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Abstract
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1 Introduction

The Hermite polynomials Hy,(z) and Legendre polynomials P,(z)
are respectively defined by

zt—t2 > H,(z)}t™
p2ot—t _ 20—71-')—— (1.1)
' 0o
(122t +¢%)77 =) Py(a)t" (1.2)
n=0

A careful inspection of the L.H.S. of (1.1) and (1.2) reveals the fact
that L.H.S. of (1.1) is e* and that of (1.2) is (1 — u)~%, where u =
2zt —t2. Thus H,(z) and P,(x) are examples of polynomials generated
by a function of the form G(2xt — t2). The expansions of (1 —u)~% and
(1—u—v)"% are given by

00(1 n

Q-w =3 E)n"," (1.3)
n=0 :
and
00 00 (1 utuk
(l-u—v)"3 =§;(—2)’%‘%‘—— (1.4)

The expansion (1.4) motivates a two variable analogue of Legendre
polynomials by taking u = 2zt — s? and v = 2yt — t? in (1.4). Thus we
first attempt to define two variable analogues of polynomials by means
of generating function of the form G(u,v) where u = 2zs — s? and
v = 2yt — t? before embarking on a particular example of it namely the
two variable analogue of Legendre polynomial.
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2 Double Generating Functions of the Form
G(2xt — 5%, 2yt —t%)

Consider the double generating relation

o0 o0
G(2xt — 82, 2yt —t%) = Z Zgn‘k(z, y)s"tk (2.1)
n=0 k=0

in which G(u,v) has a formal double power series expansion.

Where a formal double power series is one for which the radius of
convergence is not necessarily greater than zero.

Thus G determines the coefficient set {gn x(z,y)} even if the double
series is divergent for s # 0, t # 0. Let
F = G(u,v), where

u = 2xs — g2

and (2.2)
v =2yt —t2

Now, from partial differentiation, we have

OF _ 0Fdu  OFdv (2.3)
oz Oudzr Ov oz

%_f _ g_ig_?r%f_% (2.4)
?9_1; _ %g%"‘%gg_; (2.5)
%1; _ %g%+g_f% (2.6)

Substituting the values of partial derivatives of u and v the above equa-
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tions reduces to

—g—: = 23%—5 2.7
aa—l: = Z(w—s)g—i (2.8)
o oo
e (2.10)

Multiplying (2.7) by (z — s) and (2.8) by s and subtracting, we get

OF  OF
(w—s)£—35s— =0 (2.11)

Similarly from (2.9) and (2.10), we get

OF OF
(=s) g —tg =0 (2.12)

8

o0
Since F = (2zs — 2, 2yt — t2) =

gn,k(z,y)s™t, it follows from
n=0 k=0
(2.11) that

Y3 7 o Papl@mu)s" = Y3 2 Poplmu)s™

n=0 k=0 n=0 k=0

[o o2 o 6
- Z Z n a—xPn,k(x,y)s”tk =0

n=0 k=0
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or
i i z (%Pn,k(m, y)s"tk — i i %Pn,k(z, y)s"tk
n=0 k=0 n=0k=0
= ZZ a—Pn 1,6(z,y)s"t (2.13)
n=1k=0 7%
Similarly from (2.12), we obtain
o0 o0 a o0 oo
Z Z y E—P"’k(z’ y)s™tk — Z Z k Py, x(z,y)s™t*
n=0 k=0 y n=0 k=0
= ZZ 5y P, x_1(z,y)s"t* (2.14)
n=0 k=1

Equating the coefficients of s™t* in (2.13) and (2.14) we obtain the fol-
lowing results:

Theorem 1.
G(2zxs — 8%, 2yt —t%) = Z Zgn k(x,y)s™tk
n=0 k=0

it follows that a—igo,k(:c,y) =0,k >0 gno(x y)=0,n > 0 and

' By
for n,k > 1,
O k@) ~ 1 Gak(@ ) = o G 14(,9) 2.15)
T 55 Ink(@Y) =1 gnk(2,y) = - gn-14(2y (2.
and
D k@8) =k gnp(@8) = 2 Gng1(z,) (2.16)
Yy ay In,k\T, Y In,k\2, Y} = 6y Ink—-1\T, Y .
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Adding (2.15) & (2.16), we obtain

