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Abstract

We compute the Groebner basis of a system of polynomial equations re-
lated to the Jacobian conjecture using a recursive formula for the Catalan
numbers.
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1. Introduction

In this paper K is a characteristic zero field and Kly]((z~!)) is the
algebra of Laurent series in =1 with coefficients in K[y]. In a recent
article the following theorem was proved [3, Theorem 1.9].

Theorem 1.1. The Jacobian conjecture in dimension two is false if and
only if there exist

- P,Q € K[z,y] and C, F € K[y|((z™1)),

- n,m € N such that ntm and m{n,

-y, €K (1=0,...,m+n—2) withyy =1,
such that

- C has the form

C=x+C_ 1z ' +C oz ?+-- with each C_; € K[y,

- gr(C) =1 and gr(F) = 2 — n, where gr is the total degree,
- Fy = 27"y, where F is the term of maximal degree in x of F,
- C*=Pand Q=" y,0m 4 F.

Furthermore, under these conditions (P, Q) is a counterexample to the
Jacobian conjecture. O

Motivated by this result, the authors consider the following slightly
more general situation. Let D be a K-algebra (in Theorem 1.1 we
take D = KJy|), n,m positive integers such that n { m and n  m,
(Vi)o<i<n+m—2 a family of elements in K with vy =1, and Fy_,, € D (in
Theorem 1.1 we take Fy_, = y). A Laurent series in 21 of the form

C=z+4C_ 127 ' +C sz 24 with C_; € D,
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is a solution of the system S(n,m, (v;), F1_,,) if there are P,Q € D|[z]
and F € D[[z~']], such that

F=F_ 2" "+ F 2"+ F 1 o 7" 4 ...

m+n—2 .
P=C", and Q= Y yC"'4F.
1=0

For example, if n = 2, then
P(x) =C%*= x®>+2C_ +2C 5 x ' +(C?, +2C_3) x 2
+(2C_1C_5 +2C_4) x 3+ (C%, +20_1C_3+2C_5) x*
+ (20_20_3 +20_1C_4 + 20—6) x + ...,

and the condition C? € K|[z] translates into the following conditions on
C_g:

(%)
(C%)
(C%)
(c?)
(C%)_5 =20 _5C_3+2C_,C_4+2C_g,
(C%)
(C%)
(%)

o o o o o o o o
I

In general, the condition P(z) = C™ € KJz| yields (C™)_, = 0,
whereas Q(z) = Y7/ 21,01 + F € Kl[z] handles us equations
(2;’;*0”‘2 ;O 4 F) =0, with FLy =0 fork=1,...,n—2.

It is easy to see (e.g. [3, Remark 1.13]) that the first m +n — 2

coefficients determine the others, i.e., the coefficients C_1,...,C_,_ 42
determine univocally the coefficients C_j for k > m + n — 2. Moreover,
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the F_j, for k > n—1 depend only on F;_,, and C. Consequently, having
a solution C to the system S(n,m, (v;), F1_,) is the same as having a

solution (C_1,...,C__pny2) to the system
E, = (C")_r=0, fork=1,...,m—1,
m+n—2 )
En_14x = < Z I/Z-Cmﬂ) =0, fork=1,...,n—2,
=0 —k

m+n—2
Enyn—2 = <Z Vicm_i> + Fin =0, (1.1)
1—n

=0

with m +n — 2 equations Fr = 0 and m 4+ n — 2 unknowns C_y.

In order to understand the solution set of this system, it would
be very helpful to find a Groebner basis for the ideal generated by the
polynomials Ey in D[C_1,...,Cptn—2]. In this paper we compute such
a Groebner basis of (1.1) in a very particular case: we assume n = 2,
m = 2r + 1 for some integer r > 0, and v; = 0 for ¢ > 0. Moreover, we
consider D = Cly] and Fy_,, = y, as in Theorem 1.1.

2. Computation of a Groebner basis for I,

Assume n =2, m = 2r + 1 for some integer r > 0, and v; = 0 for 7 > 0.
Set also D = C[y] and Fy_,, = y.

Then the system (1.1) reads

(C?)_,, i=1,...,2r
E = 2.1
' { (C*) i +y, i=2r+1, 1)

where (C?)_; denotes the coefficient of =% in the Laurent series C2.
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Explicitly, the polynomials E; are given by

B = 20,
Ey = 203+ (C_1)?,
By = 20_4+20_5C_1, (2.2)
E, = 20 _5+20_3C_; + (C_s)?%,
By = 20_6+4+20_2C_3+20_4C_4,
FEs = 20_742C_5C_1+2C_4C_5+ (C_3)?%
Eory = 2C_2, +2C_9C_0p43+20_4C_opy5 + -+ +2C_2,14C_3 +
2C 97420 4,
By = 2C_ 9, 1+2C 9,41C_1 +2C_3,12C o+ ---+C?%,,
Eyi1 = (C*"H_1+y.

