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1 Introduction and Preliminaries

Andrijevié¢ [4] introduced a new class of generalized open sets called
b-open sets into the field of topology. This class is a subset of the class
of semi-preopen sets [5], i.e. a subset of a topological space which is
contained in the closure of the interior of its closure. Also the class of
b-open sets is a superset of the class of semi-open sets [26], i.e. a set
which is contained in the closure of its interior, and the class of locally
dense sets [12] or preopen sets [28], i.e. a set which is contained in the
interior of its closure. Andrijevi¢ studied several fundamental and inter-
esting properties of b-open sets.

Throughout the present paper, the space (X, 7) always means a topolog-
ical space on which no separation axioms are assumed unless explicitly
stated. A subset A is said to be semiopen [26] (resp. S-open [1], preopen
(28], a-open [30]) if A C Cl(Int(A)) (resp. A C Cl(Int(Cl)A))), A C
Int(CI(A))), A € Int(Cl(Int(A)))). The complement of a semiopen
(resp. [-open, preopen, a-open) set is said to be semiclosed (resp. §-
closed, preclosed, a-closed). We denote the collection of all semiopen
(resp. (B-open, a-open) sets by SO(X) (resp. SO(X), aO(X)). We set
SOX,z)={U:ze€U € SO(X)}, BO(X,z) ={U :z2 € U € BO(X)}
and aO(X,z) ={U :z € U € cO(X)}.

Let A C X, then A is said to be b-open [4] if A C Cl(Int(A)) U
Int(Cl(A)), where Cl(A) and Int(A) denotes the closure and the in-
terior of A in (X, 7), respectively. The complement X \ A of a b-open
set A is called b-closed and the b-closure of a set A, denoted by bCI(A),
is the intersection of all b-closed sets containing A. The b-interior of a
set A denoted by bInt(A), is the union of all b-open sets contained in A.

The family of all b-open (resp. b-closed) sets in (X, 7) will be denoted by
BO(X, 1) (vesp. BC(X,1)).
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Proposition 1.1 (Andrijevié [4]) (a) The union of any family of b-open
sets is b-open.
(b) The intersection of an open and a b-open set is a b-open set.

Lemma 1.2 The b-closure of a subset A of X, denoted by bCI(A), is
the set of all z € X such that ON A # @ for every O € BO(X, x), where
BO(X,z) ={U |z € U € BO(X,T)}.

A point z € X is said to be a f-semi cluster point of a subset A of X
if CI(U)N A 3 @ for every U € SO(X,z). The set of all f-semi cluster
points of A is called the #-semiclosure of A and is denoted by sClg(A). A
subset A is called f-semiclosed {23] if A = sCly(A). The complement of
a B-semiclosed set is called #-semiopen. A subset A is said to be regular
open (resp. regular closed) if A = In(CI(A)) (resp. A = Cl(Int(A)).

Definition 1 A function f: X — Y is said to be:

(i) perfectly continuous [31] if f=1(V) is clopen in X for every open
setV of Y.

(ii) contra-continuous [15] if f~1(V) is closed in X for every open set
V oof Y.

(i) regular set-connected [14]if f~Y(V) is clopen in X for every reqular
open set'V of Y.

(iv) s-continuous [8] if for each point x € X and each semiopen set V
of Y with f(x) € V, there exists an open set U of X containing x
such that f(U) C V.

(v) almost s-continuous [32] if for each point x € X and each semiopen
set V of Y with f(z) € V, there exists an open set U of X con-
taining x such that f(U) C sC(V).

(vi)} (8,s)-continuous (23] if for each point € X and each semiopen set
V of Y with f(z) € V, there exists an open set U of X containing
x such that f(U) C Cl(V).
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(vii) B-quasi-irresolute [20] if for each point x € X and each semiopen
set V of Y with f(x) € V, there exists an (-open set U of X
containing x such that f(U) C CI(V).

(viii) (p, s)-continuous [19] if for each point € X and each semiopen
set V of Y with f(z) € V, there exists a preopen set U of X
containing © such that f(U) C CI(V).

(iz) a-quasi-irresolute [21] if for each point x € X and each semiopen
set V of Y with f(x) € V, there exists an a-open set U of X
containing x such that f(U) C Cl(V).

