > O,Rl(1+a-e1-t) >O, 
we have 

M { l a,b,b';c,c' J( ) t} 
2 O,x;O,y X, Y : S, 

r(1 +a- e- s)r(1 +a- e'- t)r(1- t- b') = X 
r(1 +a- s)r(1 +a- t- b')r(1- t) 

3F2 [a, b ' t; 1] M{xc-ayc'-af(x,y): s,t} 
l+a-s,t+b; 

(2.4) 

provided that term by term integration is valid. 
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Theorem 2.4. For e> O, e'> O 

M { 2J:;~~J~t,' f(x,y): s,t} 

f(s)r(t)f(t +e'- b'- a) 
~--~~~~~~~--~~x 
r(s + e)r(t +e' - b')f(t +e'- a) 

F. [ a, b, 1 + a - e' - t; 1 ] M{xe-a e' -a¡(x ) : s t} 
3 2 s + e, 1 + a - b' - e' - t; Y 'y ' 

(2.5) 

provided that term by term integration is valid. 

Theorem 2.5. For e> O, Rl(1 +a- e-s)> O, Rl(1 +a'- e- t) >O, 
we have 

M { La,a' ,b,b' ;e J( ) t} 
3 O,x;O,y X, Y : s, 

f(1 +a- e- s)f(1 +a'- e- t) 
= X 

f(1 +a- s)f(1 +a'- t) 

M [ a,a';b,b';e,e; 1,1 ] M{xe-a e-a'j(x ) : s t} 
1 e· 1 + a - e 1 + a' - t· y 'y ' 

' ' ' 
(2.6) 

provided that term by term integration is valid and M 1 is given by (1.29). 

Theorem 2.6. For e> O, Rl(s) >O, Rl(t) >O, we have 

M { 3J:;g;,;t·.~e f(x,y): s,t} 

f(s)f(t) 
,--,---c....,---:-'"--:- X 
f(s + e)f(t +e) 

Ml [ a, a'; b, b'; e, e; 1,1 ] M{xe-a e-a'¡(x ) : s t} 
e· s + e t + e· Y ' Y ' 
' ' ' 

(2.7) 

provided that term by term integration is valid. 
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Theorem 2.7. Fore >O, e'> O, Rl(1+a-e-s) >O, Rl(1+a-e'-t) >O, 
we have 

r(1 +a- e- s)f(1 +a- e'- t)f(1- t- b) = X 
f(1 +a- s)f(1- t)f(1 +a- b- t) 

F [ a, b, t, b + t - a; i ] M{ c-a e' -a¡( ) } 
4 3 1+a-s,~(b+t),~(1+b+t); x Y x,y :s,t 

(2.8) 

provided that term by term integration is valid. 

Theorem 2.8. For e> O, e' >O, Rl(s) >O, Rl(t) >O, we have 

M { Ja,b,c,c' X } = r(s)r(t)r(t +e'- a- b) X 
4 x,=;y,= f( 'y) r(s + e)r(t +e'- a)f(t +e'- b) 

F [ a, b, 1 +a - e' - t, 1 + b- e' - t; i ] 
4 3 s +e, ~(1 +a+ b-e'- t), ~(2 +a+ b-e'- t); x 

(2.9) 

provided that term by term integration is valid. 

From the above theorems of this section certain interesting coroll­
aries readily follow giving the effects of operating ( 2.1) on the operators 
(1.4), (1.5), (1.6), (1.8), (1.9), (1.10), (1.12), (1.13), (1.14), (1.16), (1.17), 
(1.18), (1.20), (1.21), (1.22), (1.24), (1.25) and (1.26). 

Further, in view of results of theorems 1.1, 1.2, 1.3 and 1.4 we 
give sorne more theorems connecting double Mellin transform and the 
operators (1.3), (1.7), (1.11), (1.15), (1.19), (1.23), (1.27) and (1.28). 

Theorem 2.9. For a funetion of two variables f(x,y) defined in the 
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positive quadrant of the xy-plane ande > O, we have 

1
00100 

/( ) 1a,b,b';c{ s-1 t-1}d d 
X, Y 1 O,x;O,y X Y Y X 

o o (2.10) 

=M { d~;g,¿~J~oo f(x, y) : s, t} 

provided that the double integrals involved exist. 

