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1 lntroduction 

The main purpose of this paper will be to present results concerning 
the existence of solutions for the equation 

a(x)u" + ~(b(x)~u)- M(x, t, J 1 v u(x, t)l 2dx)~u + 8u' =O (1.1) 

n 

1\ 

in a noncylindrical domain Q. 

The system (1.1) describes the problem of vertical flexion of fully 
clamped beams. For the cylindrical domains severa! mathematical as­
pects related with (1.1) were researched during the last years. We can 
mention the results of R.W.Dickey [4], J. Ball [1], for n = 1, they con­
sider a(x) = b(x) = 1 and M(x, t, .\) =Po+ P1.\; J.G. Eiesley[5] studied 
the problem (1.1) for n = 2, a(x) = b(x) = 1 and M(x, t, .\) =Po+ P1.\. 

The equation (1.1) in an abstract framework, namely u"+ A 2u- (Po+ 
P1M(IA~ui 2 ))Au =O was studied by L.A. Medeiros [10], D.C. Pereira 
[12], P. Biler [2] and E.H. Brito [3]. 

In noncylindrical domains the equation (1.1) was studied by J. 
Límaco, H. R. Ciar k and L.A. Medeiros [7], where they considered the 
function M(x, t, .\) with the following properties: 

• M(x, t, .\) ~ O 

• l8a"fi:SC2I>-IP 

• 1~1 :S C3l.\lp-l for p ~l. 

In this paper we generalize the result of J. Límaco et al. [7] 
considering the C 1 function M of three variables X E n, t ~ o and 
.\ ~ O, such that 
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o::::: M(x, t, .A)::::: cj;(.A), 1 \lx MI :::::el~ f(.A), 
(1.2) 

where j, g, and h are increasing e 1 functions in [O, oo[ and 1; is an 
increasing and continuous function in [0, oo[ with 

lim g(.A) = lim 1;(.-\) =O. 
>..->O >..->O 

We study the problem on an increasing noncylindrical domain Q, where 

Os represents the section of Q n { t = S}' for o ::::: S ::::: T, r S is the 
boundary of Ds and the lateral boundary of Q is given by Z::s = u r S· 

O<s<T 

The boundary of Q is given by 8Q = D0 U¿+ U Dr. We suppose that 

no en and Q is contained in a cylinder Q = D X [0, T]. The function 
M(x, t, .A) is a restriction of M(x, t, .A) to (x, t) E Q and ,\ > O, where 
M(x, t, .A) is a function defined in the cylinder Q. We say that Q is 
increasing, if Ds increase with s. The method we will employ to solve 
the problem is the penalty method idealized by J.L. Lions [8], [9]. 

2 Main Result 

We consider the boundary value problem 

a(x)u"(x, t) + ~(b(x)~u(x, t)) 

-M( x, t, fn1V'u(x, t)l 2 dx) ~u(x, t) + óu'(x, t) =O 

u(x, t) = au~:' t) =o 

in Q, 

on ~' 

(2.1) 

u(x,O) = u0 (x), u'(x,O) = u1 (x) m Do. 
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Remark 2.1. The functions a(x) and b(x) are defined in [2 x [0, T]. Let 
a and b ;:estrictions of a and b to Q. In (2.1) we are considering a =a 
and b =b. 

On the functions of system (2.1) we consider the following hypothe-
ses: 

a(x), b(x) E L00 (0), such that 

O< ao < a(x) < 1, O< bo < b(x) < b1 

and the function M(x, t, >.) satisfying (1.2) 

(2.2) 

Definition 2.1. The function u: Q---+ lR. is a weak solution of (2.1), 
ifu E L2 (0,T;H6(Dt)), u' E L2 (0,T;L2 (Dt)) and 

T T 

-J J a(x) u'(x,t)(j/(x,t)dxdt+ J J b(x)/:1u(x,t)/:1cp(x,t)dxdt 
o !1, o !1, 

T 

+ J J M(x, t, J I'Vu(x, t)l 2dx) \i'u(x, t) · \i'cp(x, t) dxdt 
o n, n, 

T 

+ j j¡v xM(x, t, j ¡vu(x, tWdx). vu(x, t)J c/J(x, t) dx dt 

o !1, !1, 

T 

+o J J u'(x, t) cp(x, t) dxdt =O 

o !1,. 

for all cp E L 2(0,T;H6(Dt)), cp' E L2 (0,T;L2 (Dt)), with 
cp(x,O) = cp(x,T) =O, u(x,O) = u0 (x), u'(x,O) = u1 (x) 
for all X E f2o. 

