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Abstract
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The methodology is based on the continuous Whittle contrast.
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1 Processes of Ornstein-Uhlenbeck Type

The main contribution of this paper is to propose an estimation metho-
dology to deal with a long-range dependence process of Omnstein-Uhlenbeck
type.

Given 1 > 0 and a Lévy process Z = {Z(f)} with generating triplet
(@°,9°,%), X = {X(9)} is said to be a process of Ornstein-Uhlenbeck type
generated by (0%, %,1°, ), if it is cadlag and satisfies the stochastic differen-
tial equation

dX(t) = —AX(t)dt + dZ(Af) M
X(0) = X,

where Xy is a random variable independent of Z. We will refer to Z as the
background driving Lévy process (BDLP) of X.

The unique solution of (1) is proved to be
’ ~
X=Xy + f e =4 7(As). )
0

This satifies the recursive equation

t+A
X(t + A) = exp(—14A) (X(t) + exp(—Ar) f exp(/ls)dZ(/ls)) . (3)

Equation (2) generalizes the classical solution given by Ornstein and Uh-
lenbeck (1930) to the Langevin equation (1908) in the modelling of the position
of a particle under a frictional force. These authors considered Z as a standard
Brownian motion.

We mention two important properties of a process of Ornstein-Uhlenbeck
type X. First, the auto-correlation of this process

p(A) = Corr(X(6), X(t + A) = exp(—-A]A)]), 4)
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decays exponentially. Finally, X is stationary under some mild conditions.
More precisely, Sato [1999] proves the next.

Proposition 1.1 Let X be a process of Ornstein-Uhlenbeck type generated by
(00, Y0, Vo, A) such that

f| (o) < )

then X has a unique self-decomposable ! stationary distribution .

Conversely, for any A > 0 and any self-decomposable distribution D, there
exists a unique triplet (cg,vy, vo) satisfying (5) and a process of Ornstein-
Uhlenbeck type X generated by (0,0, Vo, A) such that D is the stationary
distribution of X.

2 Long-range Dependence

The subject of long range dependence has sparkled considerable
interest over the last few years. A good survey of this topic is Doukhan
et al. [2002]. The main result of this work will be to provide a estimation
methodology to deal with a class of long-range dependence processes.

We adopt the following definition of long-range dependence.

Definition 2.1 Let X = {X(¢)} be a stationary process with autocovariance

Sunction y. X is said to be a long-range dependence process or to have long

"' A random variable X (or its distribution) is said to be self-decomposable if forany 0 < a < 1,
I a random variable Y,, independent of X, such that

x2ux+v,

D O
where = means equality in distribution.
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memory if there exists 0 < d < 21 and a constant ¢, > 0 such that

YW
M ey = O ©

Otherwise the process is said to be a short-range dependence process or to
have short memory. An example of a short-range dependence process is the
process of Omstein-Uhlenbeck type given in the previous section. Observe
that independently of the BDLP, or the stationary model, any process of this
type shares the same short-memory autocorrelation function. In this chapter we
study how to cope with such limitation by introducing a long-range dependence
process of Ornstein-Uhlenbeck type. We handle then the inference problem
for this process by means of spectral techniques. This approach is needed to
overcome the difficulties associated to the complex distribution of this process.

Proposition 1.1 guarantees not only the stationarity of X, but also the ex-
istence of a Lévy process Z = {Z(r)}, independent of Z but with the same
distribution, such that

D™ in(eas\dZas) = | exol—s\dZ
Xg—j(; exp(—As)dZ(1s) j(; exp(—s)dZ(s).

This yields the representation in law

{

X(®) fo B exp(=A(t + $))dZ(As) + fo exp(~A(t — s))dZ(As)

I

fo exp(=A(t — 5))dZ(—As) + f ’ exp(=A(t — 5))dZ(1s)
—oo 0

Il

!
[ sa-sazas), %
where Z = {Z(¢)};cr is now a two-sided Lévy process given by

Z(1) = Z(O)1o.0of(1) = Z(=1=)1 ) 0)(?)
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and

exp(—4Ax), if x>0
go(x) = ,
s otherwise.

3 The Continuous Moving Average Process

Albeit with a different timing in the driving Lévy process, the next defi-
nition provides a natural generalization of (7).

Definition 3.1 A stochastic process X = {X(1)} is said to be a continuous time
moving average process, or shortly a MA process, if

X(0) = f gl — $)dZ(s), ®

00

for some measurable function g : R — R and some two-sided Lévy process
Z = {Z(t)). We will call g and Z, respectively, the kernel and the BDLP of X.

Similarly to (7), any MA process can be written as

X(t) = j{:m g(t + 8)dZ(s) + \fot g(t = s)dZ(s),

where although we use the same notation, the BDLP processes on the right
hand side are understood to be independent copies of a common Lévy process.

Proposition 3.1 Let X be the process in (8) and let g and L be, respectively,
the kernel and BDLP of X, where (02, v, v) denotes the generating triplet of Z.
Then X is a well-defined, infinitely divisible and strictly stationary process if,
and only if, the following three integrals below are finite
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a) f 2(s)ds.
b) f f m(lg(s)xlel)v(dx)ds.

