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1 Introduction

The fractional calculus has been investigated by many mathemati-
cians [16]. In their works the Riemann-Liouville operator (R-L) defined
by

Rs.f = g [@-0° f0) (B

was the most central, while Erdelyi and Kober defined their operator
(E-K) in connection with the Hankel transform [11] as

T

52§ = Nmngw—wmlwﬂwﬁ (12)

Weyl and another Erdelyi-Kober fractional operators are defined as
follows:

N U
Wioo [ = m)‘ /(t z) 1 F(t) dt (1.3)
and
Kl [ = f% / (t— z)o 1 77 £(t) dt (1.4)
respectively.

In 1978, M. Saigo [17] defined a certain integral operator involving
the Gauss hypergeometric function as follows:

Let a > 8 and 7 be real numbers. The fractional integral operator
I&#n which acts on certain functions f(z) on the interval (0, o) is
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defined by

z—o—B

198 f = / @-9= F(a+piom o 1-1) )

(L.5)
where I’ is the gamma function, F' denotes the Gauss hypergeometric
series

2F1 (a, by ¢; 2) = Z @n O n 1 < 1 (1.6)

nl (O
I'(a+n)
T(a) *
Such an integral was first treated by Love [12] as an integral equa-
tion. However, if one regards the integral as an operator with a slight
change, it will contain as special cases both R-L and E-K owing to re-
duction formulas for the Gauss function by restricting the parameters.
The more interesting fact is that for this operator two kinds of product
rules may be made up by virtue of Erdelyi’s formula [3], which were
first proved by using the method of fractional integration by parts in
the R-L sense. From the rules, of course, the ones for R-L and E-K are
deduced. Moreover this operator is representable by products of R-L’s,
from which it is possible to obtain the integrability and estimations of
Hardy-Littlewood type [4]. Saigo [17] also defined an integral operator
on the interval (z, 00) as an extension of operators of Weyl and another
Erdelyi-Kober operators as follows:

and its analytic continuation into larg(l1—2z)| < w, and (a), =

Under the same assumptions in defining (1.5), the integral operator
J&A is defined by

Jghn f = f—(l&—) /(t—m)"‘"l 2P F (a+8,-n o 1- %) f(t) dt

(1.7)

Later on in 1988, Saigo and Raina [19] obtained the generalized
fractional integrals and derivatives introduced by Saigo [17], [18] of the
system S (z), where the general system of polynomials
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Sp(z) = Z( ")‘” Any

r=0

were defined by Srivastava [20], where ¢ > 0 and n > 0 are integers,
and A, , are arbitrary sequence of real or complex numbers.

2 Three Variable Analogues of Operators
(1.5) and (1.7)

We define the three variable analogues of Saigo’s operators (1.5)
and (1.7) as follows:

Lletc > 0,¢ > 0,c > 0, a,b V', b bereal numbers. A three
variable analogue of fractional integral operator I0 @51 Jue to M. Saigo
is defined as

I° bbb e c— ¢ —
O T 0,;0 z ¢ f('T, y? Z) r(c)p(cf)r(cu) / / /(.’L‘ - ’U,) 1 ’U) !

= (3) a, b, bl, b”; 1- %, -2 1
(z —w)* ~1 Fy [ od & fu,v,w) dw dv du
(2.1)

where FX’) is a Lauricella function of three variables defined by

@[ &b, b"z,y,2 ]~ & & & (@)pirss B)n @) e m v s
e |- EEE S e v

lz] + |y| + |2 < 1.
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Special Cases:
(@)Fora=b=b=b'=0,c=0a, ¢ =, ¢’ =7, (2.1) reduces to

0,0,0,0;c,8,v — B8
1o zioyio: f(@42) = 1Rg 500, f(2:v,2)

T Y =z

= TNETm / / / (@~ My = v) Tz~ w)7 (2.2)
fu,v,w)dw dv du

Here (2.2) may be taken as a three variable analogue of Riemann-Liouville
fractional integral operator Rf .

(@) Fora=c=a,b=—-n, b'=b"=0, ¢ =8, " =+, (2.1) becomes
,—1,0,0;a,8, 35y
1I&$§6’yy;0,za o f(.’l?, Y, 2 ) - 1E0 :cﬁOTyT,’O zf(xa Y, z)

= F(a)f‘(ﬂ)‘;(;)a / / / (z —u)* Ly — )P~z — w)7~ 1" (23)

f(u,v,w)dwdv du

(@) Fora=c=a, b=V"=0, b/ = -n, ¢ =8, ' =4, (2.1) gives
Uson " 1(@9,2) = VEGEE0.: f(@,3,2)

o a— n —a — 2-4

= TErerey ///(“7—“ I e

flu,v,w)dwdv du
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(w)Fora=c=a, b=b =0, V' =—-n, /=4, ' =+, (2.1) yields

0,0,—n;
G20 B f(x,y,2) = EGE5T, . f(2,9,2)

- P(U)F:ﬁ)r‘('y) ///(a:—- )y —v)P~1(z — w) "t (2.5)

flu,v,w) dwdvdu

Here (2.3), (2.4) and (2.5) may be regarded as three variable analogue
of Erdelyi Kober fractional integral operator.