Theorem 2.1. Given uo E H6(D0 ), u 1 E L2(D0), and 

F(Ho) < obo 
5 

(2.3) 
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where F and H0 are defined in (2.32) and (2.35) respectively. Then there 
exists at least one real function u: Q----> JR, weak solution of (2.1). 

Proof. We will use the penalty method given by J.L. Lions [9] to 
transform the noncylindrical problem from Q into a cylindrical problem 
in Q and then we will use the Faedo-Galerkin method. 

We define the function 

{ 

1 in Dx]O,T[ "-{Qu(Do X {O})} 
x by x(x, t) = 

O in Q U (Do x {O}) 

Let Uo' Ul be the extension of Uo' Ul to D defined zero outside of 
n-Do. Then uo E HJ(D) and u1 E L2 (D). Thus, we have the following 
penalized problem: 

Given E > O, we look for u 6 : Q ----> JR, such that 

-1 a(x) u~(x,t)cj/(x,t)dxdt+ j b(x)!J.us(x,t)!J.cf;(x,t)dxdt 

Q Q 

+ 1 M(x, t, llus(t)ll 2
) 'Vus(x, t) · 'Vcf;(x, t) dxdt 

Q 

+ 1 ['V xM(x, t, llus(t) 11 2
) · 'Vus(x, t)] cf;(x, t) dx dt (2.4) 

Q 

+o J u~(x, t) cf;(x, t) dx dt + ~ J x(x, t) u~(x, t)cf;(x, t) dx dt 

Q Q 

+~ J x(x, t) 'Vus(x, t) . 'V cf;(x, t) dx dt = o, 
Q 

for all c/J E L2 (0, T; HJ(D)), c/J' E L 2 (0, T; L2 (D)), with cf;(x, O)= cf;(x, T) 
=0, and the initial conditions Us(x,O) = uo(x), u~(x,O) = ul(x) for all 
X E f2. 
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Note that the penalized problem is cylindrical, then we can employ 
Faedo-Galerkin approximate method with a hilbertian basis (wi)iEN of 
Hg(n), such that w1 = uo. We denote by Vm = [w1, ... , wm] the sub­
space of Hg(n), generated by {u0 , w2, ... , wm}· We want to find Ue:m(t) = 
m 
L.: 9im(t) wi E V m, solution of the following initial value problem: 
i=l 

(a u~m(t),w) + (bflue:m(t),flw) 

+(M(t, llue:m(t)ll 2
) VuEm(t), Vw) 

+(V xM(t, llue:m(t)ll 2
) · Vue:m(t), w) 

+J( u~m(t), w)+~(x(t)u~m(t), w) 
E 

1 
+-(x(t)Vue:m(t), Vw) =O, for every w E Vm 

E 

Ue:m(x, O) = Uom---+ uo in H6(n) 

and u~m(x, O) = u1m---+ u1 in L2 (n). 

(2.5) 

By the Caratheodory theorem, the problem (2.5) has local solution Ue:m 
on sorne interval [0, tm [ for each E > O fixed. To extend the solutions to 
the interval [0, T[ for every T > O and to take to the limit as m ---+ oo, 
we need a priori estimates. 