&) 7, = f (vg(S)+ f ()x(1 50 (2(5)) ~ 1g(o,l>(x))v(dx>) ds.

o0

Moreover, for any real numbers t| < t, < ... < t,, the cumulant function of
(X(11), X(8p), . .., X(8,)) is given by

CW,....0) = j: Czn() | gty + s))ds
k=1
®)

n t; n
+ Z f CZ(I)(Z gt — 5))ds,
J=1

k=j

where we use the convention ty = 0.

Proof: See Valdivieso [2007] m

Based on the cumulant function (9) one can easily derive the autocovari-
ance function of the MA process. This is given by

Y = E207) [ g+ )e(s)ds. (10)
From now on we will restrict our study to a ‘causal’ MA process X with
zero-mean BDLP Z of finite variance. A MA process X is said to be causal if
its kernel function satisfies
g(x)=0, ¥x<0.

In other words, a causal MA process depends only on the past of the BDLP Z.
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4 The Fractionally Integrated Ornstein- Uhlen-
beck Process

To induce long memory, Brockwell and Marquardt [2005] have pro-
posed to convolute the kernel of a short-range dependence process of Omstein-
Uhlenbeck type with the slow decaying function

x4- 1

n(x) = I“(d)llo oo (%),

where 0 < d < % The fractionally integrated Ornstein-Uhlenbeck Lévy pro-
cess Xg = {Xy(H)}ier 15 then defined as

Xq(0) = f g4(t — $)dZ(s),

00

where
g = [ eotr-omos
X Sd 1
= I)exp( /l(x—s))F(}—)ds
= (=) exp(-A0)(-Ax, d)
and

exp(~—s)s?- 1
Fa.d) = [ 20—

denotes the incomplete Gamma function. Hereafter we will refer to Xq4 as a
FIOUL process.

Observe that the kernel function gy is, by the restriction 0 < d < -;-, square
integrable. This easily follows from the inequality

lga(x)l < Kx*!,

for some K > 0 and all x > 0.
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The next proposition presents the autocovariance function of a FIOUL
process and its Fourier transform. This transform, called the spectral density
of the process, will play a central role in our estimation methodology.

Proposition 4.1 The variance, autocovariance and spectral density functions

of the FIOUL process are given, respectively, by

E[Z(1)’]

¥4(0) = T cos(nd)’

va(h) = y4(0) (cosh(/lh) - % exp(A)I(Ah, 2d)+
(1D
+% exp(—=Ah)(= 1)~ (= Ak, 2d)

and
E[Z(1)*]

JO) = 2afopic + 77y

(12)

Proof: By the convolution theorem, the Fourier transform of g; is given by

&4(9) = F [g4)(9) = 2nF [2o](NF [n}()
1 1 I

- 2”27@ +i) 2n(i?  2x(i0) (A + i9)

Hence, by the inversion theorem

OO

80 =720 = 5 [ explity

1
()42 + id) dd.

Since g4(x) = 0 for any x < 0, the autocovariance function (10) can be ex-
pressed as

ya(h) = EQZ(17] f " gu(s + Bga(s)ds.

-0
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Then the spectral density of the FIOUL process is given by

2 00 oo
o) = [ oxpeion [ guts + meatordsian
- EEL [ [ exptciotu - psatirie]susyis
2n —oo \J—oo

= 27rE[Z(1)2](% [m exp(—iﬂu)gd(u)du)

X (% I . exp(iﬂs)gd(s)ds)
= ME[Z(1)"18u(9Zu(-9)

E[Z(1)*]
2RI + 92)

On the other side, let v and f; be the autocovariance and spectral density
functions of the MA process (8) with kernel gy; i.e,

exp(—Alhl)

- and  fo(9) = [0 (D).

Yo(h) = E[Z(1)’]

Hence, by the convolution theorem

[ee]

Ya(h) = F 7 fal(h) = F [F [volF [e]l(h) = f Yo(h = s)o(s)ds,

—00

where

ols) = f : exl‘;(lifs) @9 = 2sin(rd)[(1 - 2d)|sP4".

This yields

va(h) = va(0)cosh(Ah) — -;— exp(AmI'(Ah, 2d)

+ % exp(=Ah)(= 1) (- Ak, 2d)),
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2 .
where y4(0) = Tﬂ% represents the variance of the FIOUL process. ]

Remark 4.1 The kernel and autocovariance function of a FIOUL process can
be asymptotically approximated by

xd- 1

AL(d)

as X — o

galx) ~
and
E[ZQY W4T - 2d)
2T(I(1 - d)

Observe that the last expression guarantees the long memory of the FIOUL

va(h) ~

s h— oo,

process.

5 The Whittle Approach

In contrast to a process of Omstein-Uhlenbeck type, a FIOUL process
Xq = {X4(6)} 1s not Markovian and has conjoint cumulant function of the form
(9). Then the likelihood inference approach requires the inversion of the loga-
nithm of (9). No analytical solution exists for this and any numerical solution
is limited by the curse of dimensionality.

