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Abstract

In this paper we have developed a general theory of
characteristic classes of modules. To a giwen invariant map
defined on a Lie algebra, we associate a cohomology class by

using the curvature form of a certain kind of connections.
Here we present a very simple proof of the invariance
theorem (Theorem 12), which states that equivalent
connections give rise to the same characteristic class.
We have used those invariant maps of [9] to define Chern
classes of projective modules and we have derived their basic
properties.
It might be interesting to observe that this theory could be
applied to define characteristic classes of bilinear maps. In
particular, the Fuler classes of [6] can be obtained in this
way.
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1 The Characteristic Class of an Invariant Map

52

Let X be a commutative ring with 1.

. We recall ([7]) that a differential graded (D.G) algebra A = (A, d) over

K is a graded algebra A = @ AP, with a graded K-module homomor-
p=0

phismd : A — A of degree 1 such that d> = 0 and which satisfies the

Leibniz formula

a’(a1 cap) = da, ~dy +(_1)deg a a 'daz

for ay, a; € A.

In addition to this we shall assume these algebras to satisfy the following
requirements:

(1) A is commutative: That is, a -b = (=1)/ b - a holds for all
acA,beA
(2) a> =0foralla e Al
From (1) it follows that A° is a commutative K-algebra. From now on

A will always denote a DG-algebra over K satisfying both (1) and (2)
above, and we shall write R = A,

. Let ® : Px Q — M be a bilinear map of R-modules. Then there exists

a unique bilinear map
CATOPXA'RQ AT M

which satisfies (¢ ® x) - (b ® y) = ab @ O(x,y) foralla € A", b € A°,
xeP, yeQ.

We shall often denote this map also with ®.
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3. Definition. Let M be an R-module. An A-connection on M is a map
V:M — A' ® M such that

(1) VisaK-linear
2) Viax)=da®x+a-Vx,(a€R,x e M).

In this case, we can define the K-linear maps
V = V:AM— A" @ Mby
Viaex)=da®x+(-1)a-Vx (acA,xeM)
and the curvature Ky of Vby VI @V : M — A2@ M
We observe the following formula
Vitia-b)=Via-b+(-1) a-Vb, acA, beAoM

We say that a connection V is integrable ([3], [4]) if Kv = 0. In this case,
it can easily be verified that the sequence

Vo v!
M—A'eM — A’OM - ...
is a complex, and we define the i th-cohomology group

Ker V!

HA®M)= ——
A M) Imvi-1’

(i >0).

4. Proposition. Let P be a finitely generated projective R-module. Then
we have the following

(1) There exists an A-connection on P.

(2) If V is an A-connection on P, then dy : L(P) — A' ® L(P) is an
A-connection on L(P) = Homg(P, P), where

dy(fy=Vof-(U®f)oV  (feLP)

and we identify A' ® L(P) canonically with Homg(P,A! ® P).
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Proof.

(1) If P is a free module with a basis (ej,...,e,) then choosing any
n-square matrix (aij)eM,,(Al) i,j=1,...,n and defining

V(zn:' r,-e,-) = i‘driébei + Zn:ri[iaij@’ej]
1 i=1 i=1 1

i= j 3 j=

(r; € R), gives a connection on P ([8]).

In the general case, we choose an R-module O such that P ® Q is
free of finite rank. Then, if V; is a connection on P& Q, it is easy to
seethat V = (J®m)oV,0i isaconnectionon P;herei: P - P&Q
is the natural inclusion and 7 : P& Q — P, the natural projection.

(2) If f € L(P), then it is easy to check that dy(f), Homg(P,A! ® P).
Now, if a € R, f € L(P), then

dv(af)=Vo(af)—(I®af)oV =da® f +advf,
where da ® f is the map x — da ® f(x).

This shows that dy is a connection on L(P).

5. Proposition. Let P be a finitely generated projective R-module. We
have

() IfVisa cohnection on P, then Ky is an R-homomorphim. That is
Ky € Homg(P,A2® P) =~ A2 ® L(P).
(2) Bianchi’s Identy: dy(Kv) = O for any connection V on P.

Proof. These are easy computations ([6]).

