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A STUDY OF q-LAGRANGES
POLYNOMIALS OF THREE
VARIABLES

Mumtaz Ahmad Khan and Abdul Rahman Khan

Abstract

The present paper introduces a g-analogue of Lagranges
polynomials of three variables due to Khan and Shukla and
gives certain results involving these polynomaals.
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Introduction

Lagranges polynomials arise in certain problems in statistics. In

literature they are denoted by symbol gf{”ﬁ ) (z,y) and are defined by

means of the following generating relation (see [11}-[12]):

1-a)™*(1-yt)™P = i 9B (2, y)t" (1.1)

n=0

Brenke Polynomials [3] are defined as

A(t) B(zt) = Y Po(z)t (1.2)
n=0
So that
Pp(z) = i agby_f " (1.3)
k=0

where a, and b, are arbitrary constants and where A(t) =3 ay t*,
B(z) = Y bzt

Furthermore, with the proper choice of the parameters, they form some
interesting sets of orthogonal polynomials. These were first encountered
by Al-Salam and Chihara [2].

>R

P.(z;q;a,b,¢c) = 2": { Z ] (q )k (q%)n_k a~k gtk (1.4)
k=0

where 1= (a+ ot +at = (1= £) (1- £ ) and

1~ (c+ Dzt +ct? = (1 - ﬁ) (1—4%). Next they appeared as the g-
Random Walk Polynomials of Askey and Ismail [1].
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Fo(z;g;a,0) = {ﬁ}kz:% [ Z ] (q“/")k (q“/f’)n_k Pk (1.5)

where 1—at+ct? = (1 - 1) <1 - —) and 1—at+bt* = (1 - £) (1 - ﬁ)

In 1991, M. A. Khan and A. K. Sharma [9] considered an interesting
special case of Brenke Polynomials in the form of g-analogue of Lagranges
polynomials (1.1). They defined g-Lagranges polynomials by means of
the following generating relation using the notations of Slater [14]:

7% 9%
190 zt | 190 Zgiﬁ‘qﬁ (z,y)t (1.6)

qa.
' p — (1 - qaz)oo — 1
(1-2)oo  (1=2)ay

a.7)

Recently in 1998, M.A. Khan and A.K. Shukla [10] studied La-
granges Polynomials of three variables. They defined the three variable
analogue of Lagranges Polynomials g( &:8:) (
lowing generating relation:

Z,y, z) by means of the fol-

A-—zt) (1 -yt) P —2t) =D gl@PN(z,y, )t (1.8)
n=0

In order to study the above polynomials they introduced the following
lemma:

Lemma:
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and

[o BN T B¢ ]

YoM Akymn) =3 Y S Alkm+knt+m)  (110)

n=0 m=0 k=0 n=0 m=0 k=0

In this paper we consider the g-analogue of Lagranges polynomials
of three variables.

2 qg-Lagranges Polynomials of three Variables

We define the g-analogue of Lagranges polynomials of three vari-

ables g(na’ﬁ ) (z,9, 2) by means of the following generating relation using

the notations of Gasper and Rahman [6]:

160 (0% =3 a,2t) 10 (¢°; —; ¢, yt) 160 (¢7; —; ¢, 2t)

o0
= g (z,y, )t (2.1)
n=0
In order to study such a polynomial we need the following lemma:

Lemma 1. We have

0o o0 o0 o n n—j

DY Alk,gin) =YD > Alkdn—i—k) (2.2)
n=0 j=0 k=0 n=0 j=0 k=0

and
DS A =) D" Ak, jn+ 5+ k) (2.3)
n=0 j=0 k=0 n=0 j=0 k=0

The above lemma is a special case of the following lemma due to
Srivastava and Monacha [15]
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Lemma 2. For positive integers my, ..., m.(r > 1),

S0 6k k)
k=0

n=0k,,..
(2.4)
oo miki+...+m.k.<n
=> > Ok ... kesn — myky — ...~ myky)
n=0 k1yerorkn=0
and
oo miki+...+mek-<n
Z Z $(ky ..., krin)
k1,...,kn=0
(2.5)

Z Z olky ... keyn+miks + ... +m.k,).
n=0ki,....k

=0

Expanding the L. H. S. of (2.1) using Lemma 1 and finally equating
the coefficient of " on both sides, we get

n n—j

= (4% Dn—j—1(d? @) (q"; Quz™ T Fyi 2
_JX:(:) —o (@ Dn—i—1 (3 9)i (G D

- (26)

Polynomials gn il (z,y,2) can be regarded as a generalization of

g-Lagranges Polynomials of Khan and Sharma [9] from two to three
variables as it can easily be seen that

9P (,y,0) = g{%P (z,y). (2.7)

Replacing z by yg® in (2.1), we also get

9P (@,y,4%y) = gL (z,y). (2.8)
Similarly,
9P (2,42, 2) = gl P (z,y) (2.9)



geP M (@, y,¢%x) = gl (2, y) (2.10)