Under the same conditions of (2.1), a three variable analogues of
J&B:7 is as defined below:

Jabb b'e,c " f(.’L' y Z)

,00;Y,00;2,00

o0 00 00
F(C)P(C/)r(c”)///(u - z‘)c—l(,v - y)c’_l(w — z)cll_.l
Yy

x z

/.1 T ¥ — £
F/(;3)|:a,b;bl,,b ,1 u,]. 1}’1 w ]u——a —a af(uvw)dwdfudu
c,c,C N
(2.6)

Special Cases:
(YFora=b=b =b"=0, c=a, ¢ =8, " =+, (2.6) reduces to

1J:c oog f(IE Y, Z) g,&;z;,oo;z,oo f(.’l), Y, Z)

00 00 OO
= F@TET / / / —2)*"Hv —y)PH(w — 2)77 f(u, v, w)dw dv du
Yy

x r1

(2.7)
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We may consider (2.7) as a three variable analogue of Weyl frac-
tional integral operator Lg

(WyFora=c=a,b=-n, b =b"=0, ¢ =0, ¢ =+, (2.6) reduces
to

- n
1Jg’oo,"y?og g,{i‘y f(l', Y, Z) = ng'o‘i:,z/,Zo ;2,00 (IB, Y, Z) = m
%)

/77(u — x)a—l(v _ y)ﬁ—l(w _ 2)7‘1u—°‘—'lv—aw—a.

f(;l, v, w) dw dv du
(2.8)

(#it) Fra=c=a, b=b"=0, ' = -7, ¢ =8, ' =+, (2.6) becomes

—_ n
J:ooo y?&ggygo’y f(mvyvz) = Kg&l’;’)oz oof(xvyaz) = WI%W

o0 o0

7/ /(u —z)* (v — )P~ (w — 2)7 Ly 2y Ay~

z y z
f(u,v,w) dwdvdu
(2.9)

(w)Fora=c=a, b=t =0, ¥ =-n, ¢ =8, " =4, (2.6) gives
1 IS 00 meBY f(z,y, 2) = SKEEIN . o f(@,y,2) = W})Ph)

o0 00 00
/ // —iII a 1 ’U— ),B 1( _Z)'y—lu-av—aw—a—n
Yy

flu,v,w) dw dv du
(2.10)

We may consider (2.8), (2.9) and (2.10) as three variable analogues
of Erdelyi-Kober fractional integral operator K7j'g,
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II. Let ¢ > 0, a, a’, a”, b, b/, V" be real numbers. Then a second
three variable analogue of Ign By is as follows:

o’ —a”

,a'’ bbb’ %y~
a:O(,zy,Oz i f(a:,y, Z) == ]1"1(:)}13

] / / (2~ Wy — )" (z ~ w)e?
0 00

F/(f) [ a, a,aa")ba blab”;l
C

?

N P I
z v z | flu,v,w) dw dv du
(2.11)

F,g:;) |: a, a'laa”abv b’,b”;:r,y,z ]

c )

=3 Z(a)n (@)r (a")s (B)n (¥)r (")s R

z
17l g!
n=0 r=0 s=0 neres (C)n+r+s

Special Cases:

(t) Fora=ad' =a" =0, ¢ = a, (2.11) reduces to
0,0,0;b,b",b";
2I0,m;0,y;0,z * f(xa Y, Z) = 2Rg,z;0,y;0,z f(w,y, Z)

= —-—{I‘(z)}a ///(z — u)a—l(y _ ,U)’a—l(z _ 'w)a'lf(u,v,w) dw dv du
Y (2.12)

Here (2.12) may be regarded as a three variable analogue of Riemann-
Liouville fractional integral operator Rf ;.

(@) Fora=c=a, o’ =a” =0,b=—n, (2.11) becomes
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10)0;_ )b’)b";
21&1;0,11;(1)7,: * f(.’l:, Y Z) = z"EO z;0,y;0,2 f(l') Y z)

{1“_(:);3///(1—““ Yy —v)* Mz —w)*tu

fu,v,w) dwdvdu

(115) Fora=a" =0, d’ =c=a, ¥ = -7, (2.11) gives

oyayoyby—"hb”;a

210,2,0,9:0,2 f(@,9,2) = $Eg 040, f(:9,2)
_a " [ 17 -1 -1 1
. 3///z—u> (v~ )* 2z~ w)
{ (o)} )

f(u, v, w)dwdvdu

(v)Fora=a' =0, a" =c=a, b = —n, (2.11) becomes

0,0,,b,b',—1;a
2IO,m;(L)]‘,y;O,z ? f(.’E Y, z) 0,1; O,y,O z f(z,y,2)