Instead of working on the time domain, one interesting alternative is work-
ing on the frequency domain. This will exploit the closed form of the spectral
density in proposition 4.1. To be more precise, suppose for instance, as in the
seminal work of Whittle [1962], that {X;},-1, . is a discrete stationary Gaus-
sian process with auto-covariance function y and finite variance y(0). A well
known result in spectral theory states that

y(n) = J]-— | exp(ind) f(F)d?, (13)
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where f is the so-called spectral density of the series. The classical estimator
of f is the periodogram

AN o
L) = Z';;l ’Z:; exp(—id )X, ~m<¥<n,

which can be proved to be unbiased but not consistent. Brockwell and Davis
[1986] have proved that if we take the partition {¥& = +M}k 12,85 then
the random variables /(%) are asymptotically independent and exponentially
distributed with mean f(J¢). Then, for n sufficiently lé.rge, we can build the
“log-likelihood function” (not on {X}, but on {£,(¢)}k=12,.m withm = [251])

L@
2108555~ 5y

K(®)

n(ﬁk)
J(@)

—Z(logcf(m» o)

and define the Whittle estimator as

I, n (ﬁk)
S

One surprising fact is that this estimator also works with a large class of con-

arg mHin Z(log(f () + ).
=1

tinuous processes which are not necessarily Gaussian. Gao [2004] for instance,
has adapted the Whittle methodology to estimate the continuous fractional
stochastic volatility model proposed by Comte and Renault [1996]. Recently,
Leonenko and Sakhno [2006] have extended the Whittle approach to deal with
Lévy random fields.

5.1 High Order Spectral Theory

Before studying the extension of the Whittle estimator, it is relevant to
introduce some theory of high order spectral analysis. A good account of this
can be found in Brillinger [1981].
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We define the joint cumulant of a p-dimensional random vector
(X],Xz,...,Xp)aS

cum(Xy, Xs, ..., Xp) = > (=1~ = DE[] [ X1, E[] | %,

Jen Jjevy

where the summation extends over all partitions (V, V2, ..., V) of {1,2,..., p}
and the vector above has the required absolute moments. Note that this term
corresponds to the i#¢4, ... ¢, coefficient in the Taylor expansion of the cu-

mulant function C of this vector; 1.¢,
1 07C(&, ..., 0,)
cum(X1,Xz,....Xp) = ;;—a—ﬂl—-a—ﬂp—’-)—
An application of the Faa di Bruno’s formula yields the next relation between

ly.....8,)=0-

p—th order moments and cumulants

E[X\X,... Xp] = Z n cum({Xilkev,)s
=i

where the summation extends over all partitions (Vy,V>,...,7,) of
{1,2,...,p}

Leonov and Shiryaev [1959] have developed the following useful formula

to calculate cumulants of products of random variables

X) = Z ﬁ cum({Xi}kev,),
=1

where 1 < 1y < n; < ... < ng and the summation extends over all indecom-
posable partitions (V1, V2, ..., ¥,) of the table 7~ = {R1, Ra,. .., Ry} with rows
R ={1,2,...,m},...,R; = {ng_1,...,ny}; that is, over those partitions of the

n,

n n q
cum(l_[X,-, l—[ D, H
i=1

i=m+1 i=ng;+1

table 7~ in which there exits no sets V;,... V; (n < p) such that for some rows
Rj,....,R; (m < gq)of7 the following equality holds

Ril J.--UUri ="V
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5.2 The Aliasing Problem

Let X = {X(¢)},er be a zero-mean continuous and strictly stationary
process with spectral density f and autocovariance function 7y such that y(0) <
oo, It is very well known that these functions satisfy the relation

v = [ explin)faras, (14)
which says that v is the inverse Fourier transform of f. -

Expressions (13) and (14) reveal some differences between discrete and
continuous processes. This phenomenon is known as the aliasing problem.
In most practical circumstances, observations on X = {X(¢)},g are made at
discrete intervals of time, even though the underlying process is continuous.
This focusses the attention on the discrete observed process Y = {Y;}, where
Y; = X(jA) and j € Z. Due to the differences between the autocovariances
functions of X and Y one may ask about the relation between their corre-
sponding spectral densities. To elucidate this, we can start writing the auto-
covariance function of Y atlagn € Z as

yr(n) = CouY}, Yj,) = Cou(X(JA), X((j + n)A))

= f ) exp(inAd) f()dd

Z ‘fah e g, exp(inAd) f(dd

h=—00

Z f exp(ind)— f(19 * 2hn)dﬂ

J-n.7]

h=-00

1 < 9+ 2hn
= in— dd.
f]_ o) A,;mf( 2)
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Then, the spectral density of the process Y is given by

fy(ﬁ)_KZ 2= Zh”, r<d<nm (15)

5.3 The Minimum Contrast Whittle Estimator

Given a strictly stationary zero-mean stochastic process X = {X{(7)}, we
introduce the p—th order cumulant function of this process by

cplti, by, tpot) = cum(X(0), X(t + ty), ..., X(t + t,-1)),

whenever the right hand side exists. By the stationarity property, this function
does not depend on 7. Similarly to the (second order) spectral density f of X,
we define the p—th order spectral density, f,, of X as the Fourier transform of
the p-th order cumulant function of X. In other words, f,, satisfies

-1
pltise-rtpr) = f | exp(i ) 9t fp(h, ., Bp1)dB ...,
RP- 3
Jj=1
and is explicitly given by

1
(27-()17—1 Lp [ CXP( 20 )Cp(tl, .. P l)dtl iy

If X is discretely observed, the p — th order cumulant of Y = {X{(/A)} turns out
to be for any integers ki, ...,k :

p-1
Cp(kly...,kp—l) = L‘ - exp(izﬁjkj)f;)(ﬁh---sﬂp—l)dﬂl ...dﬁp_l.
-} J=1
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This yields the p — th order spectral density of Y

1 a
L@, Opy) = WZ > exp(—z;ﬂ,kj)

k\eZ kp-1EZ

Cp(kl, PN ,kp_]).