First Estímate. Taking w = u~m(t) in (2.5), we have 

46 

+(V xM(t, llue:m(t)ll 2
). Vue:m(t), u~m(t)) +o( U~m(t), u~m(t)) 

+~(x(t)u~m(t), u~m(t)) + ~(x(t)Vue:m(t), Vu~m(t)) =O 
E E 

(2.6) 
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On the other hand, we have the following identities 

(a u~m(t), u~m(t)) = ~ :t J a(x) lu~(x, t)l 2 dx (2.7) 
!1 

(b fluem(t), /lu~m(t)) = ~ :t J b(x) lfluem(t)l 2 dx (2.8) 

!1 

1 d J 2 2 = 2 dt M(x, t, lluem(t)ll ) IVuem(t)l dx 
!1 

1!8 2 2 -2 fJt M(x, t, lluem(t)ll ) IVuem(t)l dx 
(2.9) 

n 

-V :, M (x, t, llu,m(t) 11 2
) 1'17u,m (t) 1' dx l ('17u,m (t), vu:m (t)) 

Using (1.2) and Cauchy-Schwarz inequality we have the following in­
equalities 

j [VxM(x, t, lluem(t)ll 2
) · Vuem(t)] u~m(x, t) dx 

n 

:=:; j IV xM(x, t, lluem(t)II 2 )11Vuem(t)l 1 U~m(x, t) ldx 
n 

:=:; Cllluem(t)ll f(lluem(t)ll 2
) J IVuem(t)ll U~m(x, t) ldx 

!1 

:=:; Clf(lluem(t)ll 2
) lluem(t)ll 2 1 U~m(x, t) 1 

Pro Mathematica, 20, 39-40 {2006), 41-63, ISSN 1012-3938 

(2.10) 

47 



C. S. Q. de Caldas, J. Límaco, R. K. Barreta 

Again, from (1.2) we obtain 

(2.11) 

j :>.. M(x, t, JJut:m(t)JJ 2) JV'ut:m(x, t)J 2 dx (Y'uem(t), V'u~m(t)) 
!1 (2.12) 

From (2.6)- (2.12), we have 

~ :t j {a(x) Ju~m(t)J 2 + b(x) J~ut:m(x, t)J 2 

!1 

+!C2g(JJuem(t)JJ 2) JJuem(t)JJ 2 

+C3 h(JJut:m(t) JJ 2) JJut:m(t) JJ 2 J~ut:m(t) JJu~m (t) J. 

And using the inequality 

JJvJJ :S: Ca J~vJ for every v E H6(f2) (2.13) 

48 Pro Mathematica, 20, 39-40 (2006), 41-63, ISSN 1012-3938 



The Penalty Method and Beam Evolution Equations 

we get 

+M(x, t, lluEm(t)ll 2
) IV'uEm(t)l 2 }dx 

+5 lu~m(t)i2 + ~lx(t) u~m(t)l 2 + ~(x(t)V'uEm(t), V'u~m(t)) 
é é (2.14) 

::; C5Cd(lluEm(t)ll 2
) llwEm(t)l 2 lu~m(t)i2 

C2C +T g(lluEm(t)ll 2
) l.6.uEm(t)l 2 

+C5C3 h(lluEm(t)ll 2
) l.6.uEm(t)l 3 lu~m(t)l. 

Second Estimate. Taking w = uEm(t) in (2.5) we have: 

(a U~m(t), UEm(t)) + (b .6.uEm(t), .6.uEm(t)) 

+(M(t, lluEm(t)ll 2
) V'uEm(t), V'uEm(t)) 

+(V' xM(t, lluEm(t)ll 2
) · V'uEm(t), UEm(t)) 

1 
+-(x(t)V'uEm(t), V'uEm(t)) =O 

é 
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From (2.15), we get 

:t J {a(x) u~m(x, t) uEm(t) +~o lucm(x, tW}dx 
!1 -J a(x)l u~m(x, tW dx + J b(x) l~uEm(x, tWdx 

!1 !1 

+ J M(x, t, llucm(t)\1 2
) IV'ucm(t)l 2dx (2.16) 

!1 

+ J [\7 xM(x, t, llucm(x, t)ll 2
) · \luEm(x, t)]uEm(x, t) dx 

!1 
1 1 

+-(x(t) u~m(t), uEm(t)) + -lx(t)\luEm(tW =O 
e e 

From (1.2), (2.13) and the Cauchy-Schwarz inequality, we get 

J [V' xM(x, t, llucm(x, t) 11 2
) · \luEm(x, t)]ucm(x, t) dx 

!1 

:S Clllucm(t)ll f(ilucm(t)ll 2
) J l\luEm(X, t) llucm(x, t)l dx 

!1 (2.17) 

where we have used the inequality 

(2.18) 
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From (2.16) and (2.17) we obtain 