(x) weakly O-irresolute [21] if for each point x € X and each semiopen
set V of Y with f(x) € V, there exists an semiopen set U of X
containing x such that f(U) C CUV).

2 (b, s)-continuous Functions

Definition 2 A function f : X — Y is said to be (b, s)-continuous
functions if for each point x € X and each semiopen set V of Y with
f(x) € V, there exists a b-open set U of X containing x such that f(U) C
ClV).

Definition 3 Let A be a subset of a space (X,7). The set ([{U €
RO(X) : A C U} is called the r-kernel of A [17] and is denoted by
rker(A).

Lemma 2.1 (Ekici [17]) The following properties hold for the subsets
A, B of a space X :

(1) z € rker(A) if and only if ANF #0 for any F € RC(X, ).
(2) ACrker(A) and A =rker(A) if A is reqular open in X.
(3) If A C B, then rker(A) C rker(B).
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Theorem 2.2 For a function f : X — Y, the following are equivalent:
(1) f is (b, s)-continuous;
(2) f~UV) CbInt(f~1(CIU(V))) for every semiopen set V of Y;
(3) f~Y(F) is b-open in X for every reqular closed set F of Y;
(4) f~HV) is b-closed in X for every regular open set V of Y;
(5) f~1(A) is b-open in X for every 6-semiopen set A of Y';
(6) f~Y(B) is b-closed in X for every 0-semiclosed set B of Y ;
(7) f(BCI(A)) C sClg(f(A)) for every subset A of X;
(8) bCI(f~1(B)) C f~Y(sClg(B)) for every subset B of Y.
(9) F(OCUA)) C rker(f(A)) for every subset A of X;

(10) bCU(f~Y(B)) C f~Yrker(B)) for every subset B of Y ;

(11) For each point x in X and each regular closed set V in'Y containing
f(x), there is a b-open set U in X containing x such that

fw)y cv.

Proof. (1) = (2): Let V € SO(Y) and = € f~}(V). Since f is (b, s)-
continuous, there exists an b-open set U of X such that f(U) C Cl(V).
It follows that = € U C f~Y(CI(V)). Hence z € bInt(f~1(CI(V))).
Therefore f~1(V) C bInt(f~1(CI(V))).

(2) = (3): Let F be any regular closed set of Y. Since F' € SO(Y),
then by (2), it follows that f=1(F) C bInt(f~1(CI(F))). This shows
that f=1(F) is b-open in X.

(3) < (4): This is obvious.

(4) = (5): This follows from the fact that any 6-semiopen set is a union
of regulares closed sets.

(5) < (6): This is obvious.

(5) = (7): Let A be any subset of X and y ¢ sClg(f(A)). Then there
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exist V € SO(Y,y) such that f(A) N Cl(V) = 0. Since CI(V) is 6-
semiopen, f~1(Cl(V)) is b-open in X and ANf~1(CI(V)) = §. Therefore
bCUA)N f~HCUV)) = P and F(DCI(A))NCI(V) = §. Consequently, we
obtain y ¢ f(bCI(A)) and hence f(bCI(A)) C sClg(f(A)).

(7) = (8): Let B be any subset of Y. Then by (7) f(bCl(f~Y(B))) C
sCle(f(f~Y(B))) C sClg(B). Therefore, we obtain bCI(f~(B)) C
F~Y(sClg(B)).

(8) = (6): Let B be any f-semiclosed set of Y. By (8) we have
bCI(f~1(B)) C f~Y(sClg(B)) = f~1(B) and hence f~1(B) is b-closed
in X.

(5) = (1): Let x € X and V € SO(Y, f(z)). Then CI(V) is §-semiopen
inY. Set U = f~Y{CIl(V)), then U € BO(X,x) and f(U) C CIl(V).
Therefore f is (b, s)-continuous.

(11)=(9): Let A be any subset of X. Suppose that y ¢ rker(f(A)).
Then, by Lemma 2.1 there exists V € RC(Y,y) such that f(A)NV = 0.
For any z € f~}V), by (11) there exists U, € BO(X,z) such that
f(U) € V. Hence f(ANU,) C f(A)N f(U,) C f(A)NV = and
ANU, = §. This shows that z ¢ bCI(A) for any x € f~1(V). Therefore,
FHV)INBCI(A) = 0 and hence VN f(bCI(A)) = 0. Thus, y ¢ f(bCI(A)).
Consequently, we obtain f(bCIl(A)) C rker(f{A)).