Theorem 2.10. Under the eonditions stated in theorem 2.9, we have 

l oo loo j(x y) 1 Ja,b,b' ;e {xs-1Yt-l}dy dx 
' x,oo,y,oo 

o o (2.11) 

_M{ 1a,b,b';c J( ) . t} 
- 1 O,x;O,y X, Y · s, 

provided that the double integrals involved exist. 

Theorem 2.11. For a function of two variables f(x, y) defined in the 
positive quadrant of the xy-plane and e > O, e' > O, we have 

(2.12) 

provided that the double integrals involved exist. 

Theorem 2.12. Under the eonditions stated in theorem 2.11, we have 

1oo 1oo f(x y) 2Ja,b,b' ;c,c' {xs-lyt-l}dy dx 
' x,oo,y,oo 

o o (2.13) 

_M{ 1a,b,b';c,c' J( ) . t} 
- 2 O,x;O,y X, Y . S, 

provided that the double integrals involved exist. 

185 



Theorem 2.13. Under the conditions stated in theorem 2.9, we have 

1
00100 1 1 J(x y) 31a,a. ,b,b ;c{xs-1Yt-1 }dy dx 

' O,x,O,y 
o o (2.14) 

= M{ Ja,al ,b,bl ;e J(x y) . S t} 
3 xoo;yoo ' · ' 

provided that the double integrals involved exist. 

Theorem 2.14. Under the conditions stated in theorem 2.9, we have 

1oo 1oo f(x,y) 3J~;~;~'~;e{xs-1yt-1}dydx 
(2.15) 

M{ l a,a1 ,b,b1 

;e J( ) t} = 3 O,x;O,y X, Y : s, 

provided that the double integrals involved exist. 

Theorem 2.15. Under the conditions stated in theorem 2.11, we have 

1
oo1oo f(x Y)4r,b:e,el{xs-1yt-1}dydx 

' O,x,O,y o o 

= M{4J:;~~~~ f(x,y): s,t} 

provided that the double integrals involved exist. 

. (2.16) 

Theorem 2.16. Under the conditions stated in theorem 2.11, we have 

1oo 1oo J(x, y) 4J:;!;~ye~ { xs-1yt-1 }dy dx 

(2.17) 

M{ l a,b;e,e1 J( ) t} = 4 O,x;O,y X, y : s, 

provided that the double integrals involved exist. 

Theorem 2.17. For functions of two variables f(x, y) and 9(x, y) 
defined in the positive quadrant of the xy-plane ande> O, we have 

M[!( ) l a,b,b
1

;e{ s-1 t-1 ( )} t) x,y 1 o,x;O,y x y g x,y : s, 
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(2.18) 

=M [g(x,y)d:;~~~~oo{xs-1yt-1 f(x,y)}: s, t]. 



Theorem 2.18. For functions of two variables f(x, y) and 9(x, y) 
defined in the positive quadrant of the xy-plane and e > O, d > O, we 
ha ve 

M[!( ) l a,b,b';c,c'{ s-1 t-1 ( )} t) X, Y 2 O,x;O,y X y 9 X, y : s, 
(2.19) 

=M [9(x,y)2J~;~~J~~' {xs-1yt-1 f(x,y)}: s,t). 
Theorem 2.19. Under the conditions stated in theorem 2.17, we have 

[ ( ) a,a' ,b,b';c{ s-1 t-1 ( )} J Mfx,yalo,x;O,y x y 9x,y :s,t 

(2.20) 

=M [9(x,y)aJ~;~;t·,~c{xs-1yt-1f(x,y)}: s,t). 
Theorem 2.20. Under the conditions stated in theorem 2.18, we have 

[ ( ) a,b;c,c'{ s-1 t-1 ( )} J M f x,y 4Io,x;O,y x y 9 x,y : s,t 
(2.21) 

=M [9(x,y)4J~;~~¡;:'={xs-1yt-1J(x,y)}: s,t). 
It is interesting to not that in terms of double Mellin transforms 

the results (1.35), (1.36), (1.37), (1.38), (1.39), (1.40), (1.41) and (1.42) 
respectively can be written as 

M{/ (1 1) ¡a,b,b';c ( ) . } x'y 1 O,x;O,y 9X,y .a-e,a-e 
(2.22) 