Each E; is a polynomial in the ring C[C_1,C_5,...,C_2._1,y], and
the 2r 4+ 1 polynomials generate the ideal

I= <E17 ©. '7E27‘7E2’r‘+1>°

Our goal is to find a Groebner basis for this I. However, in this
section we will only compute a Groebner basis (E1, Es, ..., Eap_1, Fa;)
for the ideal Iy, = (E1, Fa, ..., Far_1, Eay).

Note that for i = 1...,2r we have

i—1
E;=2C_i 1+ Y C_;Chs. (2.3)
k=1

We replace the odd numbered polynomials E1, Es, E5, E7, ..., Eon_1

28 Pro Mathematica, 28, 55 (2014), 24-40
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by new polynomials El, Eg, E-;, E’7, ey EQ,._l defined by

B, = Co= §E1,

_ 1 _

Ey = C_4= §E3 - E1C_y,

_ 1 _ _

Es = (C_g= §E5 — FE1C_3— FE3C_4, (24)

_ 1 _ _ ~

E; = Cyg= §E7 — E1C_5—E3C_3— E5C_y,

_ 1 - _ _ -

Ey = C_yp= §E9 — EC_7 — E3C_s — EsC_5 — E;C_4,
- 1 =l
E2r71 - 0727" = §E2r71 - Z E2i710—2(r—i)+1~

i=1

Remark 2.1. We have
(E1,Es3,...,Ea 1) = (E1, B3, ..., Ea ).
In fact, if we define fgdd = (E‘l, Eg, e E‘g;@,ﬁ, then (2.4) clearly implies
Baig1 — 2B € 104, (2.5)
and so we get (F1, Fs,..., Fa11) C (Eh Es, ..., E22+1>~f0r i=0,1,...,
r — 1. Using induction one sees that we also have (Ey, Fs, ..., Fa,—1) C

<E1, Eg, ey Egr_1>7 as desired.

The next proposition deals with Es, F4, Fg, . .., Eo,, the first r even
numbered polynomials.

Proposition 2.2. For all j € N there exists A; such that for Egj =
C_gj_1+ )\jCJ:[l we have

A 1 _ S - _
C_oj_1+ )\jcjfll - §E2j € lyj_1 =(E1, By, ..., Eyj_o,F;_1). (2.6)
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Moreover, if we set \g = —1, then for j >0, A; is given by

1 (i
Aj = 5 (kz—o >\k)‘jk1> . (2.7)

Proof. We proceed by induction on j. For j = 0 we set EO = 0. Then
we have

EO € _’fzjfl for all 7 >1, and EO =C_1+ )\chl~ (28)
1
For j =1, with \; = 3 calculated by (2.7), we have

1 1 ~
073 + 5031 — §E2 = 0 S <.E‘1>7

as desired.
From (2.3) we have

2j—1
Eyj = 20 951 + Z C_kCr—z;
k=1
j—1 -1
= 209 1+ Cook1Caks1-25 + Y CoxCok_2;,
k=0 k=1

which clearly implies ch;ll C_okCok—2j € fgj_l. Therefore we get

i1

1 1 (% -

C_gj_1— §E2j €3 < E 02k102k+12j> + Ioj_1. (2.9)
k=0

By the induction hypothesis and (2.8), for 0 < k < j — 1, there exist A
and \j_p—1 such that

Coop1 = —MC*1 4 Eyy,  and Copy1-25 = _/\j—k—lci_lk+E2(j—lc—l);
and hence

L~
Cook—1C9%+1-25 € MeAj_p—1CT T + Inj_y.
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From (2.9) we obtain
1 1 (&
C_gj-1— §E2j €-3 (Z >\k/\j—k—1> CTH 4 Iy,
k=0

from which Relation (2.6) follows with \; = % (ch;é )\k)\j,k,l), as
claimed. ]

Corollary 2.3. We have
(Er,Ea, ..., Eo) = (E1,Es, ..., Ea).

Proof. In fact, if we define I, = (El, E,,... , Ek>, then (2.5) and Propo-
sition 2.2 imply

Eys1 — 2Ep € I,
and so we get (Eq, Ea, ..., Er41) C (El,Eg, R Ek+1> for all k. Since we

have (E;) = (E), using induction one also obtains (Ey, Es, ..., Ey) C
(E1, Es, ..., EyL), as claimed. O

The bottom line of this corollary is that we can replace the sys-
tem (2.2) with the following set of equations.

El = 072 = Oa
By = C_4=0,
EQr—l = C_g = 07

(2.10)
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Ey, = C.3+M0% =0,

Ey, = C_5+XC% =0,

Ey = C g1+ 20" =0,
By = (CTH_i+y=0.

