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Abstract

The present paper deals with the calculus of Ty 5y, -
operator. The operator is a three variable analogue of the
operator given earlier by W. A. Al-Salam [1] and H. B.
Mittal [10]. The operator is useful for finding operational
representations and generating functions of polynomials of
three variables and will be dealt in a separate communication.
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1 Introduction

In 1964, W. A. Al- Salam [1] defined and studied the properties
and applications of the operator

d
=x(l 4+ xD), D = —. 1.1
6 =xz(1+zD), o (1.1)

He used this operator very elegantly to derive and generalize some
known formulae involving some of the classical orthogonal polynomials.
He also gave a member of new results and obtained operational repre-
sentations of the Laguerre, Jacobi, Legendre and other polynomials.

In 1971, H. B. Mittal [10] generalized the operator § by means of
the relation

Ty =xz(k+zD),D= (1.2)
where & is a constant. He used this operator to obtain results for gene-
ralized Laguerre, Jacobi and other polynomials.

In 1992, M. A. Khan [4], the first author of the present paper,
introduced q-extension of the operator (1.2) by means of the following
relation:

Thyq,e = (1 — q){[k] + quDq,z} (1.3)

where k is a constant, | ¢ |<| . [k] is a g-number and D, ; is a q-derivative
with respect to z. Letting ¢ — 1, (1.3) reduces to (1.2).

The paper [4] is a study of a calculus for the T} 4 ,-operator. Later,
in a series of papers M.A. Khan [5, 6, 7] used this operator to obtain
operational generating formulae for g-Laguerre, g-Bessel, g-Jacobi and
other g-polynomials. In particular, various generating functions and
recurrence relations were obtained for g-Laguerre polynomials.
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Quite recently in 2004, M. A. Khan and M. P. Singh [8] defined a
two variable analogue of the operator (1.2) by means of the following
relation:

0 0
= k — — .
Tipy =2Y { + x@x + yay } (1.4)

and studied its calculus.

The present papers deals with the calculus of the three variable ana-
logues of the operators (1.1) and (1.2). The aim is to use these operators
and the results of this paper to obtain various operational representa-

tions, generating functions and recurrence relations of the three variable
polynomials in other separate communications.

2 The Tj,,.— Operator and its Properties

We define the T} 5, . — operator by means of the following relation:

0 0 o)
Tz, = TYZ {k-l»z%—}-ya—y—}-z&} (2.1)

which is a three variable analogue of (1.2). For k = 1, (2.1) reduces to

_ a 17, 3]
Tigy,. = TY2 {1 + x% + y—a—y + Z&} (2.2)

which is a three variable analogue of (1.1). It is easy to verify that

T;y : {za+ryﬂ+sz7+t}

(2.3)
= 3n (_____‘t_’“+a+ﬂ+3 +T+S+t) gotTHngyBtstn yitdn

n
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where r,s and t are integers, n a positive integer and o, and < are
arbitrary.

It can easily be seen by induction

Tey. =2"y"2" "1 (01 + 82 + 05 + k + 37) (2.4)
J-
1o} 1o}
whereél-aca ég_yay 535,2%.

Let F(x) be a function which has a Taylor’s series expansion, then we
have the formal shift rules:

F(Tk,Z,y,Z) {xayﬁz-y f(l‘,y,z)}

(2.5)
= 2°yP27 FTk ny,- + (@ + B +7) zyz] flz,y,2)
F(Tk,m,yz) {eg(z)+h(y)+p(z) f(:rv Y, Z)}

= @HhWHPG T L + 22yzg () + zy22h! (y) + 2y2%p/(2)] (2.6)

f(z,y,2).
It may be noted that (2.4) can also be written as

F(Tk,z,y,Z){xayﬁZV f(z,y,2)}
(2.7)

= xayﬂz’y F(T1+a+ﬁ+'y,z,y,2) f(337 Y, 2).

The analogues of Leibnitz formula for the operator Tk ;. , , are as follows:

Tkzyz{x U(IE Y,z ) (Ivyvz)}

(2.8)
_wkz < ) kxyz (I’yaz)}{Tl:,:c,y,z u(:z:,y,z)}
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T/:’;a;,y,z{yk u’(xﬂ y? Z) 'U(.’L‘, y7 Z)}

n

2 () R 12 (T 3. 2)

r=0
lelz 2 {zk u(ac, Y, Z) 'U(zv Y, Z)}

43 ( 1) e o I H e )

o NoRTR z{x Y ’U/(JE, Y, Z)U(.'L‘, Y, Z)}

_ky Z( ) (@ D H T ey uley, )}

T3y, 4252 u(z,y,2) v(z,y,2)}

. zkz( VT oo I 0,2}

Tote V" 2 u(z,y, 2) v(z,y,2)}

:yzz( )Tz v I T 0l )

Toey 2" v F ule,y, 2)v(z,y, 2)}

2 y’“zkz( ) T (e )WL u(zy.2))

r=0
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(2.14)
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T}, A2k y’“ Fu(r,y,2) v(z,y,2)}