:t J {a(x) u~m(x, t) Uem(t) + ~ó luem(x, t)l 2 }dx 
!1 -J a(x)l u~m(x, t)l 2 dx + J b(x) l~uem(x, t)l 2 dx 

!1 !1 

+ J M(x, t, lluem(t)ll 2
) IV'uem(tWdx (2.19) 

!1 

+~(x(t) u~m(t), Uem(t)) + ~lx(t)V'uem(t)l 2 
e e 

::::: CJCoCl f(lluem(t)ll 2
) ~~Uem(tW. 

ó 
Multiplying (2.19) by 4 and summing to (2.14), we have 

ldf 1 2 2 2 dt {a(x)l uem(x, t)l + b(x) l~uem(x, t)l 
!1 

+M(x,t, lluem(t)ll 2
) IV'uem(tW + ~a(x) u~m(x,t)uem(t) 

52 ó J +-¡luem(x, t)l 2
} dx- 4 a(x)l u~m(x, t)l 2 dx 

!1 

+~ J b(x) l~uem(x, t)l 2 dx 
!1 

+~ J M(x, t, lluem(t)ll 2
) IV'uem(t)l 2dx 

!1 
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Denoting by 

Hm(t) = Hm(Ucm(t)) = ~ J{a(x)l U~m(x,t)l 2 

!1 

+b(x) ID.ucm(x, t)l 2 + M(x, t, llucm(t)ll 2
) IV'ucm(t)l 2 (2.21) 

+~a(x) u~m(x, t) Ucm(x, t) + ~ lucm(x, t)l 2
} dx 

and using the hypothesis a(x) -::; 1, we get 

1~ j a(x) u~m(x, t) UEm(x, t) dxl 
!1 

-::; ~ j a(x) lu~m(x, t)ll uEm(x, t)l dx 
!1 

-::; ~ j a(x) lu~m(x, t)l 2 dx + 
0
: j luEm(x, t)l 2 dx. 

!1 !1 

From this we have 

~ j a(x) u~m(x, t) Uc:m(x, t) dx 
!1 

(2.22) 
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From (2.21) and (2.22) we get 

Hm(t) ?: J { ~a(x) iu~m(x, tW + ~b(x) i~uEm(x, tW 
l1 (2.23) 

1 2 2 +2 M(x, t, llucm(t)il ) \V'ucm(t)i } dx. 

From (2.2) and (2.23) we can write 

Jao, 2 bo 2 
Hm(t) ?: { 4 iuEm(x, t)i + 2 l~ucm(x, t)i 

l1 
1 

+2M(x, t, llucm(t)\1 2
) \V'ucm(t)\ 2

} dx 

?: C4{iu~m(x, tW + i~uEm(x, t)\ 2 

+ J M(x, t, llucm(t)\1 2
) \V'ucm(tW dx} 

l1 

where 

. { ao bo 1} C4=mm 4 ,2 , 2 . 

From (2.20) and (2.21), we have 

!Hm(t) + J iu~m(x, t)\ 2
- ~ J a(x) iu~m(x, t)\ 2 dx 

+~ J b(x) i~uEm(x, t)\ 2 dx 
l1 

l1 

J J 2 2 +¡ M(x, t, llucm(t)il ) \Y'ucm(t)i dx 
l1 
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1 2 2 2 
+2CoC2 g(llucm(t)ll ) l6ucm(t)l 

+C6C3 h(llucm(t)ll 2
) l6ucm(t)l 3 lu~m(t)1 

Using again the hypothesis a(x) :::; 1, we get 

5 lu~m(x, t)l 2
- ~ J a(x) lu~m(x, t)l 2 dx 

[l 

= 5 J { lu~m(x, tW- ~a(x) lu~m(x, t)l 2
} dx 

[l 

= ~ J [ 4- a(x)]lu~m(x, t)l 2 dx ~ 3
: lu~m(x, t)l 2 ~O 

[l 

Thus, from (2.2), (2.25) and (2.26), we obtain 

d ( ) l ( 2 [ 5 bo 2 2 ' 2 dtHm t + 6uEm t)l 2- CoCl f(llucm(t)ll ) lucm(x, t)l 

(2.25) 

(2.26) 

(2.27) 
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We define 

/m(t) = /m(Usm(t)) = C;5Cl f(llusm(t)ll 2 )lu~m(t)l 

+ c;52c
2 

g(llusm(t)ll2) + cJc3 h(llusm(t)ll2) l~ut:m(t)llu~m(t)l (2.28) 

o 3- 2 
+:¡CoCoCI f(llusm(t)ll ) l~usm(t)l, for every t ~O. 

