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Abstract

The present paper is a study of a general class of polynomaial
L8 (z,y) of two variables which include as particular

cases the polynomials L) (z,y) due to Ragab and L#(z)
due to Prabhakar and Rekha. Certain generating functions,
a finite sum property, integral representations, Schlifli’s
contour integral, fractional integrals, Laplace transform and
a series relation for this general class of polynomial have
been obtained.
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1 Introduction

In 1972 T.R. Prabhakar and Suman Rekha [9] considered a general
class of polynomials suggested by Laguerre polynomials as defined below:

o _Tlan+B+1) & (—n)i z*

Lyf(@) = —=— kz_ok T(ak+ B8+ 1) (1)
and proved certain results for these polynomial. Later, in 1978, they
[10] derived an integral representation, a finite sum formula and a series
relation for these polynomials. Evidently, if @ = k, a positive integer,
then LEB(z*) = ZB(x;k) which is Konhauser s polynomial and more
particularly LL8(z) = Ly (z) where ¥ (z) is the generalized Laguerre
polynomials.

Recently, in 1991, S.F. Ragab [11] defined Laguerre polynomials of
two variables L{®? )(:c,y) as follows:

n
(@,8) _ T(n+a+1)I(n+p+1 (=97 L (=)
L (z,y) = Hte 2;!( )Zr! Tlatn—7+1) [(B+r+1) (1.2)
r=0

where LS{")(z) is the well known Laguerre polynomial of one variable
defined by (E.D. Rainville [12], p. 200).

It may be noted that the definition (1.2} for Lie®) (z,y) is equivalent
to

+ 1 ([3 +Dn o= = (—n)pysy"2°
[(@.8) _ (o r+s 1.3
w7 (@y) TZ% ; risl(a +1)s(8 + 1), (1.3)

where n is any positive integer or zero.
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On a General Class of Polynomials L") (z,4) of two variables

In this paper, we have defined and studied a general class of polyno-
mials of two variables L{®*"¥)(z, 1) suggested by (1.1) and (1.3) which
in particular cases yield both (1. 1) and (1.3} and in special case gives
Konhauser’s polynomials.

2 The Polynomial lea’ﬂ ;7’6)(55,3/)

The Polynomial L{*#"7%(z,y) is defined as follows:

Lga,ﬁ;ws) (z,y)

n n—r (21)
I‘(an+f3+l)l‘('vn+5+l) »D (=n)r+s T°Y"
& risil(as + B+ DT (yr+d+1)

Putting a = v = 1, (2.1) reduces to

851, (ﬂ+1)n(5+1)n = —n)rsxy
LB (g 4y = Z(,Zor's'ﬂ:l)s(éﬂ)r (2.2)

which is Ragab’s polynomial L® 6)(:11, y).

Puttingy=1,d=0 and y =0 in (2.1), we obtain

. 1 s
L{&F10(z,0) = Tlen + ﬂ iy Z s! P (as + ﬁx+ 1) @3)

which is Prabhakar and Rekha’s polynomial L&#(z), which in turn re-
duces to Laguerre polynomial LZ(z) for a = 1.
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Putting @ = k, a positive integer, v = 1,6 = 0 and v = 0 and
replacing = by z* in (2.1), we obtain

Tlkn+ B8 +1) < n zks
n! ZO( )()F(ks+ﬂ+1)

§=i

LA (g4,0) = (2.4)

which is Konhauser’s polynomial Z2(z; k) (see [5], [6]).

Also, for @ = k, a positive integer, v = p, a positive integer, 3
replaced by a,d replaced by B,z replaced by z* and y replaced by y?,
(2.1) gives a two variable analogue of Konhauser’s polynomial Z2(z; k)
studied by the present authors [3] in a separate earlier communication.
They defined it as

Z&B(z,y; k,p)
n n-r

_ D(kn+o+1)T(pn+8+1 (=n)rys zF° yP" (2.9)
= fnre (r?!)zpn )Z Zr! s! I‘(k2+a++1w) r(g,r+3+1).
r=0 s=0

3 Generating Functions

lea,ﬁn,

The polynomials 5)(:1:,_1/) have the generating function

indicated in

(a.837.5)
etdla, B+ 1;—zt)d(v,6 + 1; —yt) = rn;f+3+1)r(%ﬁ?5il) (3.1)
n=0
where ¢(a, §; z) is the Bessel-Wright function [A. Erdelyi et. al., vol. 3
[2], p. 211].