-] [ [l

f(u,v,w)dwdvdu

(2.13)

(2.14)

(2.15)

Here (2.13), (2.14) and (2.15) may be thought of as the second three
variable analogues of Erdelyi-Kober fractional integral operator Eg‘, i

Under the same conditions of (2.11), a second three variable ana-

logues of J;’;&" is as defined below:
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a7 IR 1
2Rk @) = mop

77/00(“—m)c_l(”*y)c"l(w—z)c‘1

z Yz (2.16)

I 1 7 . w
Ff‘s)l:a,a,a ,b,b,b,l—%’l_%,l—; u —a . —a”
c ;

flu,v,w)dwdvdu

Special Cases:

(¢) Fora=ad' =a" =0, ¢ = o, (2.16) reduces to

ngzgé?&l:f;:::;g f(xa Y, Z) = 2Lg,oo;y,oo;z,oo f(x,y’z)
1 0o o0 o0
= _—{F(a)}3 / / (u—x)o‘—l (v—y)a—l (w_z)a—l f(u,v,w) dw dv du
T Yy z

(2.17)

It can be considered as a three variable analogue of Weyl fractional
integral operator L7 ..

(#i) For o’ = a” =0, a=c¢c=a, b= -7, (2.16) becomes

2JEQG Y f(2,y,2) = FKSL coimo0 £(@::2)
= / / / (u—2)*"v—y)* H(w~2)* Tu>" (2.18)
r Yy z

f(u,v,w) dwdvdu
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(ti) Fora=da" =0, a’ =c=a, ¥ = —n, (2.16) gives

2J2SS e [(2,9,2) = YRSy corm00 (@,9,2)
o0 00 OO

= rlor / / / (u—2z)* v —y)* H(w —2)* w7 (2.19)
z Yy =z

F(u,v,w) dwdvdu

(v) Fora=a' =0, a" =c=q, b’ = —7, (2.16) yields

2O T f(2,y,2) = EKELy 0000 £(%::2)
o0 00 o0
z" a—1 a-—1 a-1,,,—a—-n
= TP (u—2)* (v —y)* H(w—-2)*""w (2.20)
x Yy z

flu,v,w)dwdvdu

Here (2.18), (2.19) and (2.20) may be taken of as the second three
variable analogues of Erdelyi-Kober fractional integral operator K7'g,.

III.Letc > 0, ¢ > 0, ¢" > 0, a, b be real numbers. Then a third

three variable analogue of I’ B is as defined below:
a,b;e,c’ ¢’ ™y %27
o 1002 = FOE @@

T Y =z

[ [ [e-w @-0 @-we (2.21)
0 0 O

b osl-n1_vi_w
FO[®° 2727907 | fu,v,0) dwdvdu

c, C,, C”;
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(a)n+'r+s (b)n+r+s x"y’zs

3) a”b &Y, 2 | Sl
F, [ ' :l = Z Z Z n! r! s! (e)n(c)r(c)s

Under the same conditions of (2.21), a third three variable analogue

of J,‘:‘,’fc;" is as given below:
Jabccc f(xyz)z 1
mewioinio 01 2 = T

77(u — ) v -y) M w—z2) ! (2.22)

z

—Z Y _z
(3)[c:c 1 u,)l 1;’1 w]f(uav,w)d’l.l)d’l)d’u,

IV.Letc > 0, a, b, ¥/, b be real numbers. A fourth three variable
analogue of fractional integral operator Io B due to M. Saigo is defined
as:
bbb Ty %2
o, x; z f(l‘ay, ) =
0, 01y10 {I‘(C)}S

z Y =z

[ ] [e=wtw-ue-we .29
0 00

bbb 1% 12 1w
F(3) [ :’ b e y z :|f(u,v,w)dwd'udu

3
where
oo o0 o0

b ;z,y,2 (a) (b)
F(3) a, YLy Y, n+1‘+s n+r+s n r._s
¢ [ =2 22 s e © Y

!,
C’C,’ CI’ n=0 r=0 s=0
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Special Cases:
({) Fora=b=¥ =b"=0, ¢c= q, (2.23) reduces to

0,0,0,0;
4I0,’z;,0:y;g,z f(xvy, Z) = 2Rg,z;0,y;0,z f(xa Y, 2’)

— m///(x — )t (y — 0)* (2 — )2 f(u, v, w) dw dv du
o (2.24)

Which is (2.12) i.e. a three variable analogue of Riemann-Liouville frac-
tional integral operator Rg ,

