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Abstract

In these notes we survey basic concepts of affine geometry and their inter-
action with Riemannian geometry. We give a characterization of affine
manifolds which has as counterpart those pseudo-Riemannian mani-
folds whose Levi-Civita connection is flat. We show that no connected
semisimple Lie group admits a left invariant flat affine connection. We
characterize flat pseudo-Riemannian Lie groups. For a flat left-invariant
pseudo-metric on a Lie group, we show the equivalence between the com-
pleteness of the Levi-Civita connection and unimodularity of the group.
We emphasize the case of flat left invariant hyperbolic metrics on the
cotangent bundle of a simply connected flat affine Lie group. We also
discuss Lie groups with bi-invariant pseudo-metrics and the construction
of orthogonal Lie algebras.
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1 Introduction

A real smooth manifold M of dimension n is called an affine manifold
if it admits a maximal atlas whose change of coordinates are restrictions
of affine transformations of R™. Having an affine structure over M is
equivalent to having a flat and torsion free linear connection V on T'M
(see Theorem 2.5). A pair (M, V), where V is a flat affine connection
(i.e. Vis a flat and torsion free linear connection) on M, is called a flat
affine manifold. When M = G is a Lie group and V is a left invariant
flat affine connection, the pair (G, V) is called a flat affine Lie group.
If g is a pseudo-metric on M (respectively u is a left invariant pseudo-
metric on G) such that the Levi-Civita connection associated to g has
vanishing curvature tensor, the pair (M, g) (respectively (G, p)) is called
a flat pseudo-Riemannian manifold (respectively flat pseudo-Riemannian
Lie group).

These notes are organized as follows. The first two sections are
devoted to the study of flat affine manifolds. Theorem 3.2 is essential
because it gives a characterization of flat affine Lie groups that we will
use throughout these notes. We show that no connected semisimple real
Lie group admits a left invariant flat affine connection (Theorem 3.6).
In Section 3 we introduce some basic concepts of Riemannian geometry
and exhibit examples of flat affine structures compatible with pseudo-
metrics. Section 4 is dedicated to the study of flat pseudo-Riemannian
Lie groups. We give a characterization of such Lie groups and we show
that the left-invariant affine structure defined by the Levi-Civita con-
nection is geodesically complete if and only if the group is unimodular
(Theorem 5.3). We also show that the cotangent bundle of a simply con-
nected flat affine Lie group is endowed with an affine Lie group structure
and a left invariant flat hyperbolic metric (Proposition 6.1). In the Sec-
tion 7 we study orthogonal Lie groups, that is, Lie groups endowed
with bi-invariant metrics. To study properties of orthogonal Lie groups
we introduce the notion of orthogonal Lie algebra, which will be used
in the method of double orthogonal extension. As an application, we

12 Pro Mathematica, XXX, 60 (2019), 11-50, ISSN 2305-2430



Notes on flat pseudo-Riemannian manifolds

describe how to construct the oscillator Lie algebra of the oscillator Lie
group which appear in several branches of Physics and Mathematical-
Physics and give rise to particular solutions of the Einstein-Yang-Mills
equations. Finally, we present another characterization of flat Rieman-
nian Lie groups using some consequences of the presence of an orthogonal
structure in a Lie algebra (Theorem 7.9).
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2 Flat affine manifolds

In what follows M will denote a connected paracompact real smooth
manifold of dimension n. We will denote by X(M) the Lie algebra of
smooth vector fields over M and by C°°(M) the associative algebra of
functions on M with values in R.

The objects of study of these notes are flat affine paracompact man-
ifolds. In particular, we study flat affine structures that are compatible
with pseudo-Riemannian metrics. A good understanding of the category
of Lagrangian submanifolds requires a good knowledge of the category
of flat affine manifolds (see [26, Thm 7.8]). Also, flat affine manifolds
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with holonomy reduced to Gl(n,Z) appear naturally in integrable sys-
tems and Mirror symmetry (see [12]). Further applications of flat affine
manifolds appear in the study of Hessian structures and Information
Geometry (see [23, c.6]).

Let V be a real finite dimensional vector space. The space of affine
transformations of V is the Lie group Aff(V) =V x4 GL(V) deter-
mined by the semi-direct product of the Abelian Lie group (V,+) with
the Lie group GL(V') via the identity representation. Its Lie algebra is
the product vector space aff(V') = V x;4 gl(V') with Lie bracket given by

[(z,1), (y,8)] = (t(y) — s(z), [t, S]gI(V))a

for all z,y € V and t, s € gl(V).