For an arbitrary C, we easily obtain the following generating func-
tion for (2.1):

0
n! (C)a L P79 (ag) " _ —c ot gt
F(om-)i—B+l) F(’yn-:lt—(;y+1) (1 - t) Ea B+1;7v,6+1 (T—m—tt’ 1J-—'t') (32)

n=0
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where EC, , (z,y) is defined by

c _ o — Clrys z° y"
Ea,b;d,e(zay) - ; ZO sl F(as T b) F(d?‘ T e) (33)

It may be regarded as a two variable analogue of Wright’s function
Eacb(z) defined by

o~ _(O) 2"
C — T
B =3 60
If we replace t by & and let |C| — oo in (3.2) , we obtain the

generating relation (3.1).

Before proceeding to obtain more general sets of generating func-
tions for (2.1), we introduce here Wright’s type double and triple hyper-
geometric series respectively as follows:

((l, A) : (b’ B); (d, D)v
P T,y

, h,H
(£.F) + (9,6 ( H; 65
_ii I'{a+ A(m +n)}l(b+ Bm)T(d+ Dn) z™y"
mOn0F{f+F(m+n)}1"(g+Gm)F(h+Hn) m! n!’
(a,A):(b,B);(»',B");(v",B"):(d,D);(d' ,D');(d" ,D");
¢(3) Wz
(f,F)::(9,G)i(9',G")5(g",G"): (b H); (R H'); (R \H");
00 00 00 (3.6)

Z Z Z I {a+A(m+n+p)}L{b+B(m+n)}T{t'+B'(m+p)}
- . T{f+F(m+n+p)}T{g+G(m+n)}T{g"+G (m+p)}
m=un= p—

T{b"+B" (n+p)}[(d+Dm)[(d'+D'm)[(d"+D"p)  z™y" 2"
T{g"+G" (ntp)}l(h+Hm)I (A" +H' n)T(h"+H"p)  m!inlpl”
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Now for arbitrary A and g, one can easily obtain the following more
general generating function for (2.1):

SUTTIERE L
FMan+ 8+ 1) T(yn+d6+1)
(3.7)

(1) 55 = = = 1 =
=B —zt,—yt,t

I == — L (B+1,a); (64+1,7); —;

Interesting special cases of (3.7) are as follows:

= n! Lg,a’ﬁ”’d)(:z:, y)t"
F'lan+ 6 +1)

n=0

B+ly) s iy —
= ¢(3) —xt,—-yt,t

— I —imy = (B+La) (641,y)5

2\ n! Lg,a'ﬁw’a)(z,y)t"
Fyn+46+1)

n=0
(B+La) i == — L —— )

= w(3) —zt,—yt,t | -
— == = L (B4L,a)(6+1,9) —
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Yet, another generating relation of interest for (2.1) is as follows:
i n! T(Anp) LB (g y)tn
I'én+n) Tlan+ B +1) T(yn+6+1)

(A) 8= —
- '(,[1(3) —zt,—yt,t .

(mp) 3t —; =5 — 1 (B+L,a); (6+1,7); —

(3.10)

In particular, when A = p = o = vy = 1, (3.10) reduces to

&\t (W) LY (2, )87
> Mn B+ 1)a(d + 1)

n=0
=y —— s ———— =

= F® —zt, —yt,t |,
nu—3——:8+1;8+1;—;

where Lsf 9) (z,y) is Ragab’s Laguerre polynomial of two variables and
F®(z,y,2] is a triple hypergeometric series [cf. Srivastava [14], p.428].

4 A Finite Sum Property of L (z,y)

It is easy to derive the following finite sum property of the polyno-
mial L&P 7 (g, y) :

LB (22, y2)

(4.1)

Zk'l‘ an+ B+ 1)I(yn + 6 + 1)(1 = 2)"*2 (a,Bw,G)(z )
= nl(n—k)T(ak+ B+ 1)L(vk+o+1) & 'Y
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Proof of (4.1): The generating relation (3.1) together with the fact
that

e'd(a, B+ 1; —xzt)p(v,6 + 1; —yzt)

= e(I=Itert(a, B + 1; —z(2t)) (7,8 + 1; —y(2t))

yields

Z n! L(O‘v’3 7,6) (zz, y2)t"
*T(an+ 8+ 1)I(yn+6+1)