(9)& (10): Let B be any subset of Y. By (9) and Lemma 3.1, we
have f(bCI(f~Y(B))) C rker(ff~1(B)) C rker(B) and bCl(f~1(B)) C
f~Yrker(B)).

Conversely, suppose that (10) holds. Let B = f(A), where A is a subset
of X. Then bCI(A) C bCI(f~Y(B)) C f~l(rker(f(A))). Therefore
f(ObCIU(A)) C rker(f(A)).

(10)=> (4): Let V be any regular open set of Y. Then, by (10) and
Lemma 2.1(2) we have bCI(f~1(V)) C f~l(rker(V)) = f~}V) and
bCIU(f~Y(V)) = f~YV). This shows that f~}(V) is b-closed in X.
Therefore f is (b, s)-continuous.

(3)=>(11): Let z € X and V be a regular closed set of Y containing f(z).
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Then z € f~1(V). Since by hypothesis f~!(V) is b-open, there exists
U € BO(X,z) such that z € U C f}(V). Hence x € U and f(U) C V.

Theorem 2.3 For a function f: X — Y, the following are equivalent:
(1) f is (b, 8)-continuous;

(2) f~Y(V) is b-closed in X for every regular open set V of Y;

(3) F~Y(Int(Cl(F))) is b-closed in X for every open set F of Y (4)
F Y Cl(Int(G))) is b-open in X for every closed set G of Y.

Proof. (1) & (2): Theorem 2.2.

(3) & (4): Let G be a closed set in Y. Then Y\G is open. We have
that f~1(Int(CUY\G))) = fHY\Cl(Int(G))) = X\f~HCl(Int(Q)))
is a b-closed set in X. Hence f~1(Cl(Int(G))) is b-open.

The converse can be obtained similarly.

(2) © (3): Let F be a open set in Y. We have Int(CI(F)) € RO{Y).
By (2) f~Y(Int(CI(F))) is b-closed in X.

The converse can be obtained similarly.

Remark 2.4 From the above definitions, we have the Diagram follow-
mg:

per fectly—cont. = contra—cont.
4 4
s—cont. = almost—s—cont. =P regular-set—connect. = (0,s)—~cont.
4
(b,s)—cont.
4

B—quasi~—irre.
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By the following examples, remarks and ([31], {13], [14], [8], [23], [20}),
the inverse claims in the implication above are not usually true.

Example 2.5 In [[33], Ezamples 6.1-6.6.], Noiri and Jafari showed
that:

(1) Contra continuity (resp. regular set-connected, (6, s)-continuity) does
not necessarily imply perfectly continuity.

(2) (8, 5)-continuity does not necessarily imply reqular set-connected.
(8) (8, s)-continuity does not necessarily imply contra-continuity.

(4) continuity and (8, s)-continuity are independent concepts.

Example 2.6 (1) In [[14], Example 3.8], Dontchev et al. showed that
a reqular set-connected function need not be almost s-continuous.

(2) In [[32], Example 5.3], Noiri et al. showed that a almost s-continuous
function need not be s-continuous.

Example 2.7 Let X = {a,b,¢,}, 7 = {0, X, {b},{a,c}} and
o= {0, X,{a},{b},{a,b}, {a,c}}.

Then the identity function f : (X, 1) — (X,0) is (b, s)-continuous, but
it 15 not continuous.

Example 2.8 The identity function in the real line with the usual topol-
ogy is continuous. The inverse image of (0,1} is not b-closed and the
function is not (b, s)-continuous.

Remark 2.9 By Ezamples 2.7 and 2.8, continuity and (b, s)-continuity
are independent of each other.

We recall that a space X is called extremally disconnected (7] if the
closure of each open set of X is open in X, equivalently if every semiopen
set is a-open. The space X is called submaximal [7] if every dense subset
of X is open in X, equivalently if every preopen set is open.

Lemma 2.10 If (X,7) be a submazimal extremally disconnected space,
then 7 =7 = SO(X,7) = PO(X,7) = BO(X,7) = fO(X, 1)
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Theorem 2.11 If (X,7) is submazximal extremally disconnected, then
the following are equivalently for a function f: (X,7) — (Y,0):

(1) f is (b, s)-continuous;

(2) f is (8, s)-continuous;

(3) 1 is (p, s)-continuous;

(4) f is a-quasi-irresolute;

(5) f is weakly 8-irresolute;

(6) f is B-quasi-irresolute.