We say that M admits an affine structure if there exists an
maximal atlas {(Ua, pa)}acs of M having change of coordinates that
are restrictions of affine transformations of R™, that is, for each o, 5 € J
with U, NUg # 0, there exists 0,3 € Aff(R™) such that

-1 .
¥6 ° Pa ‘%(UQHUB) - Uo‘ﬂ|wa(UaﬁUﬂ) ’

If G is a discrete Lie subgroup of Aff(R™) that acts freely and prop-
erly discontinuously over R™, then the quotient manifold R"/G admits
an affine structure such that the coordinate changes are restrictions of
elements of G (see [22, p. 349]).

Example 2.1. Let S' = {z € C: |z|] = 1}, U; = S - {(1,0)} and
Us = 8" — {(0,1)}. If 1 : Uy — (0,27) and s : Uy — (-%3%) are
defined respectively by
T T
arg(z) — 5 if arg(z) € (5, 277)
zrarg(z) and 2z ,
T 7r
arg(z) + 35, if arg(z) e (07 5)

then the atlas {(U1, ¢1), (U2, ¢2)} determines an affine structure for S*.
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Example 2.2. Hopf manifolds. Let A > 1 be a fixed real number.
Denote by G the group of transformations of R™\{0} defined by

T, : R"™\{0} — R™\ {0}

x> Tp(r) =" o,

for all n € Z. The set G is a discrete subgroup of Aff(R™) that acts
freely and properly discontinuously over R™\{0}. Therefore R"\{0}/G
is an affine manifold called a Hopf manifold which we will denote by
Hopf(\,n). Topologically these manifolds are either the disjoint union
of two Hopf circles R* /G, when n = 1, or diffeomorphic to St x S*
when n > 1.

Recall that a linear connection on a smooth manifold M is an
R-bilinear map V : X(M) x X(M) — X(M) that is C*°(M)-linear on
the first component and satisfies

VxfY =X(f)Y + fVxY,

for all X,Y € X(M) and f € C*(M). The torsion tensor Ty and
curvature tensor Ry associated to a linear connection V are defined
respectively by

Ty (X, Y)=VxY - VyX — [X,Y] (2.1)
and
Ry(X,Y)Z =VxVyZ—-VyVxZ— Vix,y1%, (2.2)

for all X,Y,Z € X(M). When Ty = 0 and Ry = 0 we say that V is
a flat affine connection and the pair (M, V) is called a flat affine
manifold.

Remark 2.3. The pair (M,V) is a flat affine manifold if and only if
there exists an atlas for M such that the Christoffel symbols associated
to V vanish identically on all charts (see [5, p. 108]).
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Example 2.4. If (z!,---  2") are the usual coordinates in R", the usual
linear connection V° on R” is defined as

n 9 9
0 = 7 — = J —
VY jE=1 X(f )&Ej’ where Y 3221 f pvE

It is simple to verify that VY is a flat affine connection on R" and that
we have Ffj =0foralli,jk=1,---,n.

From now on, by smooth manifolds we mean real manifolds that
are C* differentiable. The following characterization of affine manifolds
appears in [2].

Theorem 2.5 (Auslander-Markus). A real smooth manifold M has an
affine structure if and only if there exists a flat affine connection on M.

Proof. Suppose that {(Uy,¢a)}tacs is an affine structure for M. For
each a € J, we endow the open set ¢, (U,) C R™ with the usual linear
connection V°. The pullback of VO|%(UQ) by the diffeomorphism ¢,
defines a flat affine connection V., over U,. We choose V over M as the
linear connection subjected to V|U0 =V, for all @ € J. To verify that
V is well defined observe that, for o, 8 € J with U, N Ug # 0, setting

0o = (x',---  2") and pg = (y*, -+ ,y") on U, NUg, we have
. " 9%yt 0gt - oy™ Oy? Oxt
iy, =S 27 IR P iy 2.3
(T%k) 121 DI 9k Byl +z Z 1( mq)B Oz Oz Oyl (2.3)
= m,q=
Given that the Christoffel symbols of V vanish, we obtain (I',,,)s =0
82yl ] . )
on Ug. Moreover we have Do 0, since g o ¢, {%(UQQUﬂ) is the

restriction of an element of Aff(R™), and hence we obtain (1"; wa =0,
showing that V is well defined. Furthermore, using equation (2.3) we can
verify that V is the unique flat affine connection that can be obtained
in this fashion.

