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Abstract 

In this note, we present some of the basic properties of the 
classes of functions called strongly preclosed closed and 

pre-irresolute functions in topological spaces. 
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1 Introduction 

The notion of preopen [8] set plays a significant role in General 
Topology. Preopen sets are also called nearly open and locally dense 
[3] by severa! authors in the literature. They are not only irnportant 
in the context of covering properties and decornpositions of continuity 
but also in functional analysis in the context of open rnapping theorerns 
and closed graph theorerns. One of the rnost irnportant generalizations 
of continuity is the notion of nearly continuity [11] ( = precontinuity [8] 
or alrnost continuity [5]) which involves preopen sets and is investigated 
by different authors under different terrns (c.f. [1], [2], [4], [5], [8], [12]). 
In the present note, we show sorne of the basic properties of the notions 
of pre-derived and strongly preclosed functions. Also, we give sorne 
additional properties of the preclosure of a set due to N. El-Deeb et al. 
[4]. 

Throughout this paper (X, T) (sirnply X) alway rneans topological spaces. 
A subset A of (X, T) is called preopen [8] if A e Int(Cl(A)). The cornple­
rnent of a preopen set is called preclosed. The intersection of all preclosed 
sets containing A is called the pr·eclosure [4] of A, denoted by PCl(A). A 
subset A is preclosed if A= PCl(A). We denote the farnily of preopen 
sets of (X, T) by PO( X, T). 

Lemma 1.1 (El-Deeb et al. [4}). Let (X, T) be a topological space and 

A, B subsets of X. Then the following hold: 

(1) x E PCl(A) if and only if An V -=f. 0 for every V E PO( X, T),x E V. 

(2) A is preclosed in (X, T) if and only if A= PCl(A). 

(3) PCl(A) e PCl(B) if A e B. 

(4) PCl(PCl(A)) = PCl(A). 
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2 Sorne Basic Notions and their Properties, 
Strongly Preclosed Functions 

Definition 1 Let A be a subset of a space X. A point x E A is said 
to be pre-limit point of A (7} if for each preopen set U containing x, 
Un (A\ { x}) -=f. 0. The set of all pre-limit points of A is called the pre­
derived set of A and is denoted by dp(A). 

Theorem 2.1 For subsets A,B of a space X, thefollowing statements 
hold: 

{1) dp(A) e d(A) where d(A) is the derived set of A. 

(2) lj A e B, then dp(A) e dp(B). 

(3) dp(A) U d¡¡(B) e d¡¡(A U B) and d¡¡(A n B) e d¡¡(A) n d¡¡(B). 

(4) d¡¡(d¡¡(A))\A e dp(A). 

(5) d¡¡(A U dp(A)) e A U d¡¡(A). 

Pmof. (1) It suffices to observe that every open set is preopen. 
(3) Follows from (2). 
(4) If x E dp(dp(A))\A and U is a preopen set containing x, then 
Un (d¡¡(A)\{x}) -=f. 0. Let y E Un (d¡¡(A)\{x}). Then since y E d¡¡(A) 
and y E U, Un (A\{y}) -=f. 0. Let z E Un (A\{y}). Then z -=f. x for 
z E A and X 1:. A. Hence un (A\{x}) -=f. 0. Therefore X E dp(A). 
(5) Let x E dp(A U dp(A)). If x E A, the result is obvious. So let 
x E dp(A U dp(A))\A, then for preopen set U containing x, Un (A U 
dp(A)\{x}) -=f. 0. Thus Un (A\{x}) -=f. 0 or Un (d¡¡(A)\{x}) -=f. 0. Now 
it follows similarly from ( 4) that un (A\ {X}) -=f. 0. Hence X E dp(A). 
Therefore, in any case dp(A U dp(A)) e A U dp(A). 

In general the converse of (1) may not be true and the equality does not 
hold in Theorem 2.1 (3). 
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Example 2.2 Let X= {a, b, e, d} with topology T = {0, {b}, { d}, {b, d}, X} 
Therefore PO(X,T) = {0,{b},{d},{b,d},{a,b,d},{b,e,d},X}. Take: 
(i) A= {a}. Then dp(A) = 0 and d(A) ={e}. Hence d(A) cf_ dp(A). 
(ii) A= {a,e,d} and B = {b,e}. Then dp(A) ={a, e}, dp(B) ={a, e} 
and dp(A n B) = 0. Henee dp(A n B) =f. dp(A) n dp(B). 

Example 2.3 Let X= {a, b, e, d} with topology T = {0, {a, b}, {a, b, e}, X}. 
Take A= {a,e,d} and B = {b,e,d}. Then dp(A) = 0 , dp(B) = 0 and 
dp(A U B) ={e, d}. Hence dp(A U B) =f. dp(A) U dp(B). 

Theorem 2.4 PCl(A) =A u dp(A). 

Proof. Since dp(A) e PCl(A), AUdp(A) e PCl(A). On the other hand, 
let x E PCl(A). In the case that x E A, the proof is complete. If x ~A, 
then each preopen set U containing x intersects A at a point distinct 
from x, so x E dp(A). Thus PCl(A) e A U dp(A), which completes the 
pro o f. 