Proof. Tt follows from Lemma 2.10.

3 Separation Axioms Related to b-open Sets

Recall, that a space X is said to be:

(i) Weakly Hausdorff [37] if each element of X is an intersection of
regular closed sets.

(i) s-Urysohn [6] if for each pair of distinct points z and y in X, there
exist U € SO(X,z) and U € SO(X,y) such that Cl(U)NCI(V) =
0.

(iil) b-T [10] if for each pair of distinct points z and y in X, there exist
U e BO{X,z) and V € BO(X,y) such that UNV = {.

Theorem 3.1 If f : X — Y is a (b, s)-continuous injection and Y is
s-Urysohn, then X is b-T5.

Proof. Let z and y be distinct points of X. Then f(z) # f(y). Since
Y is s-Urysohn, there exist V' € SO(Y, f(z)) and W € SO(Y, f(y))
such that CI(V) N CI(W) = 0. Since f is (b, s)-continuous, there exist
U € BO(X,z) and G € BO(X,y) such that f(U) C ClI(V) and f(G) C
CUHW). It follows that U N G = 0. This shows that X is b-T5.

Theorem 3.2 If f,g : X — Y are (b, s)-continuous functions, X is
submazximal extremally disconnected and Y is s-Urysohn, then E = {z €
X : f(z) = g(x)} is closed in X.
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Proof. Suppose that z ¢ E. Then f(x) # g(x). Since Y is s-Urysohn,
there exist V € SO(Y, f(z)) and W € SO(Y,g(x)) such that CI(V) N
Cl(W) = {. Since f and g are (b, 5)-continuous, there exist U € BO(X, 1)
and G € BO(X,z) such that f(U) ¢ CI(V) and f(G) C Cl(W). Set
D =UnNG. By Lemma 2.8 D € O(X) since X is submaximal extremally
disconnected. Therefore DN E = () and it follows that E is closed in X.

Lemma 3.3 [29]. Let A be a subset of X and B a subset of Y. If
A€ BO(X) andY € BO(Y), then Ax Be€ BO(X xY).

Theorem 3.4 If f : X = Y be a (b, s)-continuous function and Y is
s-Urysohn, then E = {(z,y) : f(z) = f(y)} is b-closed in X x X.

Proof. Suppose that (z,y) ¢ E. Then f(z) # f(y). Since Y is
s-Urysohn, there exist V' € SO(Y, f(z)) and W € SO(Y, f(y)) such
that CI(V) N CU(W) = §. Since [ is (b, s)-continuous, there exist U €
BO(X,z) and G € BO(X,y) such that f(U) € Cl(V) and f(G) C
Cl(W). Set D =U x G. By Lemma 3.3 (z,y) € D € BO(X x X) and
DN E = 0. This means that bCI(E) C E and therefore E is b-closed in
X x X.

Theorem 3.5 Let f : X — Y be a function and g : X — X x Y the
graph function, given by g(z) = (x, f(z)) for every x € X. Then f is
(b, s)-continuous if g is (b, s)-continuous.

Proof. Let F be a regular closed set of Y. Then we have X x F =
X x (Cl(Int(X)) x Cl(Int(F)) = Cl(Int(X x F). Therefore X x F'is
regular closed in X x Y. By Theorem 2.1, f~1(F) = g~ (X x F) is
b-open in X and hence f is (b, s)-continuous.

The following lemma is due to El-Atik [15].

Lemma 3.6 Let A and X, be subsets of (X,7). If A € BO(X) and
X, € aO(X), then AN X, € BO(X,).
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Theorem 3.7 If f : (X,7) — (Y, 0) is (b, s)-continuous and X, is a a-
open subset of X, then the restriction fx, : X, — Y is (b, s)-continuous.

Proof. Let V' be an regular closed set of Y. Since f is (b, s)-continuous,
f~H(V) is b-open in X. By Lemma 3.6, (fx,) (V) = X, N f~1(V) is
b-open in X, and hence fx, is (b, s)-continuous.

Lemma 3.8 Let A and X, be subsets of (X.7). If A € BO{X,) and
X, € aO(X), then A € BO(X). [29].