Reciprocally, suppose that V is a flat affine connection on M. For
each p € M there exists a neighborhood V), of 0 in T, M and a neigh-
borhood U, of p in M such that the exponential map associated to V,
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denoted by exp,: V,, = Up, is a diffeomorphism (see [11, p. 148]). Given

a basis {X1,---, X, } for the tangent space T,,M, we define local charts
on U, by
n
z! exp,, Zanj =a,
j=1

if Z;’:l anj €V, foralli=1,--- ,n. Since V is flat affine, there exists
an atlas over M with respect to which we have Ffj = 0 for every chart.
The computation of geodesic curves « in a chart (U, (y,--- ,y™)) of such
an atlas amounts to solving the system of ordinary differential equations

Py’ (y(1))
2 l

e
t; " @iX.) € TM, is unique. Theref ting 255 g
ion (p7 ijl a J) € , is unique. erefore, setting - - =

=0fori=1,---,n, whose solution, for a fixed initial condi-

on each intersection, these normal coordinates (U, (z',---,z™)) gen-
erate a unique atlas over M for which the changes of coordinates are
restrictions of elements of Aff(R™). O

In general, determining whether a smooth manifold admits a flat
affine structure or not is a difficult question, and there are obstructions
for the existence of said structures.

Example 2.6. We list some manifolds that do not admit flat affine
structures:

e Compact simply connected manifolds (see [7]).
o Compact manifolds with finite fundamental group (see [2]).

e In particular for n > 1 the real n-sphere S™, the real projective
space RP" and the group of rotations O(n)* do not admit flat
affine structures.

Further topological obstructions for the existence of a flat affine
structures are listed in [24].
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Remark 2.7. There is no direct relation between the notion of affine
variety as given in algebraic geometry (namely a set cut out by polyno-
mial equations) and the definition of affine manifold in the way that we
present it (when a manifold admits an affine structure). For example,
for n > 1 the n-dimensional real sphere S™ is an affine algebraic variety
but is not a flat affine manifold in the sense of our definition.

3 Flat affine Lie groups

In what follows G denotes a connected real Lie group. For each o € G,
we denote by L, : G — G the map left multiplication by ¢ in G, that
is, the map defined by 7 +— L, (7) = o7. The tangent space T.G of G at
the identity and the Lie algebra of left invariant vector fields X;(G) on G
are isomorphic vector spaces as follows. For each x € T.G, we associate
the left invariant vector field x* defined by

d

+ = (L = —
l‘o’ ( U)*7€(x) dt o

(0 - expg(tr)),

for all o € G. Under this isomorphism we give a structure of Lie algebra
to g = T.G and call it the Lie algebra of G.

A linear connection V on G is called left invariant if L, is an affine
transformation of (G, V) for all ¢ € G. More precisely, we must have

(Lo-1)s (V(£,).x(Lo):Y) = VXY,

for all X,V € X(G) and 0 € G. From this definition it follows imme-
diately that a connection V on G is left invariant if and only if for all
zt yt € X/(G) we have V +yt € X(G).

Lemma 3.1. There exists a bijective correspondence between left invari-
ant linear connections on G and bilinear maps on g.

Proof. 1If V is a left invariant linear connection on G, then the assignment
-1 gxg— g given by (z,y) = z-y = (VeryT)(e) for all z,y € g,
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defines a bilinear map on g. Conversely, suppose that - : g x g — g is
a bilinear map on g. Define V on G as the linear connection such that
Vetyt = (z-y)*t verifies

Vieryt = fzy)™  and Vo fy" =2t (fly" +f(z-y)", (31)

for all z,y € g and f € C*°(G). Since the left invariant vector fields
determine an absolute parallelism over G, we have that X;(G) generates
X(G) as a C*°(G)-module. Hence, each smooth vector field over G can
be written as a C°°(G)-linear combination of left invariant vector fields.
Using this fact together with the identities exhibited in (3.1) we can
easily conclude that V is a left invariant linear connection on G. O

When there exists a left invariant flat affine connection V on G,
the pair (G, V) is called a flat affine Lie group. To characterize flat
affine Lie groups and to study their structure is an open problem which
was proposed by J. Milnor in [20]. The following characterization of flat
affine Lie groups was given in [10] and [15].

Theorem 3.2 (Koszul and Medina). Let G be a connected n-dimensional
real Lie group, g its Lie algebra and G its universal covering Lie group.
Then, the following are equivalent.

1. There exists a left invariant flat affine connection on G.

2. There exists a bilinear map - : g X g — g on g such that

[z, yl=2-y-y-2 (3.2)
and

L[Ly] = [LCMLy]g[(g)a (3.3)
for all x,y € g, here L, : g — g is the map defined by y — L, (y) =
T y.