Proposition 2.4. If we fiz the lex order with C_o,._1 > C_9. > -+ >

C_3>C_5>C_1 >y, then Go,. = (El’E27 ey Eor_1, Es.) is a Groeb-
ner basis of the ideal

T2T = <E17E2a e ;E2r717E2r>

Proof. We first compute the S-polynomials of Gg,., and prove that they
TGQT
satisfy S(E;, E;)  =0for1<4,j <2r.
Consider first the S-polynomial of an even-numbered polynomial

and an odd-numbered polynomial, say Fos_1 and EQt, with 1 < s,t <r.
We have then

S(E28—17E2t) = C_9;1C_ 95— C_95(C_9i—1 +NC"1)
= _)\tct_—iilc—Qs
= *)\tct;‘ilibs—la

ﬁGQT
and so S(Eos—_1, Foy) =0,foralll <s,t<r.
In case both 4, are odd, we take Fogs_1, Fo;_1, with 1 < s;t < r.
Then we have

S(Eze_1,Ep—1) = C_9C _gs—C_9,C 5 =0,

%GZT‘
and trivially we get S(Fos_1,Foi—1) =0, forall 1 <s,t <r.
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In the last case, when i, j are even, consider Egs, Egt, with 1 < s,t <
r. Then we have

S(Ezs, EZt) = C 91 1(Cge 1 + A C) = C g 1(C g1 + MCHY)
= ANCSHO g — MO C gy,

Now we divide S(EQS, Egt) by Ga,.. If C_9;_1 > C'_g4_1, then the leading
term is

lt(S(EQS, E2t)) = )\scitlcfmffh
and the first division step yields
S(Ezs, EQt) = )\sCilﬁm + Ry,

with Ry = —)\s)\thJ[tH — )\tCtle,gs,l. By continuing the division
algorithm we obtain

Ry = —\C 1 Ey, 40,
ﬁGQT
and hence S(Fag, Foy) = 0 in this case. The case C_os_1 > C_9;_1
ﬁc ke
is similar, so we get S(Fa;, Eas) T 0forl1<s,t<r. O

From Corollary 2.3 and Proposition 2.4 we are able conclude that
(El, Eg, ey E27'—17 Eg,«) is a Groebner basis for <E’17 Eg, ey E27'—17 E2r>-

3. A recursive formula for the Catalan num-
bers and a Groebner basis for the ideal

In this last section we will determine a Groebner basis for the ideal T
given by the complete system (2.1). In order to achieve this we need

to establish additional properties of the A;’s which are closely related to
the ubiquitous Catalan numbers.
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Lemma 3.1. For all j > 0 the equality
cj = (=1)71127),; (3.1)
: L (2
holds, where c; are the Catalan numbers given by c; = m T ).
Proof. The Catalan numbers are uniquely determined (see e.g. [4, p.117
(5.6)]) by ¢o = 1 and the recursive relation

r—1
Cpr = E CiCr—1—j-
J=0

Set dj = (—1)7712/\;. Then dy = 1, since A\g = —1, and so equality (2.7)
gives us

d; =(~1)7+129),
=(—1)7*127 2 (Z)\MJ k— 1)

_Z k+12k )(( 1)] k23 1— k)\] e 1)

:dedj—l—k7
k=0

and hence d; = c; for all j, as desired. O

Now we prove a recursive formula for the Catalan numbers.

Proposition 3.2. The Catalan numbers satisfy the following formula

(2r + 1)~ = i(—l)j (r> 2% (3.2)

i=0 J

Consequently, A\, satisfies

@r+ 1= =Y ( " ) 27 (= );). (3.3)

=0 Y

34 Pro Mathematica, 28, 55 (2014), 24-40



The Groebner basis of a polynomial system related to the Jacobian conjecture

Proof. Replacing ¢; in (3.2), and using (3.1) yields (3.3). Hence, it
suffices to prove only (3.2). For that, we replace ¢; by ]%(2]]) on the
righthand side of (3.2) and use the equalities

() GE() () ()

Then we have

s (D - S (D) 55 0)

- o (1)

(
Cr
= (2r+1) 52
1 1
The second equality follows from —— (T) = (r + 1) and
j+1\y (r+1) \j+1
the fourth from (a + 6) = Z (a) ( 2 ,), relations valid for all
r S\ \r—j
a, 3 € C. The last equality is known as the Chu—Vandermonde identity
or Vandermonde convolution [1, p. 44, 13¢/]. O

Proposition 3.3. Let Is, = (Ey, Es, ..., Es.). Then we have

(C2r+1)71 S MTC:J{I + I2r7

for _ 2r+1 (2r
Mr_(r—!—l)?“ r)’
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Proof. By definition we have

2r
(C* )1 =[(C*)Clr = Y [(CH);C,
j=—2
since C_;_1 =0 for j < —2 and [(C?)"]; =0 for j > 2r.
But we also have [(C?)"]; = Dbty (C?)iy ... (C?);,.. We claim
that if 4 +---+4, = j, then i, > —2rfor k =1,...,7. Infact, as 7; < 2,
then so we have

i e i e i < 2(r — 1),

and j =ig + (i1 + -+ ig—1 + g1+ +4p) < 2(r — 1) + i as well.
Therefore we get i, > j — 2r +2 > —2r, since j > —2.