0 7]
(w 3z 7Y a—y) gn.k(@,y) — (0 + k)gn (T, y)

0 0
= Bz gn—l,k(za y) + 'aggn,k—l(xv y) (2-17)

The differential recurrence relations (2.15), (2.16) & (2.17) are com-
mon to all sets g, i(z,y) possessing a generating function of the form
used in (2.1). In this paper we shall consider the polynomials g, x(z,y)
for the choice G(u,v) = (1 —u — v)~z.

3 The Legendre Polynomials of Two Va-
riables

We define the Legendre polynomials of two variables, denoted by
P, k(z,y), by the double generating relation

oo

(1-—2zs+ 5% — 2yt + tz)-% = Z ZPn,k(a:,y) s™ tF (3.1)
n=0 k=0

in which (1 — 2zs+ % — 2yt +12)~% denotes the particular branch which
— lass — 0 &t — 0. We shall first show that P, x(z,y) is a polynomial
of degree precisely n in z and k in y.

& (a) uo¥®
Since (1 —u—v)_q = >, >, 2" we may write
n=0 k=0 i

ko

oo 0o (1 2\n 2\k
2 2y—1 (E)n+k(2$s — 8 ) (2yt —t )
(1-2zs+s*—2yt+t*)"2 = E E Tl

n=0 k=0
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3 00 00 00 00 (%)n+k(2m)n—r(2y)k—j(_1)r+j3n+rtk+j
_ZZZZ ! it (n—r)! (k- j)!

n=0 k=0 r=0 j=0

SR

2] |

[NES

oo 00 (%)n e r_](zx)n—Zr(2y)k—2j( 1)r+jsntk
=ZZ : rt j1 (n —2r)! (k — 25)!

k=0 r=0 j=0

3
(=]

‘We thus obtain

[ZZ( 1)r+f( >n+k (22 2y

gt (n=2r)! (k — 275)!

Pn,k(x’y) = (32)

r=0 j5=0

from which it follows that P,(z,y) is a polynomial in two variables z
and y of degree precisely n in x and % in y.

Thus P,(z,y) is a polynomial in two variables z and y of degree n + k.
Equation (3.2) also yields

2n+k(l)n+k$nyk
Pn,k(:c:y) = il' ] + 7, (33)

Where 7 is a polynomial in two variables z and y of degree n + k-2.

If in (3.1), we replace = by —z and s by —s, the left member does
not change. Hence

Po(=z,y) = (-1)" Pa(z,y) (34)
Similarly by replacing y by —y and ¢ by —t in (3.1), we obtain
Po(z,—y) = (=1)* Pa(z,y) (3.5)
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So that P,(z,y) is an odd function of z for n odd, an even function of z
for n even. Similarly P,(z,y) is an odd function of y for k¥ odd, an even
function of y for k even.

Similarly replacing x by —z, y by —y, s by —s and ¢ by —t in (3.1), we
obtain

Pn(_zy _y) = (_1)n+k Pn(ma y) (36)
Putting ¢ = 0 in (3.1), we get

P o(z,y) = Py(z) (3.7)

Where F,(z) is a well known Legendre polynomial.
Similarly by putting s = 0 in (3.1), we get

Por(z,y) = Pe(y) (3.8)

From (3.1) with =0 and y=0, we get

o0 o0
(1—}—.<>'2-Q-t2 -%= ZZPn,kxy s™ tk

n=0 k=0
But
( 1)n+k( ) 2ny2k
1 S t2 % — 'n+k .
Hence

P t1,26(0,0) = 0, Pap2k+1(0,0) =0, Papy1,26+1(0,0) =0

(3.10)