6. Proposition. Let V,V; be two connections on a f. g. projective R-
module P. Let f € A' ® L(P) be such that V; = V + f. Then
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(1) dv,(g) = dv(g) +1f.g] (g € L(P))
where [f,g] = fog—-(U®g)o f

(2) Ky, =Ky +dyf-(I®f)of
Proof.
(1) Let x € P. We have

dv, (8)(x)

Viglx) - (I ®g)Vi(x)

= (V+)g0) - U8V + fHx)

= Vg)-(U®gV(x) + fogx)—(I®g)o f(x)
= dv(®)(x)+1[f,8l(x)

(2) Let x € P and write Vx = Xa; ® x, fx = Lb;®y; with
a,bje Al,xi,yj € P. Then we have

Kv,(x) ViVi(r) = Vi(Vx + fx) = V} (Za; @ x; + Zb; ® ;)

= Xda;®x;—Za;-Vi(x)+Zdbj®y; —Zb;Vi(y;)

= (Cda®x;—XaV(x))-Zaf(x;)
+(Zdb;®y;—Zb;V(y;)) —Zb;f(y))

= Ky - V) + V' f(x) - U f)o f(x)

= Kv(x)+dvf(x)—(U® f)o f(x)

7. Let L be a Lie subalgebra of L(P) under the usual bracket product

[f’g]=f0g_gof (fngL(P))

We assume that P is a f - g projective module and that the canonical map
A'® L — A' ® L(P) is an injection.

Definition. Let V : P — A! ® P be a connection on P. We shall say
that V is compatible with L in case dy : L(P) — A' ® L(P) maps L into
A'®L.
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Thus, dy is a connection on L.

If V is compatible with L and if f € A' ® L, then it is clear that V + f is
also compatible with L.

Two connections V, V; compatible with L are said to be equivalent if
Vi-VeA'®L.

. Letd : M — A' ® M be an integrable connection on an R-module M.

Let V be a connection compatible with L.

Definition. An n-invariant map for (L, V) with values in M is a map
O:LX...xL - Msuch that

(1) @ is n-multilinear
(2) Forall fi,..., f,,g € Litholds

D O, [g flo s f) =0
i=1
(3) Forall fi,..., f, € Litholds
AO(fi,.... f) = ). O(fi,...,dvfir.., i)
i=1

Proposition. Suppose that ® is an n-invariant map for (L, V). Then, for
all V; equivalent with V, @ is invariant for (L, V)

Proof.

First we shall show that
n
N O L Sl foY =0 *)
i=1

holds for all fi,..., f, € L(P),f € A' ® L(P)
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By linearity we can assume f = a® g, a € A', g € L(P). But then
Lf, fil = a®lg, fi], so that (*) follows from (2). Now, if V is equivalent
with V; = V + f, with f € A' ® L. By prop. 6(1) we have

dv,fi=dvfi+1f. fil,i=12,....n

Hence

DO, de S f) = D Ois. . de i fa)
i=1 i=1

+

D O U file o )
i=1
do(fi,..., fn)

by using (1) and (*)

9. Proposition. Let ® be an n-invariant map for (L,V). Let f; € A4 ® L,
i=1,...,n Then ([2])

dO(fi, .. f) = D (=Dfirdrrbon O(fy,dofi,..., ).
i=1

Proof.

By additivity we may assume f; = a;®g;, a; € A%, gie L, i=1,...,n.
Then we have

n
dO(fi,....f) = D (~D""ia1ay. . day. . a, @ B3, 8n)

i=1

+(=DI+rhgia, . a, - dD(g,. .., gn).

Pro Mathematica, 22, 43-44 (2008), 51-65, ISSN 1012-3938 57



Maynard Kong

10.

11.

12.

58

Substituting d®(g;,...,g.) = Z O(gy,...,dvgi, ..., gn) and using
i=1

aay...da;...a; @0, ...,8) + (D% qia,. . a,-
(g1, --.,dvgis- .- 8n)

=0(a; ®g),...,da;®gi,...,a, R Egy)

+O(@ ®g1,..., (-1 a;-dvgi,...,a, ® gn)
=O(f1,...,dvfi-. s fu)s

- we obtain the required expression.