By definition we have E; = (C?)_; for i = 1,...,2r. Consequently
we obtain

(C?);, ... (C?);, € I, if some i, is negative.
It follows that
[(CQ)T]]’ € Z (02)1'1 e (02)“ 4 Iy, = [(12 +2C_1)"); + Iy
i1 die=j

holds, since C? = 22 +2C_1+(C?)_127 1+ (C?) a2 24+(C?) 3z ™3 +. ...
But we also have

and so

2 mo_ f ()RCy)R i =2k
(@ +2C) ]J_{ 0, if j = 2k + 1.

We arrive at

r

(02T+1)_1 S Z <]:> (20_1)7”7160_2]6_1 + I,

k=0
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Note that by Proposition 2.2 we have
C_op1 = Egp, — MO € -\ ORI 4 T,

so we obtain

I - r r— k+1
@) e 3 () ey MM + o
k=0

- (Z (;) 2Tk(—>\k)> (C_1)" + Iy,

k=0
and the formula for yu, follows now from (3.1) and (3.3). O

Corollary 3.4. For E2r+1 = - (C_1)" +y we have
(Er,Ea, ..., Eop_1,Eop, Egpyq) = <E1,EQ7 ooy By 1, Eap, Eopy1).

Proof. By Proposition 3.3 we have E2r+1*EQT-+1 = (CQ’"“)_lfurCi"{l €
I5,.. The result follows now from Corollary 2.3. O]

Now we can state our main result.

Theorem 3.5. If we fix the lex order with C_op.—1 > C_g,. > -+ >
0_3 > C_o > C_1 > Y, then G2r+1 = (El,EQ,...,E27~,E27~+1) 5 a
Groebner basis for the ideal

I= <E17 E27 cee 7E2r717 E2r7 E2r+1>'

Proof. By Corollary 3.4 it suffices to prove that the division of the S-
polynomials S(Ei,Ej) by Garq1 is zero. If 4,7 < 2r, then the division
algorithm yields the same quotients and remainders as in Proposition 2.4,
since the remainders become zero before one has to divide by EQTJ,_l.
Note that lt(Eer) = p(C_1)"1 since p, # 0. It remains to divide
the S-polynomials S (Ei,EQTJrl) by Gary1. We first consider the case
1=2t—1for somet=1,...,r. We get

- - C_pCm 11 C_puC™Y!
S(Es—1, Eay = — L (C_g) — ——(pu,C" 4+
(E2t—1, Bar1) C o (Co2) [ O (1 CT7" +y)
1
- _7y072t>
Hor
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for all t = 1,...,r. The first division step yields S(Egt_l,E2r+1) =

~ ——FGo,
—;%?JE%—M hence we obtain S(Ea¢—1, Fayrt1) R 0, for all t =
1,...,r.
Now for the S-polynomials of Eo and EQT_H, forsomet=1,...,r,
we have
~ = C_gi1CT1H
S(EQt, E2r+1) = 071(0—%71 + >\tctjil) -
—2t—1
O—zt—lc@l_l -
1 ol (Nrch{l +v)
r&

, 1
)\tC:{HQ - ;Cf2t71y~

T

with leading term

- 1
It(S(Eat, Bary1)) = ——C_2t1y.

T

We divide S (Egt, EQT_H) by G411, and the first division step gives us
-~ 1 -
S(Eat, Earq1) = *;yE% + Ry

with Ri = A\ CT{? + 2eyCT4 L Finally we take note of the equality

/\t t+1 ~ . . #G2r+l
R, = IC’A E5-11, in order to obtain S(FEat, Fari1) = 0, for all

t=1,...,r. This concludes the proof. O

In brief, we give the Groebner basis Gg,41 = (El, Eg, e ,EQ,«, EQT+1)
of I explicitly as
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El = 0—27
By = CO_y,
By = Cop,
E, = C_s+MC?,
Ey = C_5+XC%,
EQT' = 0—27‘—1 + )\rciﬁl_la
Eysr = po(Cor) 4y

with
241 (2 (=1 )
SN CESPT (7“) and A= (J+1)27 (j '
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Resumen

En este articulo calculamos la base de Groebner de un sistema polinomial
de ecuaciones relacionada con la conjetura del jacobiano utilizando una
formula recursiva para los niimeros de Catalan.
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