(=1)"**(3
Pin,2x(0,0) = —Tﬁyz)—"&

Equation (3.2) yields
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, 220 14
5:; Pn,k(xyy) = Z Z

(-1)r+j(%)n+k—r—j2(2x)n—l_2r(2y)k_2j
rl gl (n—1-2r)! (k—2j)!

r=0 j=0
(3.11)
5 B[] e 2(2z)" % 2(2y)* 1%
— Por(z,y) 22 Z S
dy ~ r=0 j=0 rl gt (n—2r)! (k—1-2j)!
(3.12)
yntkorl _1\yn+k(3
[5% P2n+1,2k(xay)] z=0,y=0 = o 11!2(192!)”-'—’”—:l = = n! l(c!Z)"—Hc ’
(55 Pan2k(@:9)] g ym0 = O
S (3.13)
(2 Pzn,2k+1(1‘,y)]z=o,y=o =0,
[% P2n+1,2k+1(73»y)]z=0,y=0 =0 ’
Similarly,
i B 3
[ay Pzn’Zk(x’y)] =0,y=0 =0,
= _
--a—y P2n+1,2k (z7 y)] £=0,5=0 - 0’
_ L (3.14)
_5% P2n+1,2k+1($,y)] a0 0, and
[ 8 _ (=D"Rad). — (V™ ()n
_3_‘!/ P2n,2k+1(x’y)] £=0,y=0 = n! kz! +htl n! k:!2 +k J
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4 Differential Recurrence Relations

From theorem 1, it is evident that the generating relation

o0 o0
(1—2zs+ 5% — 2yt + tz)_% = Z ZPn,k(a:,y) stk
n=0 k=0

implies the differential recurrence relations

0 a3
T ’a_mPn,k(w,y) n Pn k:(:l7 y) _.’17 n— lk(x y)

0 6
Yy éapn,k(z’y) k P'n k(z y) y nk l(xay)

and
0 a
T =~ +y a_y Pn,k‘(ziy) - (’I’L+ k)Pn,k(I, y)

Is) 0
=az n—1,k(Z, y)+ Pnk 1(z,y)

From(4.1) it follows by the usual method (differentiation) that

(1—2zs+ 5% — 2yt +12)"% = ZZ&Pn,k(w y) "t
n=0 k=0

(1—2zs + s? — 2yt +2)7% = ZZ BayP"’k x,y) s™ tF1
n=0 k=0

[o ol o}

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

(z —s)(1—2zs+5° — 2yt +12)"% = Z Z n Poi(z,y) s"~ 1 t* (4.7)

n=0k=0
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oo 0o

(y—t)(1 —2zs+ 5% — 2yt +12) "3 = Z Z k Pox(z,y) s™ t*~1 (4.8)
n=0 k=0

Since 1 — 52 —t% —2s(z — s) —2t(y —t) = 1 — 2z5 + 52 — 2yt + t2, we may
multiply the left member of (4.5) by 1 — s2, the left member of (4.6) by
~12, the left member of (4.7) by —2s, the left member of (4.8) by —2t
and add and obtain the left member of (4.1). In this way we find that

ZZ nk(zy)sn 1tlc ZZ_ nka:y)s”+1tk

n=0 k= 0 n=0 k=0
o e o] 6 oo o o]
- ZZ £ P, k(z,y) s™ tF+1 — Z Z 2n Py x(z,y) s™ t¥
n=0 k=0 Y n=0 k=0
[ 0] o0
—ZZ 2k Pp(z,y) s™ tk = ZZ P, x(x,y) s" t*
n=0 k=0 n=0 k=0
or
22 Py =YY k(@,y) "1 ¢
n=0 k=0 Oz n=0 k=0 69:

iia% K(z,y) s" ! = ZZ(2n+2k+1) Ppy(z,y) s™ tF

n=0 k=0 n=0k=0

We thus obtain another differential recurrence relation
(2n+2k+1) Py i(z,y)