Following Leonenko and Sakhno [2006] we will work in this thesis with
the Whittle minimum contrast estimator

6, = argmin U(6), (16)
[450]
being ©® ¢ R™ a compact set,
1 L(9)
=— | (4 ;0 )d,
U0 = 47 | tostr2:0) + 2820 000)

w an absolutely integrable symmetric weight function, f(i%; 8) the spectral den-
sity (12) or (15) and
1
1) = 5—ld (A’
T

the periodogram of the second order with
.
A=R, 7=T and d.(¥) = f exp(—its)X(s)ds,
0

if X is continuously observed; or
A=]-mn), T=n and d.(9) = Z exp(-id))Y;,
=1
if X is discretely observed via the process Y = {Y;} = {X(jA)}j=12, . With
T = nA.

We mention, however, that Leonenko and Sakhno [2006] were mainly
concerned with the continuous case and they have analyzed (16) only for the
case A = |.
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To study the consistency of 8, we will need of the following proposition.

Proposition 5.1 Let ¢, and ¢, be two real symmetric non-random functions
and consider the second and fourth-order spectral densities of the processes X
and Y. Suppose that the following two conditions hold

(1) G(u; @) = fA S — we, ($)dY is bounded and continuous at u = 0.

(2) Ga(uy, uo, uz; 1,92) =2 fA J@+u)) (=3 + u3)o1 () (1) +uz + ) dd +
f/\z Sa(O +up, = +up, O +13)p1 (32 (F)dD d, is bounded for any
(uy, uz,u3) and it is continuous at (0,0, 0).

Then

Jr(901)=f/\lr(ﬂ)m(ﬁ)dﬂiJ(%Ff/\f(ﬂ)sﬂx(ﬂ)dl? as T oo

Proof: Let ay, ..., a, be arbitrary real numbers. Since cumulants are multilin-
eal, we have for the continuous case

cum(d,(aq), . dr(ap))

P
= f eXp(=i ) at)Cp(t = tps. .- byt = tp)dtr ... d,
.11 P

= fA @ By X fo T]pl_[exp(ltj(l? @)

exp(ity(— Zﬁ @)ty ... dt,dd, ...dS,,
J=1

-1

f @ pl)HCDT(ﬁ —a)®T(- Zﬂ —@,)d? ...d9, |,

= Jj=1
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where

2sin(%)
——e

T2
) xp(iT) and A=R.

T
ol (1) = f exp(itd)dt =
0

The same applies if X is discretely observed. In this case we just need to set
A =] —n, 7], T = n and consider

n - (n/l) (n+ DA
D) =AY explikd) = 2 expl 0
=1 sin(3)
in place of ®](A). Note that if 25;1 A; = 0, then (27r)+lr R

equals to the multidimensional kernel of Féjer type

1 b
& (A, Ay Apy) = —— Py A;t)dt ... dt
(A1, A2 p-1) (ZN)P“TL,T],,eXp(Z; itpdi

1 £ 2sin(3)  TA 1 L 2sin(5)
- (27r)P"le:l[ R, e = (2n)p-lTD 4

or

1 n
(A, g,y Apoy) = G Z Zexp(tz/l k)

=1 k=l

1 sin(%) ,(n+1),1 L sn( ’)
- Qn)P-'n n exp(i 2 - (271)1' 'n 1—[ 2

= sm( L) J=

if, respectively, X is continuously or discretely observed. Provided that G is
bounded and continuous in the first argument at 0, we have in each case

sin x

lim fqng(u)c(u ¢1)du = lim ~ f (——)ZG(——,gol)dx = G(0; ¢))
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or

sin x 1

2x
(n sm( ))2 ( n ;Sal)dx

11m f(l)z(u)G(u @i)du = hm f (—

1 (® sinx
= G(0; 1)~ f (—)’dx = G(0; 1)
T X

Similarly, if G4 satisfies the conditions on the theorem, then we have for the

continuous case

: T .
Iim (D4 (u1 , Uy, u3)G4(u1 , Uy, Uz P, (pz)dllldllzdu3
A3

T—o0

 lim if(ﬁ sinx; sin(x; + x; + x3) , 2x; 2x2 2x3
R3

=1 % X1t XX Gal— = 7 01.¢2)

dx dx,dxs

1 smxj sin(x; + x3 + x3)
= G4(0,0,0; — dx\d .
4(0,0, ,$01,<P2)n3f(n prarpmarantid x2dX3

In order to evaluate

sinx;_sin X1 +Xx3+Xx3
H= (l_[ j ( )dxldxzd)g
R3 X X1+ X2+ X3

3
J=1

we rewrite it as

sin X1 sin X2
H= f r g(x1 + x2)dx)dxs,
—00

2(x) = f sin u sinu +x)du.

u(u + x)

with
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Because g is the convolution of the sinc(x) = -S-‘f‘(—x function with itself, g can be
easily evaluated with the help of the convolution theorem. Indeed, the Fourier
transform of g equals

Flgl@) = 2n(F [sinc](®))* = 5, i<t

0, otherwise

and so
sin x

g(x) = 7 FLelix) = n—=.

