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1 Introduction

The main purpose of this paper will be to present results concerning
the existence of solutions for the equation

a(z)u” + A(b(z)Au) — M(z, ¢, / | v u(x, t)2dz)Au +6u’' =0 (1.1)
Q

A
in a noncylindrical domain Q.

The system (1.1) describes the problem of vertical flexion of fully
clamped beams. For the cylindrical domains several mathematical as-
pects related with (1.1) were researched during the last years. We can
mention the results of R.W.Dickey [4], J. Ball [1], for n = 1, they con-
sider a(x) = b(z) = 1 and M(z,t,\) = Py + P1); J.G. Eiesley[5] studied
the problem (1.1) for n = 2, a(z) = b(z) = 1 and M(z,t,A) = Py + P .
The equation (1.1) in an abstract framework, namely u” + A%u — (Py +
PM(|AZu|?))Au = 0 was studied by L.A. Medeiros [10], D.C. Pereira
(12], P. Biler [2] and E.H. Brito [3].

In noncylindrical domains the equation (1.1) was studied by J.
Limaco, H.R. Clark and L.A. Medeiros [7], where they considered the
function M(z,t, A) with the following properties:

o M(z,t,\) 20

o |V M| < Ci|AP

o |2 < ColAP

o [B|<CAPforp> 1.

In this paper we generalize the result of J. Limaco et al. {7]
considering the C! function M of three variables z € Q, t >0 and
A > 0, such that
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0 S M(l"tv’\) S ¢()‘)’ | Vz M‘ S Cl\//_\ f()\)’
(1.2)

where f, g, and h are increasing C' functions in [0, 00 and ¢ is an
increasing and continuous function in [0, oo[ with

li A)=1li A)=0.

lim g(A) = lim ¢(})
We study the problem on an increasing noncylindrical domain @, where

§}; represents the section of @ N{t =s}, for0 <s<T T, is the

boundary of Q, and the lateral boundary of Q is givenby > = U T,
0<s<T

The boundary of Q is given by 56\2 = Qo U >°, USr. We suppose that
U C Qand @ is contained in a cylinder @ = Q x [0,T]. The function
M\(x,t, A) is a restriction of M(z,t,A) to (z,t) € @ and A > 0, where
M(z,t, \) is a function defined in the cylinder Q. We say that @ is
increasing, if 2, increase with s. The method we will employ to solve
the problem is the penalty method idealized by J.L. Lions [8], [9].

2 Main Result

We consider the boundary value problem
a(z)u”(z,t) + A(b(z)Au(z, t))

-]/\/I\(:c,t,/ IVu(x,t)Izdm) Au(z,t) +0u/(z,t) =0 in Q,
Q

(2.1)
u(z,t) = 8ugi’t) =0 on I,
u(x,0) = ug(z), u'(z,0) =uy(z) in .
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Remark 2.1. The functions a{x) and b(z) are defined in Q x [0,T). Let
aandb restrictions of a and b to Q. In (2.1) we are considering a =a
and b =b.

On the functions of system (2.1} we consider the following hypothe-
ses:

a(z), b(z) € L™ (), such that
(2.2)

0<ao<a(x)<l, 0<by<b(x)<b
and the function M (z,¢, \) satisfying (1.2)

Definition 2.1. The function u : @ — R is a weak solution of (2.1),
ifue L2(0 T; H3(Q)), v’ € L*(0,T; LQ(Qt)) and

// (@) (x, t)dxdt+//b ) Au(z, £) Ad(x, £) dz dt

0 Q 0 Q

T
+ ]\7(3:,75, |Vu(z,t)|*dz) Vulz,t) - Vé(z,t)dxdt
[ [ f

T
1+ | [[VaM(z,t, | |Vu(z,1)?dz) - Vu(z,t)] ¢z, t) dz dt
[

T
+6 uw(z,t) ¢p(z,t)dzdt =0
/]
for all € L2(0,T; H2(Q)), &' € L2(0, T; LX), with

P(z, 0) =¢(z,T) =0, u(z,0)=uo(x), u'l(z, 0) (.’IJ)

for all x € Q.