- 2.15
=z yk zk Z < ) 2k x y, (IL‘, Y, z)}{TQk,m,y,zu(za Y, Z)} ( )
Here (2.15) can also be written as
T7 4y A25 0F 25 u(z, y, 2)v(2,y, 2)}
(2.16)
=akyt 2 Z ( > skagz V@Y I HTR oy 2 Wz, Y, 2)}
T} oy, A2 ¥ 2F u(z,y,2) v(@,y,2)}
(2.17)
=T yk Zk Z < ) 4lc z,yz (.’L’,y, )}{ 0,2,Y,2 y(z,y,z)}.
Further, we have
k:I:,y z{x yﬂz’)’ u(ax Y, < ) (I,y,Z)}
(2.18)
=z yﬂz’YZ< > kmy, (1‘ Y,z )}{ o, B,7,C,Y,2 (l',y,Z)}-
r=0
Here (2.18) can also be written as
Tﬁz’y’z{m"‘ yP 27 u(z,y, z) viz,y,2)}
n (2.19)

=g yf 27 Z < ) {1} k+a ey v(z,y, z)}{T5+,y7x’y’zu(:L‘, Y, 2)}

r=0
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Tl?,:z:,y,z{xa yﬁ 27 u(x, Y, z)v(x, Y, Z)}

"o, (2.20)
n—r T
=z yﬁ 27 Z ( r > {Tk+a+ﬁ,x7y,z v(x,y,z)}{T%x,y’z u(:c,y,z)}
r=0

T]Z%yyz{ma yﬁ 27 u(l‘, Y, Z) ’U(f, Y, Z)}
" (2.21)
= zoYB Y {T,?L; =, ’Zv(x, v, z)}{T&x’y,zu(x, y,2)}
S\ B,7,%y
=l

From (2.8 - 21), we also have

W Tk, {xk u(z,y, z) v(z,y,2)}

2.22
= zF eThmws v(z,y,2) eThews u(z,y, 2) 2
ewTk,z,yyz{yk u(z,y, z) v(z,y,2)} (2.23)
- yk ewTk,m,y,z 'U(.'L', 7, Z) e‘di,m,y,z u(m,y’ Z) .
eTraw= {25 u(z,y, 2) v(z,y,2)} (2.24)
= Z]c eLUTk'z'y'zv(:L'vya Z) GWTk'E‘y'z U(.’L’, Y, Z) '
ewTo,z,y.z {xk yk ’U,(l', Y, Z) ’U(I, Y, Z)} (2 25)
= byt eThrws y(z,y,2) eThevs w(z,y, 2) ‘
eTomws {zk 28 u(z,y, 2) v(z,y, 2)} (2.26)
= gk gk owTlka,y,z v(x,y,z) e Tk oy, U(I,yaz) .
eTomvs {yk 2% u(z,y, 2) v(z,y,2)} (2.27)

=y 2k e Thenen(z,y, 2) ¢Tokens u(z,y, 2)
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evTozuz {2k ok 2k y(z, y,2) v(z,y, 2)}

= gk gk 2k ewTormviy(z,y, 2) e Thowve u(z,y, 2)

e“Tewve{gk yk 2% y(z,y, 2) v(z,y,2)}

= gk yk 2k e Tahevsy(z,y, 2) e T2hevs y(x,y, 2).

Here (2.29) can also be written as

e“’r‘r‘wm-hz{a:’c y* 28 u(z,y, 2) v(z,y,2)}

= gk yb 2k e Toenvsu(z,y, 2) eThovs u(z,y, 2)

eWTk’x’y'z {xk yk Zk ’U,(Z',y,Z) U(.’L’,y,Z)}

= gk yk 2k evTarwwsy(z,y, 2) e*Tomvs u(z,y, 2).

Further, we have

e@Thoz {2 y® 27 u(z,y,2) v(z,y, 2)}

=gy 27 eThwuz y(x,y,2) eTottrrevs y(z,y, 2).

Here (2.32) can also be written as

ewTk’myy'z {:L'a yl@ Z’y u(x7y7 Z) U(x7y7 Z)}
=z yf 27 e Throewzy(z,y, 2) e Totvavs u(z,y, 2)

e“Trowz{xe yB 27 u(z,y, 2) v(z,y, 2)}
= g% yP 27 eTrtatizvsy(z,y, z) e?Trovs u(z,y, 2)

eWTk'm’y’z {Ia yﬁ 27 u($7 y,Z) ’U(IE, yaz)}

=@ yB 27 e Thtetsiravy(z,y, 2) eTomve u(z,y, 2).