Plugging this expression into H, we obtain

sinx; sin X1+ X3
—ﬂ'f f j ( )d 1d)C2
j X1+ X2

:nf smxlg(xl)dxl nzf (ﬂ)d

and consequently

Tlim d)g(ul LU, u3)Ga(uy, up, sz @1, ¢2)duydurdus
—00 _JA3
= G4(0,0,0; 91, ¢2)-

The discrete counterpart relation

lim (Dﬂ(ul , Up, u3)G4(u| , Up, Uz g, goz)dulduzdu3
A3

= G4(0,0,0; 91, ¢2)
can be easily verified as before.
Under the condition Z?:] a; = 0, the d; cumulant reduces to

cum(d-(ay), ..., dap))
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= (27T)P_lrf ]ﬁ,(l?],...,l?p_l)q);(ﬂ| —O‘|,...,19p_| —a/p_l)
AP
9, ...d9,.,

= (Zﬂ)p"lrf I(I);(ul,...,up_l)f,,(ul +ay, .. Upeg +a/p_1)
A

duy...du,i.  (17)
In particular, for p = 2, (17) yields
e e G
and so
BU)] = EL[ 1@i0)a]

f 1) f O3 () + Dd)dd
A A

[ osx [ s+ e
A A

1]

£®§(M)G(zt;¢1)du - f;f(z?)go,(ﬂ)dﬂ as T — oo,
In other words,

| - rone s -0 as v -
On the other hand,

Cov(J:(¢p1), J=(¢2))

= ———(27:7_)2 j:\z cum(d()d (=), d.(F)d (=92))p () 2(9,)dP dF,.
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By the Leonov-Shiryaev formula and (17), the integrand function above equals

cum(d-(%), d(=th), d=(%2), d(—02))
+ cum(d: (), do(02))cum(de(=t), d(—19>))
+ cum(d: (), de(=))cum(d(-11), d=(92))
= @1 [, O, 1z, u3) fa(r + 01,12 = B, 13 + Dp)duydupdus
+27) [, Di(s1 = B, =51 = B2, 50 + $1) [ () f(s2)ds1dsy
+(2n)*T [, D(s1 — B1, =51 + 2, 52+ $) f(s1) f(s2)ds1dsa.
Hence

Cov(J(¢1), Je(2)) = ZTH f3 Dy (uy, g, u3)Galuy, uz, u3; @1, 92)
i duyduydus

=0(t™!) as T — oo.

Furthermore, since

E[( J/: (1:(®) = ELL:))e1()dF)’] = Con( (1), Jelg1),

the Markov inequality yields

f (1,(8) — E[L($)]g)(PHdd 5 0 as 7 — oo.
A
and we have in the limit

Jon) - Jr) = fA 1) - £ (B)dD

- fA (1) = ELL]Der(9)dD + fA (L] — FO)er(®)dd 5 0,
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Theorem 5.2 Let X = (X()}eo,r) be a strictly stationary zero-mean Lévy pro-
cess with second and fourth finite moments and corresponding spectral densi-
ties f(13;0) and f1(1, 92,3, 0). Let 8y be the true parameter value and define
o(9;6) = mw(ﬂ). If the following conditions apply:

() f(};6y) # f(#;67) for 8; # 6,, almost everywhere in R.
(11) Condition (1) in proposition 5.1 holds for ¢\ (3) = @(&;6) and f(F) =
J(9;60).

(I1I) Condition (2) in proposition 5.1 holds for ¢, (9) = () = ¢(;0),
S@) = f(9;60) and fo(D1, 02, 3) = fa(B1, P2, 83; 00).
(Iv) There exists a function v : R — R such that the function h($;6) =

f(ﬂ 5 V(§) is uniformly continuous in RX@ and (1) and (2) in proposition

5.1 hold for ¢,(8) = p2(¥) = %99))'

P
Then (16) defines a consistent estimator of 8y, that is, 0, — Oy as T — oo.

Proof: To simplify, all limits below will be understood to be taken as 7 — oo.
Conditions (II), (III) and proposition 5.1 imply that

1 , [(9)
U0 = o [ togron+ 2ot
19.

5 uve-= % f/\ (log(f(®; 9))+~’;(( l;_?)))w(ﬂ)dﬁ. (18)

Hence '
Uy (8) - U (6) = K603 0),
where
K(60;6) = U(6) — U(6p) = f (/}((’199 9(;’)) 1-1o (ff((’;; (;’)))) W(§)d?

is a non-negative function by virtue of the inequality

x—12>log(x),¥x > 0.
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Furthermore, by condition (I), this inequality is strictly if 8 # 5. Thus, given
€ > 0 there exists 7 > 0 such that for |9 — 6y > €:

U(B,) < U) - 1.

We claim that if (18) holds uniformly in 8 € O, then 6. will be a consistent

estimator of 8y. Indeed, the uniform convergence implies that

U(B:) - U(Bo)

U(@;) - U:(6o) + Ur(6o) = U(6o)
U(Be) = Ur(Be) + Ur(8) — U(Blp) > 0

IA

and so

P18, - 6] > €) < P(U(;) = U(6y) > m) — 0.