(4.9)
=Z Por1x(@9) = & Po1k(@,9) — & Poi-1(z,9)
Similarly, we can get
(2n+2k+1) Py x(z,y)
(4.10)

=2 Pokr1(@,y) — & Pa-1k(2,9) — & Pajp-1(z,9)
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Adding (4.9) successively to (4.2), (4.3) and (4.4), we get
x%Pn,k(w, y)
= %Pn—f-l,k(m,y) - % Pn,k—l(x: y) - (TL + 2k + 1) Pn,k(m’ y)
(4.11)
y%Pn,k(x» y)

= L%:Pn+1,k($7y) - %Pn—l,k(.’r, y) - (2n +k+ 1) P"’k(m’ y)
(4.12)

9] (7] 7]
(2 + v ) Prklet) = g Prsaad) = (0K +1) Prslz)
(4.13)

Adding (4.10) successively to (4.2), (4.3) and (4.4), we obtain

0 7] 17}
.’II%Pn,k(l', y) = a_yPn,k+1(xvy)_5'?;Pn,k—l(xa y)_(n+2k+1) Pn,k(xv y)
(4.14)

0 o 0
ya—ypn,k(ﬂv,y) = B_yP"’kH(x’ y)—an_l,k(x,y)—(2n+k+1) P k(z,y)
(4.15)

0 o0 1)
(935; + ya_y) Py i(z,y) = a—yPn,kH(-T,y) —(n+k+1) Py(z,y)
(4.16)
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Shifting the index form n to n — 1 in (4.11) and using (4.2), we get
(‘T2 - 1)%Pn,k(xa y)

=nz Pyi(r,y) — a% n-1,k—1(Z, ) — (n+2k) Pr_1x(z,9)
(4.17)

Similarly shifting the index form % to k — 1 in (4.15) and using (4.3), we
get

(y2 - 1)%Pn,k('r> y)

=k ) Pn,k(za y) - E%Pn—l,k—l(z', Z/) - (2n + k) P'ﬂ,k—l(xi Z/)

(4.18)
Adding (4.17) and (4.18), we obtain
{(.1:2 -DE + (- 1);%} Prk(z,y) = (nz + ky) Poi(z,y)
- {a% + 2 1 Pa-1,k-1(2,9) = (n+ 2k) Pa_1,4(2,9)
—(2n+ k)P k-1(z,9)
(4.19)

5 Partial Differential Equation of P, ;(z,y):
From (4.2) and (4.3), we have
%Pn—l,k(x’ y) =z %Pn,k(z)y) —-n Pn,k(x’ y)’
(5.1)

2
ZrPa1k(@,y) = 7 ZxPai(@,9) + (1 — 1) & Pai(=,9),
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%Pﬂ.—l,k(wa y) =Y %Pn,k(xay) -k P’n,k(way)a
(5.2)
2
36 n—1 k(l’ y) nk(x y)+(1_ ) aayPn,k(-’E,y),

Shifting the index form n to n —1 in (4.11) and form k to £ —1 in (4.15),
we get

x;%Pn—l,k(x’y)
(5.3)
= & Pai(2,9) = (n+2k) Po1i(2,9) — & Pa-14-1(2,9)

y%Pn,k—l(x’ y)
(5.4)
=%Pn,k(w’y) (2n+k) P'nk 1(17 y) 3_,,:P'n 1,k— 1(-’17 y)

Differentiating (5.3) partially w.r.t. = and (5.4) w.r.t. y, we get

2
x(_‘;a;fpn—l,k(x1 y)

=86—;P",k(z’y) (n+2k+1)3$ n—1 k(zvy) 313yPn 1,k— 1(51?,11)
(5.5)

2
y%ipn,k—l(wa y)

—TPn,k(mv y) - (2n +k+ l)aiy P'n.,k—l(xvy) - 52;—1,Pn—1,k—1(m,y)

(5.6)
Using (5.1) in (5.5) and (5.2) in (5.6), we obtain
(122 & Poi(z,y) —2 (1 +K) © 2 Pu(z,y)
(5.7)