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)
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From (2.3), we have
x3a y3,6 237
(1 — :L‘yzt)k“‘a"‘,@""‘f

e(8)Takny (30 436 37y — (2.36)

and hence, the general formula

exp (5T z,,2) {230 %P 27 f(23, 45, 2%)}

_ x3a ySﬁ ZS'y f .’L‘3 y3 23
T (1 —zyzt)ktotBbrt \ 1 —zyzt’ 1 —ayzt’ 1 —ayzt )

(2.37)

It is easy to verify that
3 _tn 3 38 3 3.3 .3
a— — —
P R Lk S (C N S)
n=0 ) (238)

= g3 30 23 (1 4 t)krat Byl fLa3(1 4+ 1), 43 (1 + 1), 25(1 + 8)}

™ a1,02,— ==, Gr; TYZ
BTtz T2 by, == b
(2.39)
ai,az,———, ar, k+n; zyz
= 3"(k)nz"y" 2" r41Fs i1
b1,ba, ———, bs, k;
1 1,02, — =3 Qr; TY2Z
exp (gtTBk,z,y,z) +Fs
b1,b2, ———, by;
(2.40)

1 —k a1,82,~——, Gr; TYZ cyz
= (1 IEth) rFs l: byiby, —— . bu: (1—myzt):|
yb2, y b3

no RO [ @503 @3 (5, }
3k,x,y,2 (6) " (g) . (g/) : (gu) . (h) ; (h/) ; (h'/) : T,y 2
(2.41)
= 3" (k)naxy 2" F [ (@) k+nz (65 (6 (67): ()5 ()5 () 24, 323}
ek :(9)5(g")5 (g (h) 5 (R) 5 (h)s
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where a general triple hypergeometric series F(B)[x,y,z] is defined as
[16]:

F®[g,y, 2] = F® { (@500 6): 067+ @3 (@ )
(e):(g):(g"); (@) (R); (R) 5 (W)

XSS amenn T 5 S

m! n! p!’
m=0 n=0 p=0 p

where for convenience

B B

A B
H mnsy [L0)min TTE)nsr IT0)pem

j=1 =1

[eXd e

o =
H €j)m+ntp H(gj)m+n H(g;')nﬂ) H(g;‘/)pﬁ—m

7=1 5=1 (2.42)

where (a) abbreviates the array of A parameters a1,a1, -, a4, with
similar interpretations for (b), ('), (b") et cetera.

1 @) | @@ )07 (€ ()i ()5 , 5,
exp (5t Tag,z,y,2) F [ ,
(5 Tor.z.c) @05 (g by (s w7y 0T

(2.43)

S (a):: (B)5 ()i (W) (o) (') (&) : 3
= (1-azyzt) *F® lAc;fyzL’ T=zgzl’ l—zmsyzt
() ()i (@) @) () (Y5 (R
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Also, we have

a1,62,———, a5t sk, 2,y,z
rFs 3 Ys {xSayE}ﬁZS'y}
b1,ba, ———, bs;
(2.44)
a1,az,———, ar, k+a+0+7;
=3P L F xyzt
b1,b2, ———, bs ;
- Llar . 4
rF ai,az, y @ri3tTak 0, y,2 {$3ay3ﬁz3’ye~zJ—y3—z3}
b1,b2, ———, bg;

:xSaySﬁz?ﬂyi i i (—x3)r(‘—y3)'s.(—z3)j (2.45)

ai,az,———, oy, kta+8+y+r+s+j;
r+1Fs ’ 3 ys th
bi,ba, ———, b :
f is the inverse of the operator T,z then
k,x,y,z
Tax 1 {(k — 3)10gz logy log z +log z logy + log = log 2 + log y log z}
LY, 2
g (2.46)
— (logz\ (logy ) (logz
- xz y P .
. _ 5 5 )
Agam, let Sl,u,v,w = UWvw (l + um + ’U% 4 w%) and
Tz = 292 (k taf tyd + z%), then
S3tuu,w \ 36, 37, 3
(2.47)

_ (_1)7L(l+5+A+u)n u36+nU3)\+nw3u+u
= tatB+7—F)n ziatnyBBFngvin (a+B+v#k—1,k—2,———)
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and hence, we have

F 1,82, ===, @r; Ssy 4 v w {u”v“w'j“}
: T, 38 3
T bube, ———, b Tkmws | LT
JRLI2 S P F a1,a2,———, Qp, l+8+A4p;
= L3a,30 .3y r+l1is+1
2y T b ba, ———, bu, L+a+By+k;

In particular, we have

—a—0—~v—-1+k o .
1 — ¢33 a—f-y-1+ uBSpP A gy
Tormns TP

_ uBSPA e 1+ tuvw
x3oySB 23y Yz

)—1-5—/\—#

-C a5 ax
1— tS3l,u,v,ur 3882 g3
Tak g,z gIxy3H 23y

LT o F) ClHdtd+i tuyw
Z3ayIP 3y 1+ ot fty+k; Tyz

Also, we have

exp (BTakl;,y,z ) {z 3ay=36,-3))

_ tuvw
TYz

= 9a+f+y—k 3 (B+v—k-5a) y%(a+7—k~5ﬂ) 23 (at+B—k—57)

thma=f=y JoatBy—k (,/acty z‘) :
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Resumen

El presente articulo trata del calculo del operador T,z 4 .. Este operador
de tres variables es andlogo al operador dado por W.A. Al-Salam [1] y H.
B. Mittal [10]. El operador es 1til para hallar representaciones operativas

v para funciones generatrices de polinomios de tres variables las que seran
tratadas en una comunicacién aparte.

Palabras Clave: Operadores diferenciales, funciones especiales, funciones
generatrices.
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