9PNz, y, 2) = g (z,y). (2.11)

Now consider

00
b s
Z qT(‘ﬁ;-a+>\, +B+u C+'y+n)(x’ v, Z)tn

=1 ¢o (¢°ToFA; —;q,xt) 160 (P =g yt) 100 (7775 —; g, 2t)
=1 o (¢% —; 9, 2t) 160 (g% —; ¢, ¢*xt) 190 (¢7; —; ¢, ¢ T *at)

160 (4% —50,9t) 190 (¢°; —50,4°yt) 190 (¢*; —; 4, 4" Pyt)

190 (4% —3 9, 2t) 190 (¢7; —39,4°2t) 100 (¢"; =5 ¢, ¢ 1)

=1 0 (9% —; ¢, £t) 160 (¢ —; ¢, ut) 100 (¢° —; ¢, 21)

190 (4% —; 4, 9°xt) 160 (6% =3 ¢, ¢%yt) 100 (¢7; —;q,¢°2t)

190 (@75 —50,¢°T2xt) 160 (¢#; = 0, 4" Pyt) 160 (¢7; —; ¢, 4“7 2t)

-3y

n=0 j=0

g(a b, c) E s z) (Oz 8, ‘Y)(q z q ¥.q z)g('\ Ty ﬂ)( a+am)qb+l3y7qc+vz)tn+j+k

EM8

00 —
AN « a A p, @t c

E E gfl_.l;._)k q(m’y Z)g( qB 7)((] m,qby,qcz)gi‘q“ n)(q + z,qb'Hiy,q +72)t"

using (2.2).
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Now equating the coefficient of ¢, we get

gsla{—lfa+>\ o+ B+ p,c+v+1) (z,y,2) =
f{‘ @ U, )85 (00, ¢y, ¢72) g™ (q* o, Py, ¢ 2).
7=0 k=0

(2.12)

As a particular case of (2.12) it can easily be verified that

glesr e B8 ) (3,y, 2) ngf”f’q” (z,y,2)9'% P (¢, 4%y, q72).

(2.13)
3 Main Results
The first formula to be proved is
m+n n
Z Z < )gﬁnffq)(z y, 2)t "
n=0 m=0
(3.1)

_ (20 + )4 Q)0 (y(v + 1% @)oo (2(v + £)¢7; @)oo
(@ +1); Qoo (¥(v + 1); Qoo (2(v + 1); @)oo

Proof:

m+n n
Z Z ( ) geE) (2,1, 2)tm0™

n=0m=0

=Y gP N (@, y,2) (v + 1)

n=0
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160 (¢% —5¢,z(v + t)) 160 (¢%; =, y(v + 1)) 160 (a7 =3¢, 2(v + t))

_ @@ +1)4% Qoo (y(v + 1)0%; @)oo (2(v + £)g73 @)oo
@EW+1); Do ¥V +1); Doo(2(V +1); Qo0

The second formula to be proved is

_n;

z 1Fo
n=0

w } gg”‘éﬂ”)(x, y, 2)t"

=

(zt(1 — w)g% @)oo (Yt(1 — )%; Qoo (2t(1 — W)q"; @)oo
(#t(1 - w); Qoo (Yt(1 — w); Poo (2t(1 = w); @)oo

Proof:

00 —n;
Z 1Fo w | g%PM (2, y, 2)t"

n=0

o0 o0 n+r af n .
=SS (M) e )

n=0 r=0

-

from which the result follows by using (3.1).

The third formula to be proved is

o0
(n+m+k)! (ap,
P e T AL 0

n=0 m=0 k=0

(3.3)
_ @+ v+ W% Qoo Wt + v + W) @)oo (2(t + v + w)g"; Qoo
(Z(t + v+ w); Qoo (Y(t + v+ wW); Qoo (2(t + v + W); Qoo
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The proof of (3.3) is similar to that of (3.1).

The fourth formula to be proved is

o - m+n
1 _
Z Z ( n )gsr?fﬁzl)(x,y,Z)t"vqum(m 1)

n=0m=0
34
(U+t) o ——;—;_:qa;qﬁ;qv; ( )
= ¢ o
Proof:
X m+n
B, 1 B
Z Z ( n ) 95::+n31)($,y, Z)t"vqum(m 1)
n=0m=0 q
S
L gslaéﬂx'Y)(z’y’ Z)tn—m'umq%m(m—-l)
n=0 m=0 (q)m(Q)n—m ’
= o -n m, mn
-1
= (q )m( ) q gslaéﬁ,’v) (z,y,z)t"—mvm
n=0 m=0 (Q)m ,
=D 9 @y, )" 16 [q_"; -4 —T]
n=0
3 65,0, 2)((0 + 050
n=0
(V41t):— — —:q%¢Pq";
- ¢(3) q,%,Y,2
]
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