Corollary. If © is an n-invariant map for (L, V), then
O(Kv,...,Ky) e A" ® M

is a cocycle.

Proof. This follows immediately from the preceding proposition and
Bianchi’s identity.

Definition. If ® is an n-invariant map for (L,V), we define the
characteristic class of @ by

(L, V,A) = (D(Ky, ..., Kv)} € H'(M®A),
here {n} denotes the cohomology class of a cocycle 7
Theorem of Invariance

Let @ be an n-invariant map for (L, V). Then for any connection V,
equivalent with V we have

{(O(Ky,,...,Ky,)} = {O(Ky,...,Kv)} in HYA® M).
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Proof.

It is clear that we may assume V; = V + f, with f = a®g, ac Al,g € L.
Then, a® = 0 implies

U®f)of=0
and so prop. 6. (2) gives

Ky, =Kv+dvf

Thus ®(Ky,,...,Ky,) = ZD(ay,...,a,) where a; = Ky ordv f.

We contend that if @; = dy f for some j, then
Oay,...,a,) =dt, te A T @ M.
In fact, replacing @ by f we have ®(ay, ..., f,...,a,) € A" '@ M and

dd(@y,..., ooy = Z:t(D(aq,...,dva,-,...,f,...,a,,)

+0(ay,...,dvf,...,an) + Zi(b(a],...,f,...,dva/,-,...,a,,)

Next we observe that each term in both sums is zero. For if a; = Ky, then
dya; = 0 by Bianchi’s identity. And, if @; = dy f, then dvdy f = a-dydyg
and f = a ® g are both factors of the term in question. Since a®> = 0, we
also obtain zero. Thus d®(a;,..., f,...,@,) = +(ay, ..., qj,...a,) if
;= dvf

Therefore we have

O(Kvy,,...,Kv,) = O(Ky,...,Ky)+dr, teA" @M.

This proves the theorem.
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13. Letu : A — B be a DG-algebra homomorphism. Write R = A°,S = B°.
We shall regard any S-module as an R-module via the map u. Consider
two modules M and N over R and S, respectively, with integrable con-
nections. Suppose v : M — N is an R-homomorphism which commutes
with connections, that is, we require the following square

d
M —— AlexM

to be commutative.

Itisclearthatu®v : A®@ M — B® N induces a homomorphism (1 ® v).
in cohomology H*(A® M) —» H*(B® N)

Now, let @ be an invariant map for (L, V) as in 8, where L ¢ L(P),Pis a
f.g. projective module. Define

(1) Pu=S®RPa
@) Ly,=Se®rLcLP,) ()
(3) Vy: P, > B ®P, by

V(s®x)=ds®@x+5-V(x) (s€S,x€P)

where V(x) is the image of V(x) under the canonical map
AQ®P—->B®P,

(4) @, is the obvious extension of ® to L, with values in N

(*) Here we assume that the map S ®g L — § ®¢ L(P) is an injection.

Then V,, is a connection on P, compatible with L, and @, is an invariant
map for (L,, V,). Moreover (u ® i}(Ky) = Kv,, where i : L — L, is the
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canonical map and from this it follows that
U@ V) DL, V,A)} = {D,(L,,V,,B)} € H'(B&N)

Since for any DG-algebra A with A° = R we have a natural DG-algebra
homomorphism 7 : Q* — A, where Q*, is the de Rham complex of
Kihler differentials of R/K, and for any connection V : P —» Q! @ P
compatible with L, we obtain

where (L, V) = (L, V, Q).

2 Chern Classes of Projective Modules

1. Let A be aDG-algebra over K asinsection 1,1. Let Pbe af. g. projective
R-module and d : M — A’ ® M an integrable connection on M. We take
L = L(P). Then all connections on P are equivalent. Therefore, for
any invariant map @ : L(P) X ... X L(P) — M, there exists a uniquely
determined cohomology class

{D(Ky,...,Ky)} e H'(A®@ M),

which is independent of the choice of V.