(#@) Fora=c=a, b=—n, b’ =b" =0, (2.23) becomes

,0,0;
IOz(?yOza f(zayv )—3E0:00,y,0z f(:z:,y,z)

s et

fu,v,w) dwdvdu

(2.25)
(i) Fora=c=a, b=b"'=0, ¥/ = —n, (2.23) gives
4 g:o,;’(?zaf(w Y, 2) = yEo x; O,y,O,zf(x’y’ z)
T Y z
= Ty nz—a///(x_u)a 1(y__v)a 1( w)a 1y
(@)}
w@r |/
f(u,v,w)dwdvdu
(2.26)
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(v) Fora=c=a, b=V =0, b’ = -7, (2.23) yields

,0,0,—7;
41(?,1?01’.‘!;6’»: f(x’y7 ) = zEg:z ;0,1;0,2 f(.’L', Y, Z)

- {I‘ :)}—: "///x_ua Yy —v)* "z — w)*Tw?

flu,v,w)dwdv du
(2.27)

Here (2.25), (2.26) and (2.27) may be considered as third three
variable analogues of Erdelyi-Kober fractional integral operator Eg’’

It may be remarked here that (2.25), (2.26) and (2.27) can also be
obtained from (2.3), (2.4) and (2.5) respectively by taking o = § = ~.

Under the same condition of (2.23), a fourth three variable analogue
of another fractional integral operator Jg&" due to M. Saigo is defined
as follows:

T

00 00 00
I:tnl gol:y,boo’cz oo f(-T, Y, Z) = {—p(iﬂa'/ / /(U - .'L')c_l(’l) - y)c_l(w - Z)c'—l
Yy z

a,b, b, b";1

1

F(3) _%’1—5’1—% —Q,y—0,,—a
o) u" %% f(u, v,w) dwdv du

(2.28)
Special Cases:
() Fora=b=¥b =b" =0, c= a, (2.28) reduces to

Ig go(,)y?o% ;2,00 f(.’L' Y, Z) - ZL:c ,00;1Y,00;2,00 f(.’L', Y, Z)
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[o o]

{F(a)} 77/@ —2)* v - y)*Hw = 2)*7 f (u, v, w) dwdv du
o (2.29)

Which is (2.17) i.e. a second three variable analogue of Weyl frac-
tional integral operator Lg ... It can be obtained from (2.7) by taking

a=[0=n+.

(W) Fora=c=a, b=—n, b =b" =0, (2.28) becomes

s e F(@9,2) = §KZL 000 f(2,9,2)
o0 00 0O
{I‘(a ///(u _ x)a—l (’U _ y)a-—l(w _ z)a—lu—a—nv—aw—a
T y z

f(u,v,w)dwdvdu

(2.30)
(i) Fora=c=a, b=b" =0, b/ = —n, (2.28) gives
A28 0o F(2, 4, 2) = §E 2T 001,00 (2,95 2)
o0 00 00
_ \a— 1 _ . \a—1 — )e-ly—ay—a-n,,—a
{I‘(a ///u )* v —y)*Hw - 2) w
r y z
flu,v,w)dwdvdu
(2.31)

(iv)Fora=c=a, b=V =0, v’ = —n, (2.28) yields
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41;!,&?1};2;?,00 f(xa Y, Z) = ZK:,’go;y,oo;z,oo f(xa Y, Z)

o0 o0 O

= {—F%]ﬁ/ / /(u —2)* v —y)* N w — 2)* Iy %y~ 2w ="

T z

f(u,v,w)dw dv du
(2.32)

Here (2.30), (2.31) and (2.32) may be considered as third three variable
analogues of Erdelyi-Kober fractional integral operator Kg:7..

Further (2.30), (2.31) and (2.32) can also be obtained from (2.8), (2.9)
and (2.10) respectively by taking o = 8 = 1v.

3 Some Results

In this section certain theorems involving the above operators will
be given:

Theorem 3.1. For functions f(z, vy, 2), g(z, v, 2), (%, %) and

1
;a
g(%,%,%) defined for0 < £ < 00,0 < y < 00,0 £ 2z < ©
andec > 0, c > 0, ¢ > 0, we have

o0 00

a—c—1,a—c' —1 a—c"’—1 111 a,b,b’ b ;e,c’\c”’
///x y z f (;, a’ ;) 1101,1;’01;/;0:1, ' g(x’ y’z)dZdydx
0 0 0

oo
_ —c—1,,a—c' -1, a—c"—1 111 a,b,b’ b";c,c’ ¢!’
= / / Ty z g(;,;,;) Lo20,:0,7
0
3.1)

66 Pro Mathematica, 24, 47-48 (2010), 51-84 ISSN 1012-3938



A Study of Three Variable Analogues of Certain Fractional Integral Operators

provided that each triple integral exists.

Theorem 3.2. Under the conditions stated in theorem 3.1, we have

[ ol elie o]
—1. a—c' — - Wbyb' b e, e
///m“ e-lya—c'~1,a—c" lf(;,—a;) 1o
000
o0 00 OO
g(.’c,y, dzdyd =// xa—c—lya—c’—lza—c”—r (3'2)
000

,b,b b 5e,c
g (.5, 1) 1 Jbbes " f(z,y, 2)dedyde
provided that each triple integral exists.