_ (S a=ane nt LEP7 0 (3, y) 2 o
~<Z n! )(Z Nan+p+1)T(yn+d+1)

n=0

from which, on comparing the coefficients of t* on both sides, we get
(4.1). O

For a = v = 1,8 replaced by a and § replaced by 3, we get the
corresponding result for Ragab’s Laguerre polynomials of two variables
Lsf"ﬁ)(z',y) established by Khan and Shukla [4]. Some other particular
cases of interest are as follows:

(i) For vy =1,8 = 0,y = 0, (4.1) reduces to

n

. »\n—k k
Lo (22) Z Flan+ 8+ 1)(1 — 2) L,‘:'ﬁ(x), (4.2)
k=0

(n— k)T (ak+B+1)
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which is a finite sum property for Prabhakar and Rekha’s polyno-
mial L&#(x) which for @ = 1 and S replaced o gives

n

e
=0

where L%a)(z) is a well known Laguerre polynomial.

(ii) Putting a = k, a positive integer, v = 1,§ = 0,y = 0 and 8
replaced by a and z replaced by z* we get the following finite sum
property for Konhauser’s biorthogonal polynomial ZZ(x; k) of the
second kind:

o N n Tkn+a+1)(1-2)"T"2" _, .
zn(zz,k)—go TG Tar D) Ak (43)

5 Integral Representations

Using the definition of Beta function it is easy to derive the following

integral representantion of L& (z,y) (see Rainville [12]):

t s
/ / B (s — 2)F "Nt — y)¥ T LB (2% y 7 dudy
0 0 .

(5.1)
I(an+B+D (yn+d+1)T (BT (8 )sP+8 13+ L(a B+B';7,6+48") (s"‘ 1)
I'(an+B+8'+1)T(yn+d-+6'+1) v
Using the integral (see Erdelyi et. al [1], vol.1, pp.14),
(0-+)
2isin7nzl'(2) = —/ (—t)*te~tdt (5.2)
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and the fact that

n n-—r

(1—-1‘—y)"=zz( Mrss Y7 o (5.3)

r! sl
r=0 =0 s

it is easy to derive the following integral representation for L% (z,y) :

0+) p(0+)
—/ / (—-u)‘ﬂ“l(—u)_‘;_le_“"’(1—1(—11.)_“—3/(——11)_7)" dudv

o0 o0
(5.4)
— 47{2("’!)2 L(O,ﬁ;‘v,5)(x y)
Fan+ B8+ 1D)I(yn+6+1) " e
We also have
(n)? I B8 p—u—v(Biv8) o .y
Mant B nTssD) uPvle Ly (zu®, yv")dudv
o Jo (5.5)
=1-z-y)™
6 Schlafli’s Contour Integral
It is easy to show that
Lﬁ{"ﬂ”"”(z,y)
6.1)
(0+) r(0+) i (
B LG e do.
—00
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Proof of (6.1): The R.H.S. of (6.1) is equal to

n n—r 0+)

T(an+8+1)I(yn+é+1 (=n)ry, z°y" -

onth (11)!)2(‘m )Z Z e u(@ et du x
r=0 s=0 -

(0+)
x L/ p-(r+i+l) v gy

n n—r
_ IantB+1T(yn+5+1) (=n)rts 2* y"
- (n!)? Z Zr! s! T(as+8+1) T'(yr+o+1)
r=0 s=0

using Hankel’s formula (see Erdelyi, A. et al. [1], 1.6(2)).

@ = pyr e’ t73dt, (6.2)
finally (6.1) follows from (2.1). a

For a = k, a positive integer, v = p, a positive integer, § replaced by
a, § replaced by f3, z replaced by z* and y replaced by y?, (6.1) reduces
to the corresponding Schlafli’s contour integral for two variable analogue
of Konhauser’s polynomial Z$?(z, y; k, p) obtained by Khan and Ahmad

[3]-

7 Fractional Integrals

Let L denote the linear space of (equivalent classes of) complex-
valued functions f(z) which are Lebesgue-integrable on [0,a],a < .
For f(z) € L and complex number p with R{u > 0, the Riemann-
Liouville fractional integral of order p is defined as (see Prabhakar [7],
p.72).