_M { (1 1) 1a,b,b';c J( ) . } - 9 x' y 1 o,x;O,y X, Y . a- e, a- e , 

M { f ( ~' ~) d~;~~J~= 9(x, y) :a- e, a- e} 
(2.23) 

-M {9 (l l) Ja,b,b';c f(x y) ·a- e a- e} 
- x' y 1 x,oo;y,oo ' · ' ' 

M { f ( 
1 1 ) 1a,b,b' ;c,c' ( ) . 1} x' y 2 O,x;O,y 9 X, Y . a- e, a- e 

(2.24) 
_M { ( 1 1) 1a,b,b';c,c' J( ) . '} - 9 x' y 2 O,x;O,y X, Y . a- e, a- e , 
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M {f (l l) Ja,b,b';c,c' g(x y) ·a- e a- e'} 
x' y 2 x,oo;y,oo ' · ' 

(2.25) 

=M {g (l l) Ja,b,~';c,c' f(x y) :a- e a- e'} 
x' y 2 x,oo,y,oo ' ' ' 

M{! (1 1) ¡a,a',b,b';c ( ) . 1 } x' y 3 O,x;O,y 9 X, Y ·a- e, a -e 
(2.26) 

-M{ (1 1) ¡a,a',b,b';cf( )· 1 } - 9 x'y 3 O,x;O,y X,y .a-e, a -e, 

M {f (l l) Ja,a',b,b';c g(x y). a- e a'- e} 
x' y 3 x,oo¡y,oo ' · ' 

(2.27) 

=M {g (l l) Ja,a':b,b';c f(x y) :a- e a'- e} 
x' y 3 x,oo,y,oo ' ' ' 

M{! (1 1) ¡a,b;c,c' ( ) . '} x' y 4 O,x;O,y 9 X, Y . a- e, a- e 
(2.28) 

_M { (1 1) ¡a,b;c,c' J( ) . '} - 9 x' y 4 O,x;O,y X, Y . a- e, a- e , 

M{! (l l) Ja,b;c,c' g(x y) :a- e a- e'} 
x' y 4 x,oo¡y,oo ' ' 

(2.29) 

=M {g (l l) Ja,b;c,c' f(x y) ·a- e a- e'} 
x' y 4 x,oo;y,oo ' · ' · 

3 Laplace Transformation 

The double Laplace transform of a function of two variables f(x, y) 
defined in the positive quadrant of the xy-plane is defined by the equation 

L{f(x, y) : s, t} = 100 100 

e-sx-ty f(x, y)dy dx. (3.1) 

Making use of results of theorems 1.1, 1.2, 1.3 and 1.4 the relation­
ships of (3.1) with the operators (1.3), (1.7), (1.11), (1.15), (1.19), (1.23), 
(1.27) and (1.28) are given in the form of the following theorems: 
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Theorem 3.1. For a function of two variables f(x, y) defined in the 
positive quadrant of the xy-plane ande> O, we have 

¡oo ¡oo f(x y) tla,b:b' ;c¡e-sx-ty]dy dx 
' O,x,O,y 

o o 

= L{ d~;:;.;~~~oo f(x, y) : s, t} 

provided that the double integrals involved exist. 

Theorem 3.2. Under the conditions of theorem 3.1, we have 

¡oo ¡oo f(x y) tJU,b,b';c [e-sx-ty]dydx 
' x,oo,y,oo 

o o 

L{ I a,b,b' ;c,c' J( ) t} = 2 O,x;O,y X, Y : s, 

provided that the double integrals involved exist. 

(3.2) 

(3.3) 

Theorem 3.3. For a function of two variables f(x, y) defined in the 
positive quadrant of the xy-plane and e > O, e' > O, we have 

¡oo ¡oo J(x y) 2Ia,b:b' ;c,c' [e-sx-ty]dy dx 
' O,x,O,y 

o o (3.4) 

= L{ Ja,b,b' ;c,c' J(x y) . 8 t} 
2 x,oo;y,oo ' · ' 

provided that the double integrals involved exist. 

Theorem 3.4. Under the conditions of theorem 3.3, we have 

¡oo ¡oo J(x y) 2Ja,b,b' ;c,c' [e-sx-ty]dy dx 
' x,oo,y,oo 

o o (3.5) 

_ L{ Ia,b,b' ;c,c' J( ) . t} 
- 2 O,x;O,y X, y . s, 

provided that the double integrals involved exist. 
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Theorem 3.5. For a function of two variables f(x,y) defined in the 
positive quadrant of the xy-plane ande> O, we have 

1oo 1oo J(x y) ¡a,a',b,b';c¡e-sx-ty]dydx 
' 3 O,x;O,y 

o o 

= L{ gJ~;~;t·.~c f(x, y) : s, t} 

provided that the double integrals involved exist. 