From (2.27) and (2.28), we get 

d o~ 1 
dtHm(t) + l~usm(tW [--¡-- 'Ym(t)] + ~lx(t) u~m(tW 

+~(x(t) 'Vusm(t), 'Vu~m(t)) 
é (2.29) 

o o + 
4

é (x(t) u~m(t), Usm(t)) + 
4

é lx(t) 'Vu10m(t)l 2
::; O, 

for every t ~ O. 

From (2.24), we have 

l
u' (t)l < Hm(t)! l ( ) Hm(t)! t:m _ ,¡e;¡ , ~Ut:m t 1 ::; ,¡e;¡ , 

(2.30) 

From (2.28), (2.30), and since j, g, and h are increasing C 1 functions 
we have 
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We define 

F() _ cgc1 1(c5 ) cgc2 (cg ) cgc3h(cg ) 
S - -- -S + --g -S + -- -S S ,;e;. c4 2 c4 c4 c4 

(2.32) 

From (2.31) and (2.32), we obtain 

l'm(t) :S F(Hm(t)) for every t ~O (2.33) 

On the other hand, from (2.2),(2.13), (2.18) and (2.21), we get 

1 b 1 
Hm(t) :S 2 [u~m(t)[ 2 + ; [~uEm(t)[ 2 + 2cf;([[uEm(t)W)[[uEm(t)W 

+~ [u~m(x, t)[ [ucm(t)[ + Ó: [ucm(tW 
(2.34) 

:S Cs[ [u~m(t)[ 2 + [~uEm(tW + cf;([[ucm(t)[[2 )[[ucm(t)[[ 2] 

{ 
5 ~ s2cgcg ~} where C5 = max S, 

2 
+ 

4 
, 

2 
. 

We define 

From (2.34), we have 

Since F is increasing we get from (2.36) 
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Taking the limit in (2.37), as m----) oo and from (1.2) and (2.3) we obtain 

r5 bo 
lim F(Hm(O)) "S F(Ho) < -. 
m~= 5 

Then there exists mo E z+, su eh that 

r5 bo 
F(Hm(O)) < -

5
- for every m;;:: mo (2.38) 

For the rest of this article we shall assume that the Galerkin approxima­
tion satisfy m ;;:: m 0 . 

Now we are going to prove that 

r5 bo 
¡(t) "S 4 for every t ;;:: O (2.39) 

Otherwise we have ¡(t) > r5 : 0 for sorne t0 , and thus we will prove that 

this hypothesis implies a contradiction. In fact from (2.33) and (2.38) 
we have 

r5 bo 
/m(O) < F(Hm(O) < 5 (2.40) 

As the function ¡( t) is continuous, for t > O there exists t* > O, such 

that t* = min{t >O; ¡(t) = r5 :o}, such that 

r5 bo 
'Ym(t) < 4 

r5 bo 
for every O "S t < t* and lm(t*) = 5 

Integrating (2.29) from O to t*, we get 

t• 

Hm(t*) + ~ j (x(t) V'uEm(t), V'u~m(t)) dt 
o 

t• 

+~ j (x(t) u~m(t), uEm(t)) dx "S Hm(O). 
o 
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From the Lemma of Nakao and Narazaki [11], we have 

t* 

j (x(t) \lucm(t), \lu~m(t)) dt ~ lx(t*) Uem(tW -lxuol 2 

o 
t* 

j (x(t) u~m(t), ucm(t)) dt ~ lx(t*)\l Uem(t)l 2 
- lx \luol 2

. 

o 

But from the definition of u0 and x(x, t) we have 

lxuol 2 = J x(x, O) uo(x) dx =O 
!1 

lx'Vuol 2 = j x(x,O)\luo(x)dx =o. 
!1 

From (2.42), (2.43) and (2.44) we obtain 

From (2.33), (2.40) and (2.45) we get 

í'm(t*) ~ F(Hm(O)) < J ;o < J !O 
which is a contradiction with (2.41). 