1

" f(z) = 0w /Oz(a: — t)#~1 f(t)dt for almost all z € [0,a].  (7.1)
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Using the operator I*, Prabhakar [8] obtained the following result for
Reyp>0and REa > -1:

I'lkn+a+1)

Pt 2@k = fhn v ar ut 1)

BHRZIH @ R),  (1.2)

where Z2(z; k) in Konhauser’s biorthogonal polynomial.

In an attempt to obtain a result analogus to (7.2) for the polynomial
L9 (5 1) we first seek a two variable analogue of (7.1).

A two variable analogue of I* may be defined as
Po{fe)) = g || @ = 0P = o) S . (7.3)
Putting f(z,y) = 28y L{&#79) (22 ) in (7.3), we obtain
Pha[ghys LA (zo, )]
= ror o Jo (@ = WAy - o) B L0 (e, 07 dudv

patA Atn 1 B L (i
=~——-L——-)\)F ™) fo fo Pl (1 — )11 —w)* (B )(z",to‘,wa“’)

(by putting v = zt and v = yw)

1"(om-{»—ﬂ-\‘-1)I‘(’yn+z§+l)z"'*'A p+r Z (—n)rysz*y™"
(") TOT () DD IE- i crer=vincrer s Ry
r=0 s=0

1 1
x/ t* (1 - ) ldt x / w1 — w)* " dw
0 0

n n—r
_ T(an+B+1)T(yn+d+1)z> T2y~ ¢ Z Z (=n)rgs (%) (7)"
- (nh)? V8T (as+B+A+ 1) T (yr+5+pu+1)
=0 s=0
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We thus arrive at

Ps[gBys L9 (ga )]

(7.4)
)
8 Laplace Transform
In the usual notation the Laplace transform is given by
L{f(t):s} = /000 e ' f(t)dt, Ré(s —a) > 0 (8.1)
where f € L(0, R) for every R > 0 and f(t) = 0(e®),t -+ oo.
Using (8.1) Srivastava [13] proved
L{tPZ2(xt; k) : s}
-n, Ak,S+1); (8.2)
= ia—%%r'f%tw k+1F% (f)k ,
Alk,a+ 1);

provided that R€(s) > 0 and Ré4(B) > —1.

In an attempt to obtain a result analogous to (8.2) for L{&*79 (z,y)
we take a two variable analogue of (8.1) as follows:

L{f(u,v) : 51,52} = /O ” /O " ems1um2v £y o) dudo, (8.3)
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Now, we have

L{u ot LB (gue yu7) : 51,80}

n n—r
— D({an+B+1)(yntd+1) (=n)rys z°y"
- (nl)? Z Z r! S'F(as+/ﬁl)l‘(77+5+l)
r=0 s=0

O —syu,,as+A 00 —82v ,,YT+it
x [o et ust Ay x [Ce2y dv

r(an+a+1)r(7n+auinzrr(as+A+1)r(~,r+u+1) =z s 3 T
(n1)2 7 FT g2 H1 T(as+B8+1)L(yr+8+1) 85

r=0 s=0

We thus arrive at

L{urv# LR (gue you7) @ sy, 80}

—n:(A+L,e);(p+1,7); (8.4)
_ I'(an+B8+1)'(yn+6+1) Fl:l;l xz ‘1{7'
= (n!)2 si\+l s;‘-Fl —:1;1 8‘1: ) P

—:(B+1,0);(d+1,7);

In the special case when A = 8 and pu = 4, (8.4) simplifies to the
elegant form

L{uPv L{EPD) (gue y07) : 51,50}

(8.5)
_T +8+1)I +35+1
= (,E?; 37n+2+$1§n+6+1) (sfs3 — rsy — ysg)"
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9 A Series Relation for L (z,y)

We now make use of fractional differentiation operator D¥ defined
y (see [14], p. 285)

T'(A+1) -
DH{ M = 0 7 7 A 1
where p is an arbitrary complex number to show that
a,B; -
P O SRIC ) KA
e (Wnl(an+ B+ 1)I(yn+6+1) gt
(9.2)
(A1) ; ;
= etyp(2) —at, —yt
(1, 1) : (B+1,a);(6+1,7);
Proof: We can rewrite (3.2) as
o (2,8:7,9) n
— n! Ly (z,y) t
1;— 1;—yt

or as

n|L(06‘75) (z, )tn+k
ZZ kIT( an+ﬂ+1) (fn+d+1)

n=0 k=0

ii n (my)k otk
n_Ok_On'k'F an+ﬂ+1)I‘(7k+5+1)
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Now multiply both sides by t*~*, and apply D;~*, we obtain

. kL(aﬁ’ré)( y)tntk
n—
LHS = _E—%t ZZ k'[‘om+ﬁ+1) (vn+4d+1)

=0 k=0 () n+k

.83, n A+n
= L - 12 (N LS5 (@, y)t R i
r “ (Wal(an+B+1)T(yn+6+1) gt

— A

L(O‘ Biv, 5) n /“L ]

1_t2 +ﬁ+1) E’yj-fﬂl)’F‘ !