+n(n + 2k + 1) Po i (2,Y) — 525 Pa1,k-1(2, ¥)
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(1 - yz)%:zpn,k(z; y) -2 (1 + TL) Yy %Pn,k(xyy)

(5.8)
+k(2n + k +1)Pok(z,9) — 5255 Pa-16-1(2,Y)
Subtracting (5.8) from (5.7), we obtain
(0= - 1-))& } Pusla,)
—2{(1+k) z 2 - (1+n)y§y}Pn,k(x,y) (5.9)

+(n—k)(n+k+1)Pyi(x,y) =0
Here (5.9) is the partial differential equation satisfied by P, x(z,y)

6 Additional Double Generating Functions

The generating function (1 — 2zs + s — 2yt +2) "% used to define
a polynomial P, x(z,y) in two variables z & y analogues to Legendre
polynomials P, x(z,y) in a single variable z can be expanded in powers
of s and ¢ in new ways, thus yielding the additional results. For instance

Z Epnk(z y) s™ t* = (1 — 225 + s2 —2yt+t2)“
n=0 k=l

-

=[(1—=zs—yt)? - s*(z? — 1) — 3(y* — 1) — 2zyst] " *

N

— $3(x%—1 t2(y*—1 2zyst -
= (1 —Is— yt) ! [1 - (l—gz:z.s—yt))2 - (1——(:41?:/.9—1;3)2 - (l—msy—yt)z]

7! p! I (1—zs—yt)27+2p+2r+1
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2PIPIPIP>
j=0p=07r=0n=0 k=0 ) ) . e
(D)stptr (42542042 npn "T2H (2P—1)F #4247 (2o1)p 27 2™ y
31 p! v n! k!

(1)n+k (2: _1)_1 y _l)p s™ tk n— ZJyk —2p
2722 F (D)jgpar 3! P 7! (n—r=2j)! (k—r—2p)!

Equating the coefficient of s t*, we obtain
F, n,k(z s y)
(6.1

(n+k)! (z2~1)7 (%-1)* "2y k-2
227 +2p+7 (1), ~ 1 p! r! (n—r—23)! (k—r—2p)!
i+r+ J

Let us now employ (6.1) to discover new double generating functions for
P, x(z,y). Consider, for arbitrary ¢, the double sum

« (2] [8] min@m
Cn Pp r(z,y) s™ Ccn s
Z Z (©ntr nisc)'y) Z z ()(Z:-k)' rgo

n=0 k= n=0 k=0 §=0p=0

[

—

e
haaidd

)
I

(n+k)! (zz—l)j (yz—l)" g2 yk—2p
I (1);154r 379! 71 (n=r=23)! (F=7—2p)!

.—.
03
kit

5

min(n,k)
b

[y

nM

(c)n+k+2j+2p+2r (z2_1)j (y2_1)p zn-{-v‘ yk+r sn+2j+r tlc+2p+r

22i+2p+T (1)j+p+r Jtp! vt nl k!

= f: § (C)zj+2p+2r (z-1)7 (y-1)P (zy)” $%9+7 2247 X
= PIFIEr (1)jasr 3T T

j=0p=

fil\gl

(=4
o

n=0

00
(e+2j+2p+2r)nik (x8)™ (yt)*
x> Tk

k=0
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_ § § § (2j+2p12r (@2-1)7 (YP-1)P (zy)” s2H7 2t7

227%20%" (1) j4p4r 5! Pl 1!

(1 —Is— yt)—c—2j—2p—2'r

: SN L TRy g VR
=(-zs—ype L & 5 Wasns Mrertr 171 7 (1_(13_,,12)2}

j=0p=0r=0
t2 (y —1 2zyst
(1-zs— yt&)2 (1—xzs—yt)2

ceqpln 22 gy 19
— (125 —yt) c.p(3>{f AR N =
{ t?(y%—1) } { 2zyst }]
(1—zs— yt)2 (1—zs—yt)?
o0 [ ]
_ (Ontk Pni(zy) s™ t*
—nz=:0kz=:0 S e (6.2)

In which ¢ may be any complex number. If ¢ is unity, (6.2) degenerates
into the generating relation used to define P, x(z,y).