To justify the uniform convergence, we invoke condition (IV) and proposition
w(d)
[()—=d = Op(1).
fA V() ’

Given € > 0, let 17(€) denotes the modulus of continuity of the uniformly con-
tinuous function 4. Then for any 0;, 6, € @ such that |9, — 6} < €:

5.1 to write

|Ur(91) - Ur(02)|

( h(ﬁ 92) ()
e 0r) @)

1

w,

1[50 () ()
47T|fA(h(ﬁ_61) l)w(ﬂ)dﬂu |f L) 2

| 100:0,)(8) ()
En(e)(| L2 o1+ f 1(0>mdﬂ|)

and the proof is complete. ]

(9; 6,) — h(d; 02)) W(@)dd]

IA

IA
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6 Estimation of the FIOUL Process

As seen in the previous section the minimum contrast estimator (16) is
quite general and can be applied to any strictly stationary zero-mean process
satisfying the conditions in theorem 5.2. In this section we study the possibility
to apply this methodology to the FIOUL process Xg = {Xy(f)}. As shown
in proposition 4.1, this process has a symmetric and strictly positive spectral
density

o2

fW&;0) = TR+ 9D

where 6 = (A,d, o) and * = E[Z(1)?] is the variance of the BDLP Z = {Z(1)}

of X4. We remark that o> may depend in turn on the inner parameters of the
BDLP.

Similarly to f, we can evaluate the fourth order spectral density, f, of
Xq. This is given by the Fourier inverse transform of the fourth order cumulant
function

ca(th, 12, 1) = cum(Xy(0), Xy(t1), Xa(t2), Xa(t3))

_ 54C(191,192,193,l94)|
T 09109,00500, (B1,82.95.94)=(0.0.0.0)>

where C(i#1,1%, 193, 174) is the cumulant function (9) with g = g, at the points
0<# <t <t;. This yields

cq(ty, b, )= C(;()I)(O)f gd(S)gd(S + t1)g(/(S + )ga(s + l3)dS
0

and the fourth order spectral density
Ja(@y, 02,93 0)

1
= Gnp f3 exp(—i(f 1, + Tty + G313))ca(ty, &, 3)dt dtydts
i
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C(Z4()1 )(0) ( j; exp(—ith u)g,;(u)du)

(217 f:o exp(—ithu)g d(ll)dll)( ] fom exp(—ithu)g d(u)a’u)

(517—_( j(; exp(is(? + 92 + 193))gd(s)ds)

I

27CE) (0)2u(91)8a($2)2a(93)&a(~(B1 + B2 + 1))

C50
QAP (=D %930 + T2 + F3))4L(A, 01,02, 93)

where
CHL(0) = E[Z(1)* - 3E[Z(1)°T,

3
A B, 02,09) = [ [+ 0= i3 + 85+ 35)
k=1

and g, is the Founer transform of the kernel g, that was derived in proposition
4.1.

We examine now the conditions in theorem 5.2 to ensure the consistency
of (16). As in Gao [2004], we will work hereafter with the weight function

1

9) = ——
W = g2

and assume that X is continuously observed. See however, remark 6.1.

Condition (I):

This is an identifiability condition that restrict the estimation of the whole
set of parameters to the estimation of the vector parameter § = (A, d, o), where
o? = E[Z(1)*] = 0*(6,). Unfortunately, the minimum contrast estimator (16)
does not provide information about the BDLP vector parameter 6;.
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Condition (II):
By the monote convergence theorem, this condition is satisfied if we prove

that
S5 60)w(F)

1
700.0) € L',V0e0,
Let
fo [T @60 o 25 © 992 + 9?) ’
o f($50) o Jo (B+9)(1+9%)

where a = 2(d — d;). Because d €]0, %[, lal < 1. Making the change of variable
x = ¥ and using the identity (see Gradshteyn and Ryzhik [1994], pag. 337)

W (x +B) _ Y=B -t 0B
fo ‘—‘<x+y><x+a>"*-"C“(“”)((m”” TG )’

with 0 < u < 1, we obtain

Loy (X)) ogm AU =D+ -t

= X =
o Jo (x+AD)(x+1) o? cos("T”)( -4

!

This is true even if 1g = 1, since the last function tends to

oo

—— Y (a+1-A@-1)) as A 1.
20'200.5‘(”7”)((1 (a )) S Ag —

Condition (III):

Since

Gu(0,0,0;0,0) = 2 f (8:60)0(8d?

+

f Ja(@y, =01, 0235 60)p( )p(32)d i d,
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where
(4)
C 2(1)(0)
(27)3|9 2o i3, |2 (/1(2) + 19%)(/1(2) + 19%)

Ja(@y, 1, 025 60)

Eq,[Z(1)"] - 3E,,[Z(D)*)?
2B, [Z(1)?

S35 60) f(D2; 60),

this condition will be satisfied if we prove that

F(8; 00)w()
f(9;0)

We will show this by restricting the vector parameter = (4, d, o) to satisfy the
condition |d — dp| < l

Let
f L 800() 1 Go)w(ﬁ) f (A2 + 9% 49
f(%;6) o“ (B +90)2(1+ 922
where a = 4(d — d0), satisfy |a| < 1. By Gradshteyn and Ryzhik [1994], pag.
335, we have the identity

€l? Voeo.