Theorem 3.3. For functions f(z,y, 2), g(z, ¥, 2), f (%, , %) and

1
y
g(l-~)deﬁnedfor0<:c<oo,0<y<OO,OSZ<00

z)y’z
and ¢ > 0, we have

00 00 00
a—c—1,,a —c—1,a" —¢—1 111 a,a’,a’” b,b’,b";c

// z Yy z f Ty’ z 210,:1:;0,;1/;0,72

0 0

0

00 00 00
’ " (33)
g(a:,y,z)dzdydz = ///.’L‘a_c_ly“ —c—1,a _.:_1g (%, 7%)
0 0 O

t g1t
a,a’,a”’ ,b,b' b ;c

DY byl o f(z,y, 2)dzdydx

<@ =

provided that each triple integral exists.
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Theorem 3.4. Under the conditions stated in theorem 3.8, we have

00 00 00
a—c—1 a—c—— a—c—l 111 a,a’,a" ,b,b’',b";c
///IL‘ f(’ 72) Jxoo,y,oozoo
000
0o

[o e e o)
g(z‘,y,z)dzdydz:///za e-lya'—c—1,a" ~e-1g (%,%’%) (3.4)
000

g Jaal e bbb e £y o 2)dzdyde

x oo,y,oo z, o0

provided that each triple integral exists.

Theorem 3.5.' For functions f(z,y, z), g(z, v, 2), f(%, %, %) and
g(%,%,%) defined for0 < z < 00,0 € ¥y < 00,0 £ z < o
>0,¢ >0, > 0, we have

c
00 00
po—c—1 a—c’—lza—-c"—lf 11 1) jabied.e” (z,y, z)dzdydx
Yy z'y’ z ) 310,2;0,5;0,29 Y y
0 0 0

00 00 00
a—c—1 Y ¢ —1,,a—c"—1 111 a,bie,c’ ¢’
// r z g (;, ;7 ;) 3IO,z;O,y;O,zf(x1 Y, z)dZdydx
0 0 0
(3.5)

provided that each triple integral exists.

Theorem 3.6. Under the conditions stated in theorem 3.5, we have

00 00 00

5 _ _ b;
[ [y (53,0) s oo, o
0 0

o,

o0

00 00
_ a—c—-1,a—c -1 _a—c"-1 111 Ja,b;c,cl,cu dzdud
- T Y z g zy z )3 O,z;o,y;o,zf(wayaz) zayar
0 00

(3.6)
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provided that each triple integral exists.

Theorem 3.7. For functions f(z,y, 2), g(z, y, 2), f(% ot 'i‘) and
g(l——)deﬁnedfor0<w<oo 0 €y <o0,0< 2< 00

z'y'z >
and ¢ > 0, we have

oo oo
[ [@uareis (3.3.3) atst ozte,v, 2dzdyda
00

(3.7)

o0 00 OO
///myz ye—e1 ;,; 1)4 g;’g’y‘jw f(z,y, 2)dzdydz
00 0

provided that each triple integral exists.

Theorem 3.8. Under the conditions stated in theorem 3.7, we have

[o e+ BN o)

/ / / (ay2)>=< 7 (1,1, 1) o Jgtitols 9(@,y, 2)dedyds

(3.8)
o0 00 0O
=/// zy2)* g % %’%) 4Jg£8,yb, s f(z,y, 2)dzdydz
000
provided that each triple integral exists.

From these theorems certain interesting corollaries follow readily for
the operators (2.2), (2.3), (2.4), (2.5), (2.7), (2.8), (2.9), (2.10), (2.12),
(2.13), (2.14), (2.15), (2.17), (2.18), (2.19), (2.20), (2.24), (2.25), (2.26),
(2.27), (2.29), (2.30), (2.31) and (2.32).

We now give proof of theorem 3.7. Proofs of other theorems follow on
similar lines.
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Proof of Theorem 3.7 : we have

///myZ)“""_lf > %%) GBI g(x, y, 2)dedyde
00

= / / /(.’EyZ)a—c_lf (%,%’%) ({aiy(z);;
=0

U=z V=Y w=z

[ [@-wrw-v - v

u=0 v=0 w=0

F(3) a,b,b’,b”;l—%,l—%,l—%
D C

1

jl g(u,v,w) dw dv du dz dy dz

(r=0"Hs—p)* Mt —q)!

sy _ 12 1_4
Fg)[z,b’b’b,’ Hl=51 t]g(r,s,t)dqdpdldtdsdr
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b b
(Using the property of definite integrals that f f(z)dz = f F(®)dt ). We

now make the substitutionr =1, s=1 ¢t=1 1=1, p— 1 q¢=1

Then the above becomes

///mww (2.2.2) G

z=0y=0 2=

L]
g\@

/ z — u)*~(y — v)1(z — w)°!

u=0v=0w

Fu,v,w)dwdvdudzdydz

F® “’b’b'ab”;l—-’:,l—ﬂ,l—% ]

_ 111 ' g,
(wy2)*° (;,5,;) 3200 f(x,y, 2)dzdydz

Il\g
Il\g
\8

Yy z=0

This completes the proof of Theorem 3.7. Similarly, we can prove
theorems 3.1 to 3.6 and 3.8.

