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1. Introduction

Hermite polynomials of two variable H,,(z,y) were defined and stud-
ied by M.A. Khan and G.S. Abukhammash [2]. They defined them by
means of the following generating relation

eta—(y-‘,—l)t2 _ Z Hn(xvy)tn (11)

n!
n=0

The aim of the present paper is to modify the definition (1.1) and
to obtain generating functions, recurrence relations, Rodrigues formula,
relationship with Legendre polynomials, expansion of polynomials and
other properties for the modified Hermite polynomials of two variables
H,(x,y;a).

2. Definition

The modified Hermite polynomials H,,(z,y;a) of two variables are
defined by means of the generating relation:

Q2=+ _ Z M7 a >0 a#1 (2.1)

|
"0 n!

It follows from (2.1) that

(3]
Hn('rv Y; a) = Z

r=0

WH, a0 (z;0) (—y)" (loga)”
rl(n — 2r)!

(2.2)
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where H,,(z;a) stands for the modified Hermite polynomial of one vari-
able [4].

The definition (2.2) is equivalent to the following explicit represen-
tation of Hy,(z,y;a)

) (—n)2ri2s(22)" 2725 (—y)" (—1)%(loga)" " *
rls!

(2.3)

In terms of double hypergeometric function, modified Hermite poly-
nomials of two variables can be written as

Ha,y56) = (2ologa)" FE20

n n 1. _. .
_55_§+§_1_ ) Y 1

- —_— — 2.4
- = ; z2loga’  y?loga (2:4)

For a = e (2.2), (2.3) and (2.4) reduces to Hermite polynomials of
two variables H,,(x,y) due to M.A. Khan and G.S. Abukhammash [2].

It may be remarked that H,(x,y;a) is an even function of x for
even n, an odd function of x for odd n.

H,(—z,y;a) = (-1)" Hp(z,y;a)

Also,
n ].

Hon(0,30) = (-1 (40322 (3) (log)",  Hana(O,3i0) =0
1

Hy,(0,0;a) = (—1)"2%" (2> (loga)™, Hy,41(0,0;a) =0
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and
0
—H : =
8x 2n(0ayaa) Oa
9 fpa O0,550) = (—1)(@loga)™ (2) (y+ 1)
5‘:1: 2n+1\Yy Y, 9 .

3. Recurrence Relations

Following recurrence relations hold for H,(z,y;a)

0
aiHn(xay; a) = znloga anl(xvy; a)
X

Iteration of (3.1) gives

o° . (2loga)*n'H,, _s(z,y;a)
astn(xayaa)* (n—S)'

o H(,y;0) = ~n(n — 1) loga H a(,y:0)
Y

Iteration of (3.3) gives

a" (=1)"n!

—Hy(z,y; = ———H, o (z,y;
ayr (:E Y a) (TL*2T)' 2 (!L‘ Y a)

(3.1)

Hy 1 (z,y5a) = (2zloga) {wH,(x,y;a) —n(y — 1)H,—1(z,y;a)} (3.5)
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xa%Hn(x, y;a) —nH,(z,y;a) + 2ya%Hn(:m y;a) = na%an(af, y;a).
(3.6)

2nxloga Hp—1(z,y;a) — nHy(z,y;a) — 2n(n — L)yloga Hy,—2(,y;a)

0
=ng Hn1(2,y;0) (3.7)

Also we have

2nzloga Hy—1(z,y;a)—nH,(z,y;a) = 2n(n—1)(y+1)H,—2(z, y; a)
(3.8)

which is a pure recurrence relation.

4. Relation Between H,(z,y;a) and H,(z;a)

A relation between H,(z,y;a) and H,(z;a) is as given below:

X

H,(z,y;a) = (y+1)% H,
(z,y;a) = (y+ 1) (erl

;a) (4.1)

5. Other Generating Function for H,(z,y;a)

Some other generatig functions for H,(x,y;a) are as follows:
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C C1._._ . 2 2
5,5 +5 1 ;o 4ytiloga — 4t=loga (5.1)
T—r— (1 —2xtloga)?’ (1 — 2xtloga)?

— Huii(z,y;0)t"

Z L'ya) _ a2mt—(y+1)t2Hk(x _ ty _ t, v; CL) (52)
n.

n=0

ZZ n+7+5§;r?'% )t U'T

n=0r=0

a2wt7(y+1)t2‘a2(z7ty7t)u7(y+1)u2Hr(l,_ty_t_yu_u’ y;a) (5.3)

6. Rodrigues Formula

A Rodrigues formula for H,(z,y;a) is given by

no a2 22 d
Hy(z,y;a0) = (-1)"(y+1)2 a@+D D" ¢~ G+, D = = (6.1)
T

a formula of the same nature as Rodrigues’s formula for modified Hermite

polynomial of one variable H,, (x).
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7. Special Properties

Consider the identity

Q2o _ 2(at) (1) () (s 1) (@~ 1)

or,

f:o H,(x,y;a)t"

n!