Theorem 2.1. Given ug € HZ(Q), u1 € L3(Q), and

by

= 23)

F(Hop) <
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where F and Hy are defined in (2.32) and (2.35) respectively. Then there
exists at least one real function u: Q — R, weak solution of (2.1).

Proof. We will use the penalty method given by J.L. Lions [9] to
transform the noncylindrical problem from @ into a cylindrical problem
in @ and then we will use the Faedo-Galerkin method.

We define the function

1 in Qx]0,T] ~{Q U (% x {0})}
x by x(z,t) = R
0 in QU (g x {0})

Let g, u; be the extension of ug,u1to Q defined zero outside of
Q- Q. Then ug € HZ(Q) and @; € L(Q). Thus, we have the following
penalized problem:

Given € > 0, we look for u. : @ — R, such that

- / o() v (2, )¢ (z, 1) do dt + / b(z) Aue(z, ¢) Ad(x, t) da dt
Q Q
+ [ M@t 10O Tuelat) - To(a,t) o

Q
+/[va(-’ra t, ||u5(t)||2) : Vue(x,t)] ¢(x’ t) dz dt (2.4)

Q
+6/ ul(z,t) ¢(z,t) dacdt—l—é/x(x,t) ul(z,t)p(x,t) dr dt
Q Q
+%/x(x,t) Vue(z,t) - Vo(x, t) de dt = 0,
Q
for all ¢ € L2(0,T; H3()), ¢’ € L%(0,T; L%(Q)), with ¢(z,0) = ¢(z,T)
=0, and the initial conditions u.(z,0) = ug(z), u.(z,0) = U1 (z) for all
T€e.
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Note that the penalized problem is cylindrical, then we can employ
Faedo-Galerkin approximate method with a hilbertian basis (w;);en of
HZ(Q), such that w; = Ug. We denote by V;,, = [wy, ..., wm] the sub-
space of HZ({2), generated by {tg, wa, ..., Wm }. We want to find u.n,(t) =
m

> gim(t) wi € Vi, solution of the following initial value problem:
i=1

(a u? (t),w) + (bAucm(t), Aw)
HM(t, [Juem(O*) Viem(t), Vo)

HVaM(t, [uem()]?) - Vitem(t), w)

8 (£, ) = (X (Bt (), ) (2.5)

£
1
+g(x(t)Vu5m(t), Vw) =0, for every w € Vi,
Uerm (T, 0) = Uom — Up in HE(Q)

and ul, (x,0) = uim — % in L2(€).

By the Caratheodory theorem, the problem (2.5) has local solution uem,
on some interval [0, t,,[for each € > 0 fixed. To extend the solutions to
the interval [0, T for every T' > 0 and to take to the limit as m — oo,
we need a priori estimates.

First Estimate. Taking w = u.,,(t) in (2.5), we have

(@ uZn (1), un (1)) + (b Auem(t), Augy, (1))

HM(E Juem(OI?) Viem(t), Vg (£)

(2.6)
VM [ (9)12) - Ve (8, 8 (8)) 8 (1), 8 (1)
2O (81,0 (8) + = (1) Pt (8), Vet (1) = 0
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On the other hand, we have the following identities

(@ w0 (0) = 5 5 [ alo) o0 e o
Q
(b Atem(t), Addl, (£)) = %% / b(z) | Aty (t)|2 dz (2.8)
Q

(Mt luem @) Viem(t), Vuinm(t)

1d

T / M(@,t, |t (8)|?) [Vtem (6) 2 dz
Q

(2.9)
_—%/—M(m,t,Husm(t)”Z) [ Vtiem ()| do

Q
B [/ %M(x’tv Huam(t)”z) |Vusm(t)|2 dz} (Vusm(t), V’u,lsm(t))
Q

Using (1.2) and Cauchy-Schwarz inequality we have the following in-
equalities

[ 192M @t e (1) - Tt (0)] ()

Q
< [ 1V M@t e @) [T 0] () d (2.10)
Q

< Culluem(®)1] £ ( [uem(®)]1%) / (Viterm(®)] | (2 £)
Q

< Cof ({[tem (1) llem ()17 ulm (2, ) |
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Again, from (1.2) we obtain

O Mt e ()]P) [ Vtem ()P de

(2.11)

<

Ca g({[uem(t)]?) {luem(t)]|?