Let us now return to (6.1) and consider the double sum

ntk

X X P, k(x,y) s
>, 2 Pty

] [%] min(n,k) 2 i (2 —2j k—2 k
(z2-1)7 (y*—1)F "~y 2P s ¢

S5 >
= 2Z7F2p 4T (1) iU pl 7l (n—2j—r)! (k—2p—r)!
n=0k=0;=0p=0 r=0 ( )J+p+r ! p!l ! (n—=25-7)! ( p—7)

(1;2_1)]' (yz_l)p mn+ryk+r sn+2j+rtk+2p+r

(2] oo o0 00 00
SR IPIPIPD T (D) 1p4r 31 P 7! 0L K

_ S A (z2-1) (5%-1)P (zyst)” %7 1?7 2R (zs)™ !yt!k
- Z Z Z 221+p+r(1)1+p+r it p!t ot Z E

T &!
j=0p=0r=0 n=0k=0
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g o0 00 0 8%(z2-1) I (22— P r
=€ +yt Z E ZO ]' p! r! %1)j+p+r{ 14 } { (y442} {E%}

j=0p=0r=

= em3+th(3) { 1_ :'.: T : _; T — 82 1‘42—1 3 t2 y:—l 75%} (6.3)

7 Triple Hypergeometric Forms of P, ;(z,y)
We return once more to the original definition of P, x(z,y):

P i (z,y) s t* (7.1)

’

18

(1—2zs+s% -2yt +12)"2 =3

n=0

x
I

0

This time we note that

(1—2xs+ 5% — 2yt +t2)~3
-1
=[1-s—t)2—2s(x—1)—2t(y — 1) — 2st] *

- 2s(x—1 2t(y—1 Ll -
=(l-s-t)* [(1 - (1—(s—t))2 - (1-(1;—t))2 - (1—2sft)2]

(M

which permits us to write

E ZPnk(x y) s™ tk

n=0 k=0
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FIpiri(1—s )23 F 2T 2rF T
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oo oo n k min(nk) )
_ Dntbtirp @=1)7 Y= s"t*(Dnyri;
QEZPPIPIEDIER i e G el (=]
_ R & LR it (cn)iee (CR)pre(1=2)! (1-g)® ot
= n§0 k§0]§)p§0 = 2P T (D)4 pir 41 P! 7l 0l K
Therefore
k)
P'n,’k(z,y) = (Zj-kl)
(7.2)
PG —v-n—kl4+n+k:—;—;— 1oz 1-y 1
L= —— == ; 27202

Since Py, x(—z, ~y) = (=1)"*t*P, (z,y), it follows from (7.2) that also

_1yn+k
Py i(z,y) = SNkl

7 ’

y 14z 14y 1
1 e —; — . 2 22
i ;

(7.3)
Next, consider (3.2) again
3] [8]

1™ (3) ppmry (22)" 77 (29)*7%
Fr(z9) = ;_OJZO 1 . 2r)! (k — 2)!

We may write it as

(k)% )n—2r k—2j
Pox(z,y) = ZZ —1)*" (k)% (3) s (22)" 7" (2)

o rljinl k! (I —n—k)

r+j

on+k (%)n+k Inyk [%] [%]

(=%), (-5+2). (5°), (-5 +3);

2
1451 (L oy 274,25
=0 ;=0 rtjl (3—-n k)r—}—jx y
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or in terms of Kampe de Feriet’s double hypergeometric function, we
have

gntk l) z"yk
Popl(e,y) = T e

_n 1.k _kE_ 1 (7'4)
F(s)[——nz—’k?—-f 22277 ;15,;15]

8 A Special Property of P, (z,y)

We now return to the original definition of P, x(z,y) and for con-
venience use p = (1 — 2zs + s2 — 2yt + t2)2. We know that

00 o0
Y Pr(z,y)s"t* = p~! (8.1)
n=0 k=0

8

In (8.1), we replace z by =2, y by y;—t, s by % and t by 7 to get

00 00 -1
Y Y Pan(52, ) Rumk = [1 — Hoodu w2yt %;] ’

=p[p2—2(.’r—s)u+u2-2(y—t)v+v2]_%

We may now write

~1
2

= [1—2zs + % — 2yt + t2 — 2zu + 2us + u? — 2yv + 2vt + v?]