[e%S) oo k
= H,(1,ya)(at)" > (y+ 1" (2* = 1)" (loga)"t>*
o n! Pt k!

N el Gt W U0
= Z El(n — 2k)!

Equating the coefficients of t", we get

2] ! Hy, o (1, y;0)2™ 2% (y + 1)F (22 — l)k (loga)®

Hy(2,y;0) = kZ:O k!(n — 2k)!

(7.1)

Next by considering the identity

a2(m1+x2)t7(y+1)t2 _ a211t7(y+1)t2.a2:1:2t7(y+1)t2.a(y+1)t2
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we obtain

n [257]

n!Hn7r72s (l'h y)Hr(an y)(y + l)s(loga)s
rlsl(n —r — 2s)!

Hy(x1+ x2,y;a) =

r=0 s=0
(7.2)
Now by considering the identity
a21t7(y1+y2+1)t2.a2xt7t2 _ a2xt7(y1+1)t2'a2xt7(y2+1)t2
we get
Hy (2,91 + y2; 0) Hy(w;0) = Hu (2,915 0) Hy (2, y2; a) (7.3)
where Hy(x;a) is modified Hermite polynomial of one variable [4].
Similarly
2O,y a i) Hyi(@,y; ;(’“ék_—k)l')‘“ a*(loga)* (7.4)
3] n'Hy, o (2, y:a) [(1 — N)yloga)”
(z, Ay; a) = H(n— 2%)] (7.5)
k=0
H, (\x, uy; a)
_ i =] W Hy—p_os(z,y;0)Hy {(A — Dz, (1 — p)y; a} (loga)® (7.6)

rlsl(n —r — 2s)!
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8. Expansion of Polynomials

Here we expand the Legendre polynomials of one and two variables
in a series of modified Hermite polynomials of two variable. These ex-
pansions are as given below:

2Fo [—k, 3 =k, L] (<1)% (1), Huo2k (@, 5 @) (log )

- loga

kl(n — 2k!)
(8.1)
Pu(z.y) =
k=0
2Fp A _ﬁ;; 10;“} (1% (3),,_p, (1 +y)*(log a)** " Hy—zx (2, y; a)
Kl(n — 2k)!
(8.2)

Where

[%] (71)k (%)n—k (Qx)"*Qk(y + 1)k
k! (n — 2k)!

P”(l’, y) =
k=0

is the Legendre polynomials of two variables defined and studied by
Khan, M.A. and Ahmed, S. [3].

Pro Mathematica, 27, 53-54 (2018), 11-23, ISSN 1012-3938 19



M. Ahmad, A. Hakim and N. Ahmad

9. Binomial and Trinomial Operator Repre-
sentations

In a recent paper in 2008, M.A. Khan and A.K. Shukla [5] obtained
binomial and trinomial operator representations of certain polynomials.
Using their technique we have obtained certain results of binomial and
trinomial operator representation type for modified two variables Her-
mite polynomials H, (x,y;a) by using their Rodrigues formula. Here we
need the following results of [5]:

(DD, () = Y- (1) DE ) D gl
r=0

(Da+Dy+D.)" {f(z)g(y)h(2)}

rls!

and

(DyDy 4 DD, + DyD.)" { f(x)g(y)h(z)}
n n—r )

r+s
=3 Eee U b ) Dy gt) D2 RG) (03)

r=0 s=0

The results obtained are as follows:

Let d = D; and ——

= Ds, the
e
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— (1) (y+ 1)7F @ T

Z( " )Hnr(x,y;a)HT(w,z;b) ( yi 1) (9.4)

r=0

u

Vu+1

Again let d =Dy, d = D5 and d = D3, then
()~ () T () T

_ n —n —Lzl _rw21 - y21 ~ (_n)T-ﬁ-S(_l)r—"_s
=(=1)"(v4+1)"2 a” v b = ¢ =T ZT
r=0 s=0
1 T\
X Hypy—ps(u,v;a)Hp(w, z;0) Hy (y, 2; ¢) < Uil) ( Z—tl) (9.5)
and
u2 'u)2 U2
(D1D2+D1D3+D2D3)n a v b =HI ¢ =T
n n u? w? y? LRy r4+s —1 T+s
= (v+1)"2(z+1)"2 @~ vFT b =T ¢TI ZZ (=n) 47:"(9' )
r=0 s=0 o
1 T\
an,s(u,v;a)Hn,T(w,x;b)Hrﬂ(y,z;c) (\/Z i 1) (\/z:::l>
(9.6)
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Resumen

El presente articulo se estudian polinomios modificados de Hermite de

dos variables H,,(z,y;a) que para a = e se reducen a los polinomios de

22
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Hermite de dos variables H, (z,y) introducidos por M.A. Khan y G.S.
Abukhammash [2].

Palabras clave: Funciones generatrices, relaciones de recurrencia, férmula
Rodrigues, Relacién con los polinomios de Legendre y expansiones de poli-

nomios.
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