Theorem 3.9 Let f: (X,7) — (Y,0) be a function and {A; : i € Q}
be a cover of X by c-open sets of (X, 7). Then f is (b, s)-continuous if
fa, + Ai = Y is (b, 8)-continuous for each i € Q.

Proof. Let V be any regular closed set of Y and f4, be (b, s)-continuous.
Then (fa,) (V) = f~1(V) N A; is b-open in A; and hence, by Lemma
3.8, (fa,)"Y(V) is b-open in X for each i € Q. Therefore f~H(V) =
XN V) =u{Ain (V) i€ Q} =U{f; (V) :i € Q} is b-open in
X. Hence f is (b, s)-continuous.

Theorem 3.10 Let {X,; : i € Q} be any family of topological spaces. If
f:X = I]X; is a(b,s)-continuous. function . Then Priof: X — X
is (b, s)-continuous. for each i € Q, where Pr; is the projection of [[ X;
onto X;.

Proof. Let U; be an arbitrary regular open set in X;. Since Pr; is contin-
uous open, it is an R-map and hence Pr; (U;) is regular open in [] X;.
Since f is (b, s)-continuous. , we have by Theorem 2.2 f~}(Pr; }(U;)) =
(Pr;o f)~1(U;) is b-closed in X. Therefore Pr; o f is (b, s)-continuous.
for each i € Q.

4 Applications

Definition 4 A function f: X — Y is said to be:
(1) b-irresolute if for each point x € X and each b-open set V of YV
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containing f(x), there exists a b-open set U of X containing x such that
fuycv.

(ii) O-irresolute [25] if for each point x € X and each semiopen set V
of Y containing f(x), there exists a semiopen set U of X containing z
such that f(CL(U)) C CUV).

(iii) b-open [16] if f(V) € BO(Y) for every V € BO(X).

(iv) b-closed if f(V) € BC(Y) for every V € BC(X).

Theorem 4.1 If f : X — Y is b-irresolute and g : Y — Z is (b, s)-
continuous, then go f : X — Z is (b, s)-continuous.

Proof. Let z € X any W be a semiopen set in Z containing (g o f)(z).
Since g is (b, s)-continuous, there exists V' € BO(Y, f(x)) such that
g{V) € Cl{W). Since f is b-irresolute, there exists U € BO(X,z) such
that f(U) C V. This shows that (go f)(U) C CI(W). Therefore go f is
(b, s)-continuous.

Theorem 4.2 If f : X — Y is (b,s)-continuous and g : Y — Z is
f-irresolute, then go f : X — Z is (b, s)-continuous.

Proof. Similar to Theorem 4.1.

Theorem 4.3 If f : X — Y is a b-open surjective function andg:Y —
Z is a function such that go f : X — Z is (b, s)-continuous. then g is
(b, s)-continuous.

Proof. Suppose that z and y are in X and Y respectively, such that
f(z) = y. Let W be a semiopen set in Z containing (g o f)(z). Then
there exists U € BO(X,z) such that g(f(U)) € CI{W). Since f is b-
open, then f(U) € BO(Y,y) such that g(f(U)) ¢ CI(W). This implies
that g is (b, s)-continuous.

Recall that Caldas et al. [11] defined the b-frontier of A denoted by b-

fr(A), as b-fr(A) = bCI(A)\bInt(A), equivalently b-fr(A) = bCI(A) N
bCI(X\A).
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Theorem 4.4 The set of points © € X which f : (X,7) — (Y,0) is
not (b, s)-continuous is identical with the union of the b-frontiers of the
inverse images of Cl(V) sets where V is a semiopen set of Y containing

f(z).

Proof. Necessity. Suppose that f is not (b, s)-continuous at a point z
of X. Then, there exists a semiopen set V' C Y containing f(z) such
that f(U) is not a subset of CI(V) for every U € BO(X,z). Hence
we have U N (X \ f~YHCUV))) # 0 for every U € BO(X,z). It fol-
lows that z € bCI(X \ f~Y(CI(V))). We also have z € f~1(CI(V)) C
bCI(f~1(CIL(V))). This means that z € b-fr(f~1(ClU(V))).