[N

/ -—a?/-\-M(:L‘,t, ”usm(t)”z) |Vu5m(x, t)|2 dx (Vusm(t)v Vu::m(t))

0 (2.19)

<Cs h(|]u5m(t)||2) Huem(t)HZ}A“wn(tN |t (1)

From (2.6) - (2.12), we have

%di / () + b(x) | Atem (z, )2
Q

M@t e O e (1))
B L () + X (B2 + = )Vt (1), V(1)
< O (hter 1) e ()1 (1)
+3C2 g(l[uem 1) llwern (02
s At (112 e (012 At (1) (1)
And using the inequality

|[v]] < ColAv| for every v € H3(S) (2.13)
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we get

N —

& [(6() 1 O + b(0) | Bt (1)
Q

+M(z,t, |uem (II?) 1 Vriem (t) | }da

( 2, 1 ,
+0 |ugm (8)]? + Ix() mOF + Z(x(O) Vuen(t), Vien () (2.14)

< CECLf (|uem ()11?) [Attem ()] Jugm (£)]2

orle;
02

5 9(I[uem®)I*) [Ducm (2)2

+C§Cs h{[tem (1)]1%) [Attem ()] Uy, (1)].
Second Estimate. Taking w = ugm(t) in (2.5) we have:

(@ Ul (), uem(t)) + (0 Aucm(t), Atem (1))
+(M (2, [|uem (t)”Q) Viem (t), Viem(t))

VMt |[tem®IP) - Vitem(t), uem(t)) (2.15)

1

H0( ey (8), them (8)) + — Ottt (8), uem (1))

L () Vatem(t), Vatem (1)) = 0

£
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From (2.15), we get

4 /{a(m) Ul (T, ) Uern (E) + %5 [Uem (2, 1) | Ydx
Q
— | a(x)] ul,,(z,t))* dz + /b(:r) | At (2, t)|*d

Q

Q

+/ M(z, t, |[tem ) [Viem (t)Pda (2.16)
Q
/

+ [ [VoM(z,t, [[uem (T, )]|?) - Vitem (2, 1)) tem (z, t) dz

2K Ul 0), e () + () Vit (O = 0

From (1.2), (2.13) and the Cauchy-Schwarz inequality, we get

/[VzM(x, t, ||uem (z, t)Hz) - Vem (T, t)uem (z, t) dz

Q

< Ctltem @] £(||uem(®)[?) /IVuem(x»t)l [uem (z,1)| dx
J (2.17)

<Gy f(||uem(t)||2) ||uem(t))|2‘uem(t)|

< C§CoC: £ (|luem (1) | Auerm (t)?

where we have used the inequality

[Uem (t)‘ < 60 Huem(t)H (2'18)
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From (2.16) and (2.17) we obtain

/{a (2,t) uem (t) + %5|u5m(:v,t)‘2}dx

=

@) i@ O da + [ b(z) | At (a,8)Pdo
Q

0
+/M(m,t,||u5m(t)||2) |Vtterm (t)|2dz (2.19)
Q
2 K0E) (1), e () + <D0Vt (1)

< C3CoC1 f(I[uem(t)]?) | Avem (t)*.