A general triple hypergeometric series F® [z, v, z] [cf. Srivastava
[21], p.428] is defined as

(a) == (0); (b); (B") = (@); ()3 (d"); z]

Oz, y, 2| = F®
FW]FWM@MWWW

> 2 e my’nzp
=;§§whgw

where, for convenience
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A(m,n,p)

A B B, B’ D p/ D'
IT (”'J‘)m+n+p 11 (bj)m+n I (bj)ﬂ+P I (bj Ymtp 11 (dj)m IT (dj)n I (dj )p
j=1 j=1 j=1 j=1 j=1 j=1 j=1

T E G [<4 -2 H H' I
IT (e5)mantp I1 (g5)min H (9;')"+p H (9; Ym4p H (hj)m H (h;')n H (hj )e
j=1 j=1 j=1 j=1 i=1 j=1 j=1

Further, we can prove the following theorems

Theorem 3.9. If

o0

F(z,y,z) =/°° /°° (rz)*1(sy)*? (tz)*!

0 0 0
i (0); (0); () = (d); (d'); (d");
F® [ () == (b); (V); AT " rz, sy, tz| g(r, s,t)dtdsdr
(6) = (0); (¢): () : (h)s (s (R 9(a.8)
and Y(z,y,2) = 113,’5}5);’8:3’};&2’c"°" f(z,y,2) forc > 0, ¢ > 0,¢" >0
and a, b, b',b" real numbers, then we have

o0 00 oo

v = [ [ [erorioe sy
0 00

,b,bl,bl'; X I’ " _ _ _ 3.9
1 g,z;O,y;O,gc ¢ (iL‘))‘ l(y)l‘ ! (Z)V ! ( )

@ | (@)= () @) (0") < (@) (@) o | grdsdr
i [ (©) = () (9): (g") : (h); (0); () T2 °0 }dtd d

provided that the triple integrals involved exist.

Theorem 3.10. If

(e o]

f(z,y,2) =7 7 (rz) 1 (sy)*? (t2)"

0 0
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b); (6); (6”) : (d); (d'); (d");
F® [ (a) i ( rx, sy, tz| g(r, s, t)dt dsdr
(e) (90 (/)5 (g") = (h)s (1); u); ™% 2] 97298
and Y(z,y,2) =1 ggo‘j;,f’;;gc;:” flz,y,2) fore > 0, ¢ > 0, > 0
and a, b, b',b" real numbers, then we have

00 00 OO0

w(x,y,z>=///rﬁ st (1) g(r,s,t)
0 0

1TE M Gee " (@I (et (277 (3.10)

o [ @ @) @ @@y ]
e [(e) : (0): (63 (6" = (B); (W); (™ “] dtdsd

provided that the triple integrals involved exist.

Theorem 3.11. If

[v o)

flen,2) = 7 7 Jeo -yt 2
0 0

i (0); (8); (87) : (d); (d'); (d");
F®) [ (a) == (B); rz, sy, tz r,s,t)dt ds dr
(€)  (9); (9 (&) : (W) (W); (a7 "5 ¥ 99
and Y(z,y,z) = ngfday,Obzb "¢ f(z,y,2) fore > 0, and a, o, a”, b,
b, b" real numbers, then we have

¥(z,y,2 7707 ) T g(ry8,t)

! "
a,a’,a” bbb c

IS0 (g1 (ut (g (8.1

@[ @ OiERE)  @i@x@y
P [ ) o oo G, 7o) vt
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provided that the triple integrals involved exist.

Theorem 3.12. If

f(a:,y,2)=7o 7
0 0

@ | (@) (0); (b); (b") : (d); (d); (d"); rz, sy, tz| g(r,s s dr
F [ (e) = (9);(g); (¢") : (R); (B); (R"); Yt ] g(r, s, t)dt ds d

and Y(z,y, 2) = o J2o 8" bW e (5 4 2) forec > 0, and a, o, a”, b,

£,003y,00;2,00
b, b real numbers, then we have

8

(r)* (s (t2)

o,

¥(z,y,2) = 777(7”)’\'1(S)"—l(t)”‘lg(r,S,t)
000

Jo " b e ()AL (et (-1 (3.12)

29 x,00;y,00;2,00

@ | @ = @) 0") @)@ ] gas
F [ ©) = (9): (0% (g") : (h; (b); () 75 °0° ]dtd dr

provided that the triple integrals involved exist.
Theorem 3.13. If

f(ﬂf:,y,Z)=/oo 7
0 0

F® [ (a) = (B); (6); (6") : (d); (@); (@");
(e) B (g); (g,); (g") : (h); (h’); (h”);