Sufficiency. Suppose that z € b-fr(f~1(CI(V))) for some V € SO(Y, f(z))
Now, we assume that f is (b, s)-continuous at + € X. Then there
exists U € BO(X,z) such that f(U) C Cl(V). Therefore, we have
z € U C f-YCUV)) and hence z € bInt(f~1(Cl(V))) C X \ b
fr(f~YCl(V))) . This is a contradiction. This means that f is not
(b, s)-continuous.

Definition 5 For a function f: X — Y, the graph G(f) = {(z, f(x)) :
x € X} is called (b, s)-closed if for each (z,y) € (X xY) — G(f), there
exist U € BO(X,z) and V € SO(Y,y) such that U x C{(V)NG(f) = 0.

Lemma 4.5 A function f : X — Y has the (b, s)-closed graph G(f)
if for each (z,y) € (X xY) — G(f), there erist U € BO(X,z) and
V € SO(Y,y) such that f(U)NCILV) = 0.

Proof. It is an immediate consequence of Definition 4 and the fact that
for any subsets U C X and V C Y, (U x CH{V))NG(f) = @ if and only
if f({UYNnCYV)=140.

Theorem 4.6 If f : X — Y is (b, s)-continuous and Y is s-Urysohn,
then G(f) is (b, s)-closed in X x Y.

Proof. Let (z,y) € (X xY) — G(f). It follows that f{z) # y. Since
Y is s-Urysohn, there exist semiopen sets V and W in Y containing
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f(z) and y, respectively such that CI(U) N CI(W) = (. Since f is
(b, s)-continuous, there exists U € BO(X,z) such that f(U) C CI(V).
Therefore f(U)NCIH{W) = and G(f) is (b, s)-closed in X x Y.

Theorem 4.7 If f : X — Y is a (b,s)-continuous injection with a
(b, s)-closed graph, then X is b-T

Proof. Let x and y be any distinct points of X. Then, since f is injective,
we have f(z) # f(y) and thus (z, f(y)) € (X xY) — G(f). Since G(f) is
(b, s)-closed, there exist U € BO(X,z) and V € SO(Y, f(y)) such that
FUYNCUV) = . Since f is (b, s)-continuous, there exists G € BO(Y,y)
such that f(G) € CI(V). Therefore, we have f(U)N f(G) = 0 and hence
U NG = 0. This shows that X is b-T5.

Definition 6 (i) A space X is called b-normal if for disjoint belosed
subsets A and B of X, there exist disjoint b-open sets U and V such
that ACU and BC V.

(i) Any two subsets A and B of X are called b-separated if there exist
disjoint b-open sets U and V such that AC U and BC V.

Observe that X = {a, b, ¢} with Sierpinski topology is b-normal but not
normal.

Theorem 4.8 If f: X — Y is a (b, s)-continuous, b-closed function of
a b-normal X onto a space Y, then any two disjoint #-semiclosed subsets
of Y can be b-separated.

Proof. Let F; and F; be any distinct #-semiclosed sets of Y. since
f is (b, s)-continuous, f~!(F;) and f~!(F») are disjoint b-closed sets
of X. By b-normality of X, there exist Uy,Us C BO(X) such that
FYF) cUyand f~Y(Fy) C Uy and UyNUs = 0. Let V; = Y — f(X-U,)
fori = 1,2. Since f is b-closed, the sets V1, Vo are b-openin Y and F; C V;
for i = 1,2. Since U, and U, are disjoint and f~1(F;) C U; for i = 1,2,
we obtain Vi N V5 = @. This shows that F} and Fy are b-separated.

168 Pro Mathematica, 23, 45-46 (2009), 155-174, ISSN 1012-3938



b-Open Sets and a New Class of Functions

Theorem 4.9 If f: X — Y is a b-irresolute b-closed surjection and X
is b-normal, then Y is b-normal.

Proof. Let F; and Fy be any distinct b-closed sets of Y. since f is
b-irresolute, f~1(F)) and f~!(F;) are disjoint b-closed sets of X. By
b-normality of X, there exist Uy,Us C BO(X) such that f~1(Fy) C Uy
and f—l(Fz) CUand UyNUs = 0. Let V; =Y — f(X - Ui) for
1=1,2. Since f is b-closed, the sets Vi, V, are b-open in Y and F; C V;
for i = 1,2. Since U; and Us are disjoint and f~!(F;) C U; for i = 1,2,
we obtain V; NV, = 0. This shows that Y is b-normal.