5
Multiplying (2.19) by 1 and summing to (2.14), we have

2 /{ (2, 1)17 +5(z) | At (2, 1)

+M (2,8, [fuem (E)]1) [Vuem (8] + g—a(x) Ul (T ) Uem ()

2

+%|u5m(z,t)|2}dm— %/a(xﬂ ul (z, )% dzx
5 0

+Z/b(m) |Ausm(m,t)|2dx

J (2.20)

+ [ M@t uem®]) [Fuam(0)da
Q

PO U O + 2 (X(E) Vit (0), Vs (1)

o (X (8 (1)) + OVt (O
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< G301 f(lluem(t)]1?) | AU ()Pt (2)]
+3C3Co g(|[tem (B)][?) | Dtiem (t) 2
+C3Cs h{[uem(B)][2) | Atiem (t) [l (8)]
+3C3CoCh f(Iltem()]?) | Auem(t) 2.
Denoting by
Hlt) = Ho(tem(t)) = 5 [{a(o)] (1)
0(z) At () + M2, [t (]?) [Vitem (07 (2.21)

(52
+5a(T) upm (2,1) Uem (2, t) + Z'usm(xv t)lz} dx

and using the hypothesis a(z) < 1, we get

|g/a(:r) UL (T, ) Uen (2, t) d]
Q

<

N &

/ 0(2) [l (2,8 | tem(, )] dit

Q

2
< %/a(x) jul, (z,t)[? dx+§8—/|u5m(z,t)|2da:.
Q )

From this we have

Q
(2.22)

2_

N —

2
/a(z) lul, (z,t)]* dz — %/|u5m(z,t)|2dz.
Q

Q
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From (2.21) and (2.22) we get

/ {2a 2P 4 2b(z) | Atk 1)
(2.23)
+§ M(z,t, [[tiem (8)]1?) [Vuem(t)|*} dz.
From (2.2) and (2.23) we can write
/{ Ui, O + 22 | At (1)
+§M($,t»||uem( M) [Vtem(t)i?} do
> Ca{lul (2, 1)1 + | At (z, 1)
+S{M($,ta [tem (1) [Vtem ()]? da}
where
C4:min{%,%0, %} (2.24)
From (2.20) and (2.21), we have
)+ 8l (2, O - 7 [ ala) e 0,0) o
Q

+g/b(x) |Au5m(ac,t)|2 dx
Q

+3 [ M@ e ®I) [T (O da
Q

IO U OF + 20 Vitem (1), Tl (1)

0

o (X0 U (8, e (8) + () Vit (1)
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< G0 f (luem®)I?) 1V ttem ()12 [0 (8)]?

+5C30 gltem(§]12) | Avtern (1)
(2.25)
O30 h{lluem (D11 | Atk (1) (1)

F2C3C (e ®I) |Aten (D).

Using again the hypothesis a(z) < 1, we get

Sl OF 5 [ (@) it (a0 da
Q

=6 [{un( ) = J(o) a2, 8)) dt (2.26)
Q

N % /[4 — afz)] 1ulsm(x’t)F dz 2 316 lul,. (z, )2 >0
0

Thus, from (2.2), (2.25) and (2.26), we obtain

& Ha®)+ | Bter (O (222 — G301 F([tem () (a1
C2C,
T2

~2C8GCs F(luem P | Buem @] + SO lm(F @20

9(lluem®1?) = CEC3 h{|lthem (B)[*) | Attem (£)] g (8)]

8

2 (X(8) Ve (8), Tt (6) + 5= () (1), e ()

4 x(t) Ve (0 <0
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We define
Ym(t) = Ym (Uem(t)) = Cgcl f(||u5m(t)||2)|u;m(t)|

2
O e ()I1) + CECs A(luem(BI) [ A ()] O] (2.28)

+
) ~
-I—ZCS’COCH FUluem®)?) |Aucm(t)], for every ¢ > 0.

From (2.27) and (2.28), we get

S Hn () + 1) (272~ 3 (0] + () (O

+§(X(t) Ve (8), Vil (1)) (2.29)

1 1)
2 (X(8) e (1), wem (1)) + = Ix(2) Vuem(t)|? <0,
for every t > 0.