8

(ra)*Hsw)? ()"~

o,

rZ, Y, tz] g(r, s, t)dt ds dr
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and ¥(z,y, )_313,;’,3,;,({2 f(z,y,2) forc > 0, ¢ > 0, ¢ > 0 and
a, b real numbers, then we have

¥(z,v,2 777 PP )R () g, 5,1)
0 0O

SIgEeC s (Z)PA (st (2)r 1 (3.13)

FO [ (@) == (0); (¥); (8") = (d); (d); (d");
(e) = (9)i (97); (¢") = (h); (R'); (R");

provided that the triple integrals involved exist.

I, sY, tz] dtdsdr

Theorem 3.14. If

f(w,y,Z)=7 /°°
0 0

20 [ (a) = (B); (B); (B") : (d); (@); (@");
(€ = () (65 (9" = (h); (B'); (0"

and %(x,y, 2) = 3JSHEEE, oo f(@,y,2) fore > 0, > 0, ¢" > 0
and a, b real numbers, then we have

¥(z,y,2 7]07(7')’\_1(8)“'1 ) ~g(r,s,1)
0 00

3 J28 Wiyl e’ (‘,L.)A—l(y)u-l (z)u—l (314)

z,00;¥y,00;2,00

8

(ra) = (s ()

o

rZ, 8Y, tz} g(r, s, t)dt ds dr

@ [ () == (b); (b'); (B") : (d);(d); (@");
(e) = (9);(9); (") : (h); (W'); (B");

provided that the triple integrals involved exist.

T, sY, tz] dtdsdr
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Theorem 3.15. If

=] ]
0 0

@ | (@)= (8); (b); (8") : (d); (d'); (d"); rz, sy, tz T, 8 s dr
i [(e) :(9); (95 (9") = (R); (R); (R); 7 y’t] g(r,s,t)dt ds d

and Y(z,y,2) = 413”;’;8:;&2 f(z,y,2) forc > 0, then we have

(r) (s (t2)”

0\8

00 00

(@, 2) = /w [ o= orrer-ats
0 0 0

,b,b' b5 — — v— 3.15
LEEY e (g -1()et (z)rt (3.15)

i [ (a) == (b); (¥'); (V") = (d); (d); (@");
(e) = (9); (9'); (g") : (h); (R'); (W)

provided that the triple integrals involved exist.

TT, SY, tz] dtdsdr

Proof of Theorem 3.15 : We have
a,b,b’ b ;c —e
¥Y(z,9,2) = alozo 0 f(2,9,2) = %%%F

T 4

//y/(x“")H (y = v)* (2 — w)e?
000

b, b1 -2 1212

-G [ [ [@-urw- v - we
0 0 0

76 Pro Mathematica, 24, 47-48 (2010), 51-84 ISSN 1012-8938



A Study of Three Variable Analogues of Certain Fractional Integral Operators

a,b,b/, b1 - %1212

Fg) z ]f(u,v,w) dw dv du
c

H

= 7707(1%))‘_1 (sv)#71 (tw)v !

po [ @ OiON0) <@l ]
(€ = 9); (9): (6" = (h); (W); (h); ™™

g(r, s, t) dtdsdr dw dv du

= %‘%%;]]](T)A_I(S)“_l )~ g(r,s,t)
000

z y

0/ 0/ [t @ty

0

(&~ )t (y = v (s - w)?

FY

a,b b b1 %1-¥ 12 ]
C

¥

@ [ (@ =@ @) 0") @ @)@d); | dw dv du r
i [(e) 2 (@ (@) (07) : () () (r7); T ] dw dv du dt ds d

- bbb - - -
/ / / T')'\ 1 “ ! (t)u ! g(r,s,t) 4Ig:¢ O,y,Oz .’E)‘ 1y# ! z¥ !
0
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@ @@ @50 @i@s@)y T
F [<e>::<g>;(g');<g">:(h>;<h');<h">; ’y’t] dt ds dr

This completes the proof of 3.15. Similarly, we can prove theorem 3.16
stated below:

Theorem 3.16. If

[> o BN o]

f(z,9,2) =/ / oo(rz)’\_l(sy)#—l (tz)*~1
0

0 o

3) (a) =2 (B); (¥'); (b)) : (d); (d'); (d"); rT, sy, tz T, 8 s dr
i [(e) :(9);(9); (g") = (R); (R)); (B); y,t] g(r,s,t)dt ds d

and Y(z,y, 2) = 4 JObSC " f(z,y,2) forc > 0, then we have

Z,00;Y,00;2,00

¥(z,y,2) = 7077(T)"‘1(S)"_l(t)”_lg(r, 5,1)
0 00

. i _ - _ .1
AT e @ WT (2) (3.16)

o [ @ 0 E) ) « @ @@ ]
F [ (&) = (0): (): () : (h); (W); (A7) ™% t"’] didsdr

provided that the triple integrals involved ezist.