Corollary 2.5 A subset A is preclosed if and only if it contains the set 
of its pre-limit points. 

Definition 2 A function f : (X, T) _, (Y, a) is said to be 
(1) pre-irresolute (13) if ¡- 1 (V) is preopen in X for every preopen set V 
ofY, Mashhour et al. (9) termed pre-irresoluteness as M-pre-continuity. 
(2) strongly preclosed if f(F) is preclosed in Y for every preclosed set F 
ofX. 

Lemma 2.6 A funetion f: (X, T) _, (Y, a) is a strongly preclosed func­
tion if and only ifpCl(f(A)) e f(pCl(A)) for each subset A of X. 

Theorem 2. 7 A function f : (X, T) _, (Y, a) is a strongly preclosed 
function if and only if dp(f (A)) e f ( d>-.

9 
(A)) for each subset A of X. 

Proof. If dp(f(A)) e f(dp(A)) for each subset A of X and A is a 
preclosed subset of X, then pCl(f(A)) = j(A) U dp(f(A)) e f(A) U 
j(dp(A)) e j(A). 
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Conversely, assume that f: (X, T) --+ (Y, o-) is a strongly preclosed func­
tion such that A e X. Also suppose y E dp(f(A)). It follows that 
y E pCl(f(A)- {y}) = pCl(f(A- ¡-1 (y))) e f(pCl(A- ¡-1 (y))). This 
means that ¡-1 (y) n pCl(A- ¡-1(y)) f 0. let x E ¡-1(y) n pCl(A­

¡-1 (y)). Hence x E dp(A) and also y= f(x) E f(dp(A)). 

A topological space is called preBolzano-Weierstrass if every every count­
ably infinite subset of the space has a pre-limit point. 

Corollary 2.8 If f : (X, T) --+ (Y, o-) is a strongly preclosed function 

with Y preBolzano- Weierstrass and ¡- 1 (y) preBolzano- Weierstrass for 
each y E Y, then X is preBolzano- Weierstrass. 

Proof. Suppose A is a countably infinite subset of X. If f(A) is finite, 
then A n ¡-1 (y) is infinite for some y E Y. This means that dp(A) f 0. 
On the other hand, if f(A) is infinite, then dp(f(A)) f 0. By Theorem 

2.7, dp(A) f 0. 

Theorem 2.9 A function f : (X, T) --+ (Y, o-) is strongly preclosed if 

and only if f(X) is preclosed in Y and f(U) - f(X - U) is preopen in 

f(X) whenever U is preopen in X. 

Proof. Let f : (X, T) --+ (Y, o-) be strongly preclosed . Observe that 

J(X) is preclosed in Y and f(U) - f(X - U) = f(X) - f(X - U) 
is preopen in f(X) whenever U is preopen in X. Also suppose f(X) 
is preclosed in Y and f(U) - f(X- U) is preopen in f(X) whenever 
U is preopen in X. l\1oreover, let D be preclosed in X. Therefore 
f(D) = f(X)- (f(X- D)- f(D)) is preclosed in f(X). Hence f(D) is 
preclosed in Y. 

Corollary 2.10 A function f : (X, T) --+ (Y, o-) is a strongly preclosed 

surjectíon function if and only íf f(U) - f(X - U) ís preopen in Y 

whenever U is preopen in X. 

Corollary 2.11 If f : (X, T) --+ (Y, o-) is a pre-irresolute, strongly 

preclosed surjection, then the topology on Y is {g(U) - g(X - U) 1 

U ís preopen in X}. 
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Proof. Assume that V is preopen in Y. Then by hypothesis, ¡-1(V) 

is preopen in X. So we have J(J- 1(V))- j(X- ¡-1(V)) =V. Thus, 
all preopen sets in Y are of the form f(U) - f(X- U) whenever U is 
preopen in X. By Corollary 2.6, all the sets of the form f(U)- f(X- U) 

whenever U is preopen in X, are preopen in Y. 

By PO( X, r), we denote the collection of set of preopen subsets of X. 

Definition 3 A topological space X is said to be strongly pre-normal 
[10] if for any pair of disjoint preclosed sets D andE of X, there exist 

disjoint preopen sets U and V such that D e U and E e V. 

Theorem 2.12 If f : (X, r) ---. (Y, o-) is a pre-irresolute, strongly pre­

closed surjection and X is strongly pre-normal, then Y is strongly pre­

normal. 

Proof. Suppose N and M are preclosed subsets of Y and N n M = 0. 
Thus ¡-1(N) and ¡- 1(M) are preclosed disjoint subsets of X. Then 
there exist U, V E PO(X), disjoint such that ¡-1(N) e U and ¡-1(M) e 
V. Hence N e f(U)- j(X- U) and M e j(V)- j(X- V). By Corol­
lary 2.11, j(U)- f(X- U) and f(V)- f(X- V) are preopen in Y and 
observe that they are disjoint. 
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Resumen 

En esta nota, presentamos algunas de las propiedades básicas de las 
clases de funciones denominadas funciones fuertemente pre cerradas, ce­
rradas y pre-irresolutas en espacios topológicos. 
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Palabras clave: Espacios topológicos, con punto pre cerrado, punto pre­

límite, función fuertemente pre cerrada. 
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