(3.6) 

Theorem 3.6. Under the conditions stated of theorem 3. 5, we ha ve 

1oo 1oo f(x,y) gJ;;~:~·.~c [e-sx-ty]dydx 

(3.7) 

L{ I a,a' ,b,b' ;e J( ) t} = 3 O,x;O,y x, Y : s, 

provided that the double integrals involved exist. 

Theorem 3. 7. For a function of two variables f ( x, y) defined in the 
positive quadrant of the xy-plane ande> O, e' > O, we have 

= L{4J:;~~y~
1

00 f(x,y): s,t} 

provided that the double integrals involved exist. 

(3.8) 

Theorem 3.8. Under the conditions stated of theorem 3. 7, we have 

1oo loo J(x y) 4Ja,b;~,c' [e-sx-ty]dy dx 
' x,oo,y,oo 

o o (3.9) 

_ { a,b;c,c' ( ) . } - L 4Io,x;O,y f x, y . s, t 

provided that the double integrals involved exist. 

We further give relationships among double Laplace transform, 
double Mellin transform and the operators (1.3), (1.7), (1.11), (1.15), 
(1.19), (1.23), (1.27) and (1.28) in the form of the following theorems: 
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Theorem 3.9. For funetions of two variables f(x, y) and g(x, y) defined 
in the positive quadrant of the xy-plane ande> O, we have 

M[!( ) I a,b,b';c { -sx-ty ( )} t] x,y 1 o,x;O,y e g x,y : s, 

(3.10) 

= L [g(x, y) 1 J:;~~~~oo { xs-1yt-1 f(x, y)} : s, t J . 

Theorem 3.10. For funetions of two variables f(x, y) and g(x, y) de­
fined in the positive quadrant of the xy-plane ande> O, e' < O, we have 

M[!( ) l a,b,b';c,c' { -sx-ty ( )} t] x,y 2 o,x;O,y e g x,y : s, 

(3.11) 

= L [g(x,y)2J:;~~~~~, {x 8
-

1yt-1 f(x,y)}: s,t]. 

Theorem 3.11. Under the eonditions stated in theorem 3.9, we have 

M[!( ) l a,a',b,b';c { -sx-ty ( )} t] x,y 3 o,x;O,y e g x,y : s, 

(3.12) 

= L [g(x,y)3J:;~;t·.~c {xs-1yt-1f(x,y)}: s,t]. 

Theorem 3.12. Under the eonditions stated in theorem 3.10, we have 

M [!( ) l a,b;c,c' { -sx-ty ( )} t] x,y 4 o,x;O,y e g x,y : s, 

(3.13) 

= L [g(x,y)4J:;~~yc,'oo {xs-1yt-1j(x,y)}: s,t]. 

Further, we ha ve 

Theorem 3.13. Under the eonditions stated in theorem 3.9, we have 

L [!( ) l a,b,b';c { -sx-ty ( )} t] x, y 1 o,x;O,y e g x, y : s, 

(3.14) 

= L [g(x,y)IJ:;~~J~oo {e-sx-tyf(x,y)}: s,t]. 

Theorem 3.14. Under the eonditions stated in theorem 3.10, we have 

L [!( ) l a,b,b';c,c' { -sx-ty ( )} t] X,Y2o,x;O,y e gx,y :s, 

(3.15) 

= L [g(x,y)2J:;~~J~~' {e-sx-tyf(x,y)}: s,t]. 
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Theorem 3.15. Under the conditions stated in theorem 3.9, we have 

L [!( ) I a,a',b,b';c { -sx-ty ( )} t] x, Y 3 O,x;O,y e g x, y : s, 
(3.16) 

= L [g(x,y)3J~;~;~,,~c {e-sx-tyf(x,y)}: s,t]. 

Theorem 3.16. Under the conditions stated in theorem 3.10, we have 

L [!( ) I a,b;c,c' { -sx-ty ( )} t] X,Y4o,x;O,y e gx,y :s, 

(3.17) 
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