The proofs of theorems 3.9 to 3.14 follow on similar lines.

4 Results Analogues to Integration by Parts

Certain results analogues to integration by parts for the operators
(2.1), (2.6), (2.11), (2.16), (2.21), (2.22), (2.23) and (2.28) are given in
this section in the form of the following theorems:

78 Pro Mathematica, 24, 47-48 (2010), 51-84 ISSN 1012-3938



A Study of Three Variable Analogues of Certain Fractional Integral Operators

Theorem 4.1. For functions of three variables f(z,y, z) and g(z,y, 2)
defined in the positive octant of the three dimensional space and ¢ > 0,
cd > 0, > 0, we have

,b’b,,b',; X ', 17
/ f(&,9,2) 11520 05 9(2,9,2) dz dy dz

0
[o o]
/ o2, 2) 1IN foy 2 de dy de (A1)

provided that each triple integral exists.

Theorem 4.2. For functions of three variables f(z,y,z) and g(z,y, z)
defined in the positive octant of the three dimensional space andc > 0,
we have

o0 o0 oo
s I, ,I,b’b’,bll;
[ [ [ v st e oa,v,2) ds dy o
0 0 0
o [o o] [o ]
- / / /g<x,y,z) QJBL IVt y N dady de (4.2)
1] 0 0

provided that each triple integral exists.

Theorem 4.3. For functions of three variables f(z,y,2) and g(z,y, 2)
defined in the positive octant of the three dimensional space and
c>0c >0, > 0, we have

x oo oo

[ [ ] tewnmiags. oo de dy do

0 0 0
o0 o0

(o o]

—[ [ [ s@un) aitsis fenn drdyde (43)
0o 0 0
provided that each triple integral exists.
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Theorem 4.4. For functions of three variables f(z,y,2) and g(z,y, 2)
defined in the positive octant of the three dimensional space andc > 0,
we have

o0 o0 oo
/ / / f(z,y,2) 416128;0’; g9(z,y, 2) dz dy dx
0 0 o

]

provided that each triple integral erists.

/ / g(z,y,2) 4J2 go':yf’oo"; oo f(z,y,2) dz dy dx (4.4)
0 0

Proof of Theorem 4.4 : We have

[ [ ] t@vs) gt ez ds dy as
0 0 o0

U= V=Y w=2

=777f(xy, }3///(x— 1oLy — )= (2 — w)e?
0 0 O

u=0 v=0 w=0

A B I B
Fg) a,b,0,6"%1 -2, 1— 4, = :| f(u,v,w) dw dv du
c 3
(wyz)™* - _ _ o
N / / / / ./ {T(c)}3 oy (@) y—v) T (z—w)* T f(x, y, 2)
u=0 v=0 w=0 x=u y=v z=w
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bbb 1 — %121 ¥
P§$) Z” ’ j z’ y’ 2 g(u’v,uﬂ dz dy dzr dw dv du
© oo oo
_ 1
= / / /9(“’””1’){?@?
u=0 v=0 w=0

70 7 /oo(””—u)“"l(y—v)c—l(z_w)c_l

T=U Yy=v 2=w

a,b,b’,b";l—%,l—%,l—%

Fﬂa
D c :

7%y~ 27 f(z,y, 2) dz dy dz dw dv du

o0
/ g(u, v, w) 4J2 go‘jyf’w"; oo J(u,v,w) dw dv du

w=

]

u=0v

L~——3

o

oo (o o] oo
= / / / 9(&, Y, 2) aJBEES o (3,9, 2) dz dy da
0 0 0

This completes the proof of Theorem 4.4. Similarly, we can prove theo-
rems 4.1, 4.2 and 4.3.

From the theorems of this section certain interesting corollaries
readily follows for the operators (2.2), (2.3), (2.4), (2.5), (2.7), (2.8),
(2.9), (2.10), (2.12), (2.13), (2.14), (2.15), (2.17), (2.18), (2.19), (2.20),
(2.24), (2.25), (2.26), (2.27), (2.29), (2.30), (2.31) and (2.32).
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Resumen

El articulo trata los andlogos en tres variables de ciertos operadores
de integracién fraccionarios presentados por M. Saigo. Ademés de dar
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los anédlogos en tres variables de operadores de integracién fraccionarios
en una variable anteriormente conocidos como casos especiales de los
operadores que se acaban de definir, en el articulo se establecen ciertos
resultados en forma de teoremas incluyendo la integracién por partes.

Palabras Clave: Operador integral fraccionario, Operadores de integracién
fraccionaria de Saigo, Funcién hipergeométrica de Gauss, Integral fraccionaria
de Weyl, Célculo fraccionario.
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