= T'(an Tn gt
(using Kummer’s transformation).

Similarly,

J_l 1 T\ +n + k)(—zt)" (~yt)*
R.HS = th— ,;,1;) nlk'T(pu+n+k)l(an+ B8+ 1)I'(vk+6+1)

C(A) i~
— ()t,u 1,¢(2)

—xt, -yt ]
(1, 1) - (B+La); (6 +1,7);
which immediately lead to the result (9.2). a

Fory =1, § = 0 and y = 0 (9.2) reduces to the result due to
Prabhakar and Rekha [10] for L&A (z).

References

[1] A. ERDELYI, ET. AL: Higher Transcendental functions. vol. 1, Mc-
Graw Hill, New York (1953).

[2] A. ERDELYI, ET. AL: Higher Transcendental functions. vol. 3, Mc-
Graw Hill, New York (1955).

36



On a General Class of Polynomials L®?79 (z,y) of two variables

[3] M. A. KHAN and K. AHMAD: On a two variables analogue of
Konhauser’s biorthogonal polynomial Z5(z;k). Communicated for
publication.

[4) M. A. KHAN and A. K. SHUKLA: On Laguerre polynomials of
several variables. Bull. Cal. Math. Soc., vol. 89 (1997) 155-164.

(5] J. D. E. KONHAUSER: Some properties of biorthogonal polynomials.
Journal of Mathematical Analysis and Applications, Vol. II (1965)
242-260.

[6] J. D. E. KONHAUSER: Biorthogonal polynomials suggested by the
Laguerre polynomials. Pacific Journal of Mathematics, Vol.21, No 2
(1967) 303-314.

[7] T. R. PRABHAKAR: Two singular integral equations involving con-
fluent hypergeometric functions. Proc. Camb. Phil. Soc., Vol. 66
(1969) 71-89.

[8] T. R. PRABHAKAR: On a set of polynomials suggested by Laguerre
polynomials. Pacific Journal of Mathematics, Vol. 35, No. 1 (1970)
213-219.

[9] T. R. PRABHAKAR and S. REKHA: On a general class of poly-
nomials suggested by Laguerre polynomials. Math. Student, Vol. 40
(1972) 311-317.

(10] T. R. PRABHAKAR and S. REKHA: Some results on the polynomials
L%#(z). Rocky Mountain J. Math. Vol. 8 (1978) 751-754.

[11] S.F. RAGAB: On Laguerre polynomials of two variables LS{I’B)(:B, Y).
Bull. Calcutta Math. Soc., vol. 83 (1991) 253-262.

(12) E. D. RAINVILLE: Special Functions. Macmillan, New York;
Reprinted by Chelsea Publ. Co., Bronx, New York, (1971).

37



M. Ahmad and K. Ahmad

[13] H. M. SRIVASTAVA: Some biorthogonal polynomials suggested by

the Laguerre polynomials. Pacific Journal of Mathematics, vol. 98,
No. 1 (1982) 235-249.

[14] H. M. SrivasTava and H.L. MANOCHA: A treatise on generating
functions. John Wiley and Sons (Halsted Press), New York; Ellis
Horwood, Chichester, (1984).

Resumen

El presente articulo estudia una clase general de polinomios L%

(z,y) de dos variables que incluye como casos particulares los poli-
nomios L%O"B)(w,y) de Ragab y los L%#(z) Prabhakar y Rekha. Se
obtienen ciertas funciones generatrices, una propiedad de suma finita,
representaciones integrales, la integral de contorno de Schléfli, integrales
fraccionarias, transformada de Laplace y una relacién de series para esta
clase general de polinomios.

Palabras Clave: Polinomio de dos variables, funciones generatrices, repre-
sentaciones integrales, integrales fraccionarias.
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