From (2.24), we have

, Hn(1)* Hin(t)F
|u€m(t)| S \/0_4 3 |Au€m(t)| S \/C—,4 "
(2.30)

ltem ()] < ColAtem(8)] < %Hm(t)%

From (2.28), (2.30), and since f, g, and h are increasing C! functions

we have

C2C C? C2C, (2
< DL F(ZOH, (8) Hin(8)% + 222 (22 Hin(2))
C4 2 Cy

m(t) < \/C_4
N (2.31)
GiCs, C8 §C3CCh , Cf 3
+ BN 0) Holt) + SBE 0 Hn)
55
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We define

cic, LG8 G} CBCa, CE
Pl = D2 sy + Blg( T + B0y,
(2.32)
§C3CyCy 1
YWo f( )3 :
From (2.31) and (2.32), we obtain
Ym(t) < F(Hpy,(t)) foreveryt =0 (2.33)

On the other hand, from (2.2),(2.13), (2.18) and (2.21), we get

Hin(t) < 5 [ + 21 Butem ()1 + 26 htem )] Pl tem (D)
5, 52
47 [t (0] Wm0+ 5 e () o0

< Csl fuem () + [Atem ()1 + ¢(|[tem ()117)luem (t)]17]

where Cg = max{g b; 5204353, ;}
We define

Ho = Csllul? + |Aug|? + ¢(|[uol|*)/uol|] (2.35)
From (2.34), we have

Hyn(0) < Cslurm|® + |Augm|? + ¢(||uoml|*)lwoml|?]. (2.36)

Since F is increasing we get from (2.36)

K(Hm(0)) < K(Cslluim|? + |Auom|? + ¢(lluom||*)luom1%]).  (2.37)
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Taking the limit in (2.37), as m — oo and from (1.2) and (2.3) we obtain

lim F(Hx(0)) < F(Ho) < ‘5%

m—0oC
Then there exists mg € ZT, such that

b
F(H,(0)) < 6T0 for every m 2 mg (2.38)

For the rest of this article we shall assume that the Galerkin approxima-
tion satisfy m = my.

Now we are going to prove that

5 bo
< =
¥(t) < 1

for every t 2 0 (2.39)
. dbo .
Otherwise we have y(t) > e for some tg, and thus we will prove that

this hypothesis implies a contradiction. In fact from (2.33) and (2.38)
we have

§b
Y (0) < F(H,, (0) < —5—0 (2.40)
As the function v(t) is continuous, for ¢ > 0 there exists t* > 0, such
ob
that t* = min{t > 0; y(¢) = TO}’ such that

_ ok

for every 0 <t < ¢* and v, (t*) = 3 (2.41)

by
Tm(t) < e

Integrating (2.29) from 0 to t*, we get
o

Hn(t)+ % [ (x(t) Vtem(t), Vil (0)
’ (2.42)

*

(X(8) U (2), Uem (1)) da < Hia (0).
0

PR

+
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From the Lemma of Nakao and Narazaki [11], we have

/ (X(8) Vit (), Vil () d > |X(E) tem(8)? — [ Tol?
0 (2.43)

[ O 81,1 0) > )T e (O = x
0
But from the definition of 4y and x(z,t) we have

ol = [ x(.0)To(z)dz =0
@ (2.44)
Ix Viig|? = /x(a:,O)Vﬁo(a:) dr = 0.
Q

From (2.42), (2.43) and (2.44) we obtain
Hon(t*) < Hn(0). (2.45)
From (2.33), (2.40) and (2.45) we get

dbg 4D
(") < F(Hn(0) < > < =~
which is a contradiction with (2.41).

Therefore,

0 < ym(t) < (-5% for every t > 0 (2.46)
From (2.29), (2.35) and (2.39), it follows that
H,,(t) < Hy for every t > 0
Then

[ul, (1)]* + |Auem (t)|? < C, for every t > 0, for every e > 0 (2.47)
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From (2.47), we can obtain a subsequence, still represented by (uem )men,
such that

Uem — Ue weak star in L°(0,T; H3(Q)), as m — oo, (2.48)
ul, — ul weak star in L°(0,T; L*(2)), as m — co. (2.49)

From (2.47) and the Aubin-Lions Theorem, [§], we obtain a subsequence,
still represented by (uem )men, such that

Uem — Ue strongly in L2(0, T; HL(Q)), as m — oo, (2.50)
We also have

X ul, — xu. weak star in L>(0,T; L*(Q)), as m — oo,  (2.51)

X Ve, — X Vue weak star in L®(0,T; L%(Q)), as m — oo, (2.52)

From (2.6)and using (2.48)-(2.52), we can take the limit as m — oo
obtaining a weak solution of the penalized problem (2.4).