Therefore, 

J bo 
O< í'm(t) < --¡- for every t ~O 

From (2.29), (2.35) and (2.39), it follows that 

Hm(t) ~ Ho for every t ~O 

Then 

(2.43) 

(2.44) 

(2.45) 

(2.46) 

lu~m(t)l 2 + l~u10m(tW ~ C, for every t ~O, for every E> O (2.47) 
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From (2.47), we can obtain a subsequence, still represented by ( U10m)mEN, 

such that 

U 10m--"'" U 0 weak star in L 00 (0, T; H6(0)), as m~ oo, (2.48) 

(2.49) 

From (2.47) and the Aubin-Lions Theorem, [8], we obtain a subsequence, 
still represented by ( Uom)mEN, such that 

(2.50) 

We also have 

(2.51) 

From (2.6)and using (2.48)-(2.52), we can take the limit as m ~ oo 
obtaining a weak solution of the penalized problem (2.4). 

From (2.48), (2.49), (2.50) and the Banach-Steinhaus Theorem, we 
obtain a net (uo)O<c<l anda function w : Q ~ JR, such that 

U 0 --"'" w weak star in L00 (0,T;H6(0)), as E~ O (2.53) 

u~--"'" w' weak star in L00 (0,T;L2 (0)), as E~ O (2.54) 

u0 ---+ w strongly in L2 (0, T; HJ(O)), as E~ O and a.e. in Q. (2.55) 

Integrating (2.29) from O to T, we get 

J X( X, t) ju~m(x, t)j 2 dx dt:::; E C 

Q 
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j x(x,t) IY'uc:m(x,tWdxdt::; e e 
Q 

(2.57) 

where e = (1 + ~ )Ho is a real positive constant independent of e and 

m. 

From (2.51) and (2.56) we have 

Then, 

xu~----+ O strongly in L 2 (0, T; L2 (D)), as e----+ O (2.58) 

From (2.54) and (2.58) we obtain 

J x(x, t) lw'(x, t)l 2dxdt =o 
Q 

By similar argument, we obtain from (2.52) and (2.56), that 

J x(x, t) IY'w(x, tWdx dt =O. 

Q 

From (2.59), we have 

x(x, t) w'(x, t) =O a.e. in Q 

and then 

w'(x, t) =O in Q - Q U Do x {O} 

But Q is increasing, then we get 

t 

(2.59) 

(2.60) 

(2.61) 

(2.62) 

j w'(x, s) ds =O for every O< t < T, x E D- D0 . (2.63) 

o 
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Since w(x, O) = uo =O in D- Do, we have 

w(x, t) =O a.e. in Q- Q U Do x {0}. (2.64) 

From (2.60) we obtain 

x(x, t) [Vw(x, t)[ =o a.e. in Q- Q u Do X {O} (2.65) 

and then implies that 

aw ~ 
-
8 

(x, t) =O a.e. in Q - Q u Do x {O} 
Xi 

(2.66) 

Let u be the restriction of w to Q. From (2.64) and (2.66), we have that 

u E L00 (0, T; H~(Dt)) 

From (2.54) and (2.62) we get 

u' E L00 (0, T; L2 (Dt)) 

(2.67) 

(2.68) 

Taking cjJ E L2 (0, T; H6(Dt)) with cp' E L2 (0, T; L2 (Dt)) in (2.4), the 
penalized terms are null. From the convergence (2.53), (2.54), (2.55) and 
passing to the limit as e -+ O, we obtain the weak solution of Theorem 
2.1. 
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Resumen 

En este artículo presentamos resultados relacionados con la existencia de 
soluciones para una ecuación de evolución de una viga, con coeficientes 
variables en dominios no cilíndricos. 

Key words: Ecuación de evolución de una viga, existencia, método de pe­

nalidad, dominios no cilíndricos. 
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