2. Following [9] we define an n-invariant map
P,:L(P)%...X L(P) > Rby
Pu(fi, .. fn, P) = Trace off

where f is the linear map: /\ P— /\ P induced by

2@ .8 o QP QP

where o runs through all permutations of {1,2,...,n}.
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In what follows in this section we take M = R and the canonical map
d: R — A’ ® R as an integrable connection on R.

In [9] can be found the proof of the following

Proposition

(1) P, is invariant for (L(P), V), for all connections V on P.

(2) Ppissymmetric: Py(fots .. -s fon) = Pu(f1, ..., f)forall fi,..., fn €
L(P), and permutations o

(3) If P and Q are f.g. projective R-modules and fi,..., f, € L(P),
g1,---,8n € L(Q), then
Pm+n(f1,-- -,fm,gls- .8 P®Q) = Pm(fl,--~’fm)'Pm(gl,---,gn)

3. Definition. For any f.g projective R-module and any DG-algebra A over
K, we define forn > 1,

ch,(P,A) the n th-Chern class of P with values in A

{P,(Ky,...,Ky)} € H"(A)

For n = 0, we set cho(P,A) = 1

We shall write ch,(P) = ch,(P,Q*), where Q* is the Rham complex of
Kihler differentials of R/K.

4. Theorem.
(1) If u: A — B is a DG-algebra homomorphism then
u«ch,(P,A) = ch,(P,, B)
In particular, for any DG-algebra A with R = A%, we have
nech,(P) = ch,(P, A)

where 7 is the natural DG-algebra homomorphism Q* LA
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(2) Let Py Q be f.g projective R-modules. Then
n
cha(P ® Q, A) = Z( ” )chk(P, A) - chyi(Q, A)

k=0 k
(3) If P is afree module then ch,(P,A) =0, forall n>1
(4) If P~ Q then ch,(P,A) = ch,(Q,A), forall n>0.

Proof.
(1) This follows from Section 1, 13.
(2) Choosing connections V{, V; on P and Q, respectively, we see that
VPO - A QPaQ)

defined by V(x +y) = Vi(x) + Va(x), (x € P,y € Q) is a connection
on P& Q. This has Ky = Ky, ® Kv,, and so using (2) and (3) of the
preceding proposition we obtain

P,(Ky,...,Kyv;P® Q)

n
n
=Z( ) )Pk(Kvl,...,Kv,;P)-Pn-k(sz,...,sz;Q),
k=0

which shows (2)
(3) If P is free we can choose the trivial connection with respect to a

basis (eq, ..., en)

V:P — A'QP
v {Z riei] = Z dry ®e; (r;€R)
=1 i=1
This has Ky = 0, and hence P,(Ky,...,Ky,P) =0,

(4) We proceed by induction on n. Choose an R-module T so that P&T
is free. Therefore Q @ T is also free and by (3) and (2) we have

0= ;( . )chk(m chyi(T) = Z( ) )chkm) chy-i(T)

k=0
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and so, assuming chy(P) = chi(Q) for all k < n, gives

chn(P) = chn(Q).

5. Remark
If we know n! is a unit in K, then we can define Ch,(P,A) = %chn(P, A).

n
Then formula (2) becomes Ch, (P& Q,A) = Z Chi(P,A) - Ch,(Q, A).
k=0
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Resumen

En el presente trabajo se desarrolla una teoria general de clases caracteriticas de
modulos. A una aplicacién invariante definida en un Algebra de Lie se asocia
una clase de cohomologia usando la forma de curvatura de un cierto tipo de
conexiones. Se presenta una prueba muy simple del teorema de invariancia
(Teorema 12), que establece que conexiones equivalentes dan lugar a la misma
clase caracteristica.

Se usan estas aplicaciones invariantes [9] para definir las clases de Chern de
mddulos proyectivos y se derivan sus propiedades basicas.

Es interesante observar que esta teoria puede ser aplicada para definir clases
caracteristicas de aplicaciones bilineales. En particular, las clases de Euler [6]
pueden ser obtenidas de esta manera.

Palabras Clave: Algebra de Lie, médulos proyectivos, clases de Chern, clases de Euler,
cohomologia, formas de curvatura, conexiones, aplicaciones invariantes.
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