From (2.48), (2.49), (2.50) and the Banach-Steinhaus Theorem, we
obtain a net (u.)oce<1 and a function w : @ — R, such that

ue — w weak star in L°°(0,T; H3(2)), ase — 0 (2.53)

ul — w' weak star in L°°(0,T; L*(Q)), ase — 0 (2.54)

ue — w strongly in L2(0,T; Hy(f2)), as € — 0 and a.e. in Q. (2.55)
Integrating (2.29) from 0 to T, we get

/X(x, t) uly, (z,t)*dedt < e C (2.56)
Q
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/X(x,t) | Ve (z,t)|?dzdt < e C
Q

(2.57)

4
where C = (1 + S)HO is a real positive constant independent of ¢ and

m.
From (2.51) and (2.56) we have
Ix ulg|L2(O,T;L2(Q)) <lim |x ulgm|L2(0,T;L2(Q)) <eC
Then, |
xul — 0 strongly in L%(0,T;L*(Q)), as € — 0
From (2.54) and (2.58) we obtain

/ x(z,t) |w' (2, £)Pdz dt = 0
Q

By similar argument, we obtain from (2.52) and (2.56), that

/X(:r,t) |Vw(z,t)|*dz dt = 0.
Q

From (2.59), we have
x(z,t)w'(z,t) = 0 ae. in Q
and then
w'(z,t)=0in Q — Q U Qo x {0}

But Q is increasing, then we get

¢
/w’(:c,s)dS:OforeveryO<t<T, € N— Q.
0

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)
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Since w(x,0) = g = 0 in Q — Qp, we have

w(z,t) =0 ae in Q- QU Qg x {0} (2.64)

From (2.60) we obtain

x(z,t) [Vw(z,t)] =0 ae. in Q— QU 9 x {0} (2.65)

and then implies that

gg(m,t) =0ae in Q- QU x {0} (2.66)

Let u be the restriction of w to Q. From (2.64) and (2.66), we have that
u € L®(0,T; H2 (%)) (2.67)

From (2.54) and (2.62) we get
u' € L=(0,T; L3(Q)) (2.68)

Taking ¢ € L2(0,T; H3(%)) with ¢ € L2(0,T;L?(€%)) in (2.4), the
penalized terms are null. From the convergence (2.53), (2.54), (2.55) and

passing to the limit as ¢ — 0, we obtain the weak solution of Theorem
2.1
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Resumen

En este articulo presentamos resultados relacionados con la existencia de
soluciones para una ecuacién de evolucién de una viga, con coeficientes
variables en dominios no cilindricos.

Key words: Ecuacién de evolucién de una viga, existencia, método de pe-
nalidad, dominios no cilindricos.

Cruz Sonia Q. de Caldas

Universidade Federal Fluminense,

Instituto de Matematica,

Departamento de Matemadtica Aplicada

Rua Mério Santos Braga s/n°. Centro, Niter6i, RJ, Brasil
CEP: 24020-140

gmacruz@vm.uff.br

Juan Limaco

Universidade Federal Fluminense,

Instituto de Matemadtica,

Departamento de Matemadtica Aplicada

Rua Mério Santos Braga s/n°. Centro, Niterdi, RJ, Brasil
CEP: 24020-140

jlimaco@vm.uff.br

Rioco K. Barreto

Universidade Federal Fluminense,

Instituto de Matematica,

Departamento de Matemadtica Aplicada

Rua Mério Santos Braga s/n°. Centro, Niteréi, RJ, Brasil
CEP: 24020-140

rikaba@vm.uff .br

Pro Mathematica, 20, 89-40 (2006), 41-63, ISSN 1012-3938 63