Definition 7 i) Let A be a subset of X, then we say that A is S-closed
relative [34] to X if every cover {V, : oo € V} of A by semiopen sets of X,
there exists a finite subset V, of V such that A C U{CIl(V,) : a € V,}.
A space X is said to be S-closed if X is S-closed relative to X equivalently
if every reqular closed cover of X has a finite subcover.

it) Let A be a subset of X, then we say that A is b-compact relative to
X [15] if every cover of A by b-open sets of X has a finite subcover. A
space X s said to be b-compact if X is b-compact relative to X.

111) Let A be a subset of X, then we say that A is nearly compact [36] if
every cover of A by regular open sets of X has a finite subcover.

Theorem 4.10 If f : X — Y is a (b, 5)-continuous function and A is
b-compact relative to X, then f(A) is S-closed relative to Y.

Proof. Suppose that f : X — Y is (b, s)-continuous and let A be b-
compact relative to X. Let {V, : oo € V} be an semiopen cover of
f(A). For each point x € A, there exists a(z) € V such that f(z) €
Va(z)- Since f is (b, s)-continuous, there exists U, € BO(X, z) such that
f(Uz) € Cl(Vy(ayy- The family {Us : z € A} is a cover of A by b-open sets
of X and hence there exists a finite set Ag of A such that A C Ugzea,Us.
Therefore, we obtain f(A) C Uzea,Cl(Va(sz))- This shows that f(A) is
S-closed relative to Y.

Lemma 4.11 Let A be a subset of a topological space X. Then A €
BO(X) if and only if bCl(A) is b-clopen in X (i.e., b-open and b-closed).
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Proof. This follows immediately from Proposition 3.5 of [29)].

Definition 8 A space X is said to be: (i) b-connected [29] if X can not
expressed as the union of two disjoint non-empty b-open sets of X.

(i) 9-irreducible [22] if every pair of non-empty regular closed sets of X
has a non-empty intersection.

It should be noted that X = {a,b,c} with Sierpinski topology is con-
nected but not b-connected. A space with indiscrete topology is con-
nected but not b-connected since b-open sets establish a discrete topol-
ogy. Also a space with partition topology is neither connected nor b-
connected.

Theorem 4.12 If f : X — Y is a (b, s)-continuous function surjection
and X is b-connected, then Y is O-irreducible.

Proof. Suppose that Y is not f-irreducible. Then, there exist non-empty
disjoint regular closed set F and G of Y. Since f is (b, s)-continuous and
surjective, by Theorem 2.1 f~!(F) and f~!(G) are non-empty disjoint
b-open sets of X. Thus, we have bCI(f~1(F))N f~}(G) = 0. By Lemma
4.11, bCI(f~1(F))is b-open and b-closed. This shows that X is not b-
connected.

Recall, that a function f : X — Y is said almost a-continuous [35] if
F~Y(V) is a-open in X for every regular open set V of Y.

Theorem 4.13 Let f : X — Y be a (b, s)-continuous almost a-continuous
surjection. If X is nearly compact (resp. S-closed), then Y is nearly
compact (resp. S-closed).

Proof. If V is regular open in Y, then f~!(V) is b-closed a-open in X
since f is (b, s)-continuous almost a-continuous. Since, every b-closed is
(B-closed, we have

Int(Cl(Int(f~H(V)))) € fF~HV) C Int(Cl(Int(f~1(V)))) and f~1(V) =
Int(Cl(Int(f~(V)))). Thus, we obtain that f~1(V) is regular open in
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X. Suppose that X is nearly compact. Let {V4 : a € V} be any
regular open cover of Y. Then {f~!(V4) : a € V} be any regular
open cover of X and there exists a finite subset V, of V such that
X = U{f~YV4) : @ € V,}. Therefore, we obtain ¥ = U{V, : a € V,}
since f is surjective. This shows that Y is nearly compact.

The proof for S-closednees is similar and therefore is omitted.
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Resumen

Se introduce y estudia el concepto de funciones (b, s)-continuas en es-
pacios topolégicos. Asimismo, se consideran algunas de sus propiedades
caracteristicas. También se investigan las relaciones entre estas clases de
funciones (b, s)-continuas y otras clases de funciones.

Palabras clave: Espacios topoldgicos, conjuntos b-abiertos, conjuntos b-
cerrados, funciones (b, s)-continuas, funciones b-irresolutas.
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