00 xr—l
L mdx = B(4 ‘r,l‘)2F1(2,4 —I‘,4, 1 ——ﬁ), for 0 <r<4.

Here B denotes the Beta function and ,F the Gaussian hypergeometric func-
tion.

An application of this formula and the change of variable x = # yield

of [ AEI@Rexp Aol f“’ AN
= — X = X
ot Jo (1 +x)P2(x+ 23 ot Jo (L+xP(x+ A2
2/120'3/14 o0 x#'l 0'3/14 o x#"l
+

LI A (1+x)2(x+/1)2 = (1+x)2(x+/l)2

Mot 74 a+1 —-a
= 0403( > RF(2, L 4 1=
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+2/120'g/14 5-a a+3

o 3 )2F1(2

2 4,1-15)

ot +5
+ 004 B4 41 p 328 2 41-2) <,

provided that |4o} # 1. However, 1f|/10| =1, the 1dcntity

dx = £yt :
+ ax¥ n+1 X v n+]( ) (1 + i’l)
pPtq P q

foo x i 1 p ul"(‘;’)l“(l +n—%)

0

where 0 < £ < n+1, p # 0and g # 0 (see Gradshteyn and Ryzhik [1994],
pag. 341) implies that

200 (™ 9L + 7Y
o Jo (102

20-3 0o 99 §ar2 o ga+d
=21 —d9+ 217 f —dY+ f S A—,
o**( fo vt a+o "y vy

I= dg

1 7 a+3 —a a+5 _3—-a
4r a+
604(4( T M + i)
is also finite.
Condition (IV):

As a simple choice we could take v(#) = 1. Then depending on the van-
ance of the BDLP, the uniform continuity of

1 27924 (A% + 9%)
J(8;6) o)
seems easy to be guaranteed. Moreover, by the previous analysis, it is easy to

verify that conditions (1) and (2) in proposition 5.1 hold for ¢; () = ¢2(F) =
w(B).

h(9;0) =
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Remark 6.1 The previous analysis also holds if Xq4 is discretely observed. We
show for instance condition (I1). Let fy be the spectral density (15) and let
[ = fu be the spectral density (12) of Xq4. Then

/0 < /190

and
Jy(8;00)w() Jy(3; 60)w()
I= ————d¥ <A — 4
»fn:r] jy(‘ﬂ,@) = |-m.x] f(%,@)

% is continuous at ¢ on the interval [-n, 1], we can
A

find a finite constant C such that

Because the function

[ <CA f 11(9;80)d? = CAY(0) < co.
]-n.n]

Note that the same result holds without the weight function, i.e, by taking
w(¥) = 1. This also holds for the other conditions.

In order to implement the Whittle methodology, let us assume that Xq4 1s
discretely observed via the process Y = {X;(jA)} = {¥;}. Then, an approxima-
tion of the objective function

1()
U = w
fr(®)
1n(9)
= w
H(®)
is obtained by first considering the partition
2nk
{ = —}
n

with £ running from 1 tom = [%], and then using the night-hand side rectan-
gular rule

U0) = L S togtfory + 200

9
2 @ )) (), (19)
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where the weight function w can be omitted. Recall that the spectral density
fr n(12) is an infinite sum. Therefore it needs to be truncated to a sufficiently
large integer value M. This gives the approximation

- 2th

), —m<¥<m

Sr(@) = Z s

h___

On the other hand, we observe that the periodogram points
1 n . . 5
1@ = 5| g exp(=i0))Y|

can be readily calculated by an application of the discrete fast Fourier trans-
form.

One nice feature of the present model is that the minimization of (19) can
be simplified by rewriting the objective function as

Ui = - (m log<——>+Zlog<g<0k» =N ((;9‘))) 20)
=1

where

21A fy(l‘}) w 1
;M |22hn2d (22 4 (22 )2y

g() =g 4.d) =

Then, differentiating (20) with respect to o and equating to zero gives

_27A < Lo(B)
m = g@)’

e2))

Substituting (21) in (20) yields

1 LG,
Un(6) = —(m log(;‘ g5 2100+ )
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As a consequence, the Whittle estimator can be defined as A, d, &), where

n(ﬂk)

(4.d) 9 A, d)

]

arg, min Zlog( (95 A, d))+mlog(z . —nE Ly,

27A < 1 (89
6’ = L Z _(‘%
m g(0; 4,4)

k=1

and O is a compact set in [0, co[x[0, 0.5].

7 Simulation of a FIOUL Process with Symmetric
CGMY BDLP

We will consider in this work a FIOUL process X4 with BDLP Z = {Z(¢)}
given by a symmetric CGMY(C, M, M, @)-Lévy process with fixed parameter
a €]0, 1[. This process, which refers to the Car, Geman, Madam and Yor model
in Carr et al. [2002], can be seen in turn as a particular tempered a—stable
process. The family of tempered stable processes has been extensively studied
by Rosinski [2007] and Cohen and Rosinski [2007]. Following these authors,
we present the next series representation for Z = {Z(f)}efo,r):

Z(f) = AW(D) + M(2),

where € > 0is small, 4, = €!~% 2C(5%), W = {W(#)} is a standard Brownian
motion,

_ . [2CT\e ef
w0 = ¥ toe@min 3L) e
UIT< X /

is a compound Poisson process, {B;} is an i.i.d. sequence of Bernoulli ran-
dom variable with parameter 0.5, {;} is an i.i.d. sequence of uniform random
variables in the interval ]0, 1[, {e;} is an 1.i.d. sequence of exponential random
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variables with parameter 1, I’ < I'; < ... are the armval times of a Poisson
process with intensity parameter 1 and {7;} is an i.i.d. sequence of uniform ran-
dom variables in [0, T']. All sequences are assumed independent of each other.
Details are given in Valdivieso [2007].