-1
2

= [1-2z(s+u) + (s +u)? — 2y(t + v) + (¢t + v)?]

which by (8.1) yields
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= k=1, n,k
ngogopnk(zps, p )p_"_ S
[ o] oo k
= 3 Y Puxlz,y) (s+w)" (t+v)
n=0 k=0
oo oo n k . .
_ n! k! Pp(zy) s" w77 ¢7 kI
B nz=:0 kzz:o rzz:(n;) rt gt (n=r)t (k=3)!
o0 00 00 o0 ' (K ! Payrriil(z, LY R .
= ZO,CZ Z z (ntr)! (k+j) T!+j!,k;!1g y) 87 t7 u v
n=f =0 r=0 :

Equating the coefficients 4™ v* in the above, we find that

—n—k-1 _ E Z (n+r)! (k+5)! Prgr, k-'{.,(z,'y) 8™ 7 (82)

—s8
nk( P )p 0 5 T 71 nl

In winch p= (]_ —21}3_'_32 _zyt+t2)%

9 More Generating Functions

As an example of the use of equation (8.2), we shall apply (8.2) to
the generating relation

2(,.2 2¢,2
cotytp(d) [ —H i i = 2(xt =) Ayt - 1) wyst
€ F [1::—;—;—:—;—;—; 4 ! 4 T2 (7.3)
_ o~ = P, k(z,y)s"tk
=22 (n+k)! (9.1)
n=0 k=0
In (8.1), sy by t, s by —=* and ¢ by -t

and multiply each member by p ! were p = (1 —2xs+ s — 2yt + t2)6
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we obtain

p_l exp [_ su{z—s)+tv(y—t!]

p

[ S SN Y S S 2.2(,2_ 42
XF(3)[ YTy T R T ). u’sé(x 4{1];!—2yt t),

v212(y? —14+2c5—52) wvst(z—s)(y—t)
4p? ’ 2p%

(_1)n+k p—n—k—l Pn'k(z;a’y;t) s™ tk ’Uk

00 ©o
= E Z (n+k)!

k

R ] QR (=D)ME () (k) Progriey(eiy) sV ut 54 o
E E Z Z nl k! r! 51 (n+k)!

(—1)"+’°""-j n! k! P, k(zy) v~ " wkTI g™ ¢k

co o0 n k
S IPIPIPY =) =T ! 51 (ntk—r—3)!

o o n k ; .
1™ nl k! P, , T oyd gn ¢k
= Z: Z Z E = 7l ;!l (n—'r‘)!,k(gcx—?;'))!u('f":').]');g

oo oo n k :
—n)y (—k); Pnx(zy) v v’/ s™ th
=Y 3 Yy e CH Pralen

were ®, is one of the seven confluent forms of the four Appell series
defined by Humbert (see [3], pp. 25).

This gives a bilinear double generating relation.
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Resumen

El presente articulo aborda el estudio de un polinomio P, (z) de dos va-
riables andlogo al polinomio de Legendre P,(z). El articulo contiene las
relaciones de recurrencia diferenciales, una ecuacién diferencial parcial,
funciones o generadoras dobles, formas hipergeométricas dobles y triples,
una propiedad especial y una funcién generadora bilineal doble para los
nuevos polinomios P, x(z,y) que se acaban de definir.

Palabras Clave: Polinomios de Legendre de dos variables, Representaciones
integrales, Funciones generadoras y Relaciones de recurrencia.
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