As a result, a direct integration of the previous process gives the next
simulation scheme to the FIOUL process X4 = {X4(6)}:

X0 = [ st-9aze = abo+ fm ga(t + )M (s)

oo 0

+ ft gu(t = s)AME(s) = AB(f) + Y((t) + V2(8),
0

where B = {B(f) = ﬂ . &a(t — s)dW(s)} is a stationary Gaussian process with
autocovarniance function y(h) = fom ga(lhl + 5)gu(s)ds, Yo = {Y2(f)} 1s given by:

Yot) = fo gult — )M (s)

1

. 2CT . eju; B.
= Z gd(l‘ - Tj)l[rj,oo[(t) mln{(m)" y 7}(— 1)%.

iIm<XLy
and Yy by

K
Vi) = fo gu(t + )AM(s)

l
e ]

= ) galt+#)min(( CFK) (=,

U/E <) J
where the super-tilde means that all these random sequences are generated in-
dependently from the ones of Y5, {7;} is an i.1.d. sequence of uniform random
variables on the interval [0, K] and K is a truncation constant that can be deter-
mined, for instance, by fixing a small value e and taking K = (/lI“(d)e)ﬁ.

138 Pro Mathematica, 21, 41-42 (2007), 107-143, ISSN 1012-3938



Fractionally integrated processes of Ornstein-Uhlenbeck type

FIOUL processes with symmetric CGMY BDLP
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Figure 1: Sample paths of a FIOUL process with CGMY(0.1784,10,10,0.5)
BDLP, 4 = 0.1 and d = 0.1. The upper process was simulated with A = 1 and
the lower process with A = 0.25.
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8 Simulation Results

We present in this section a simulation study of the performance of the
Whittle estimator for a FIOUL process X with symmetric CGMM BDLP Lévy
process. We have chosen for this a FIOUL process with damping parameter

= 0.1, memory parameter d = 0.1 and CGMY(0.1784, 10, 10,0.5) BDLP,
which has a standard deviation o = 0.1. To analyze the contribution of the
sampling frequency, we have selected observations of X at equidistant points
with A = 1 and A = 0.25. The simulation of X was conducted via the direct
integration scheme in Section 7 with € = 0.001 and 7 = 1024. Figure 1
displays two of these simulated paths and Tables 1 and 2 show the estimation
results based on 100 simulations of X. We indicate there the mean, median,
standard deviation, root mean square error and running time in seconds of these
100 estimations. All the procedures were ran on a PC Pentium IV with 2.4 Mhz
using a Matlab software. As seen, the Whittle estimator performs not only very
well, but also fast. The more accurate results were obtained for the deviation
parameter o-. We observe also more efficient results for A = 0.25. The mean
running time in this case is below one minute, while for A = 1 is slightly above
this time. We must indicate, however, that for A = 1 more than 70 % of the
estimations took around 15 seconds. The high variance observed in Table 1 is
due to the fact that in cases of no convergence we switched from the fmincon
optimization algorithm in Matlab to an hybrid differential evolution algorithm.
One way to reduce these times is by improving the poor performance observed
in the initial estimators. These were calculated with the log-periodogram or the
R/S regression technique (see for details Doukhan et al. [2002]).
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Table 1: Whittle estimations for the vector parameter (4,d,o) in a FIOUL
process with CGM Y(0.1784, 10, 10,0.5) symmetric BDLP and A = 1.

A=0.1 d=0.1 o=0.1 Time
Mean 0.10542 | 0.10574 0.10003 | 70.729
Median 0.10153 | 0.10618 0.1002 14.617
Std. Dev. | 0.026434 | 0.033915 | 0.0044479 | 89.953
RMSE 0.026855 | 0.03423 | 0.0044257

Table 2: Whittle estimations for the vector parameter (A, d, o) in a FIOUL
process with CGMY(0.1784, 10, 10, 0.5) symmetric BDLP and A = 0.25.

A=0.1 d=0.1 o=0.1 Time
Mean 0.1029 | 0.099302 | 0.10117 | 55.348
Median | 0.10105 | 0.10001 | 0.10146 | 53.195
Std. Dev. | 0.016649 | 0.013404 | 0.0046814 | 8.6153
RMSE | 0.016817 | 0.013355 | 0.0048031
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Resumen

Se propone una metodologia para la estimacion de un proceso fraccionado in-
tegrado de tipo Ornstein-Uhlenbeck. La metodologia se basa en el contraste
continuo de Whittle. Se presenta un estudio se simulacion en el cual este pro-
ceso es conducido por un proceso CGMY de Lévy simétrico.

Palabras Clave: Procesos de Lévy fraccionados. Dependencia a largo plazo. Esti-

macion en el dominio de las frecuencias.
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