3. There exists a real n-dimensional vector space V and a Lie group
homomorphism p: G- Af(V) such that the left action ofé over
V defined by o - v = p(c)(v) for all (o,v) € G x V, allows a point
having open orbit and discrete isotropy.
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Proof. We first show that 1 implies 2. Let V be a left invariant flat affine
connection on G. By Lemma 3.1 we have that L, (y) = z-y = (Va+y7)(e€)
defines a bilinear map on g. Substituting this equality into the formulas
of torsion and curvature (2.1)-(2.2) for V, we obtain identities (3.2) and
(3.3), respectively.

To get 2 implies 3, suppose that there exists a bilinear map - :
g X g — g on g satisfying (3.2) and (3.3), where L, : g — g is the linear
map defined by y — L,(y) = x -y, for all ,y € g. Then the map
0 : g — aff(g), defined by = — (z,L;), is a well defined Lie algebra
homomorphism. This follows from the fact that (3.2) and (3.3) imply
that the map L : g — gl(g), defined by « — L,, is a well defined Lie
algebra homomorphism which satisfies [z,y] = Lg(y) — Ly(z) for all
z,y € g. On the other hand, for 0 € g the map ¥y : g — g given
by x — x4+ L,(0) = z is a linear isomorphism. Thus, by means of
the exponential map of G, we obtain a homomorphism of Lie groups
p: G — Aff(g) given by 0 — (Q(0), F,), where for o = expg(x) we have

Qo) =)

k=1

N“)—n

!(Lx)k_l(x) and F, = Exp(L,) = kz %(Lgﬂ)k.
=0

Since 1) is surjective, the orbit of 0 € g by the left action of G over
g, defined by o -0 = Q(o) + F,(0) = Q(o) for all o € G, is open.
Moreover, by the injectivity of g it follows that the isotropy of 0 € g
by the given action is dicrete. The latter implies that the orbital map
TG = Orb(0), given by o — Q(o), is a local diffeomorphism and
hence a covering map (see [15]).

Finally let us show that 3 implies 1. Let V' be a real vector space
of dimension n and assume that there exists a Lie group homomorphism
p: G — Afi(V), defined by o — (Q(c), F,), which admits a point v € V
with open orbit and discrete isotropy for the action of G on the left over
V induced by p. The latter implies that the map F' : G — GL(V) defined
by ¢ — F,, is a Lie group homomorphism and @ : G — V, given by
o — Q(0), is a smooth map that satisfies

QoT) = Qo) + F+(Q(7)),
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for all 0,7 € G. Moreover, the orbital map 7 : G — Orb(v) given
by o — Q(o) + F,(v) is a local diffeomorphism. Differentiating at the
identity of G, we obtain the Lie algebra homomorphism 6 : g — aff(V)
given by x — (q(x), f,) for all € g, where the map f : g — gl(V)
defined by = — f,, is a Lie algebra homomorphism and ¢ : g — V, given

by « — ¢(z), is the linear map

q([z,y]) = fz(a(y)) — fy(q(2)), (3.4)

for all z,y € g. Moreover, the map 1, : g — V defined by = — q¢(x) +
f=(v) is a linear isomorphism. Now, for each © € g we define

Lz=7/)510fx0¢v~

Since f : g — gl(V) is a Lie algebra homomorphism, we have L, ,; =
[Lay Lylgi(g) for all 7,y € g. On the other hand, since ¢ : g — V satisfies
(3.4), we conclude [z,y] = L,(y) — Ly(z) for all ,y € g. Therefore,
using Lemma 3.1, we obtain that the linear connection V defined by

Veryt = (z-y)* = (La(y)",

for all z,y € g, is a left invariant flat affine connection on G. Using the
linear isomorphism %, it can be easily drawn that the Lie algebra ho-
momorphisms in g — aff(V') defined by z — (z, L,) and = — (q(z), fz)
are isomorphic. O

Example 3.3. Dimension 2. Recall that the Lie group of affine transfor-
mations of the real line is given by the product manifold Aff(R) = R* xR,
with product (a,b)-(¢,d) = (ac,ad+b). Its Lie algebra is identified with
the vector space aff(R) = Vectg{e1, ez} with Lie bracket [eq, es] = eo.
Next we introduce is a family of left invariant flat affine connections on
Aff(R) which are not isomorphic. For « real, set

Ve;ref = aef, Vej@_ =ef, Ve;ef' = Ve;e; =0.

0 0 . . .
Here e = 2—— and ej = z— are the left invariant vector fields associ-

Or oy
ated to e; and es, respectively. A description of left invariant flat affine

structures over Aff(R) can be found in [18].
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Example 3.4. Dimension 3. The Heisenberg Lie group of dimension
3 is given by the set of matrices

1 =z
Hs = 0 1 z,y,z€R
0 0

— QW

The Lie algebra of Hj is identified with h3 = Vectr{e1,ez2,e3} with
Lie bracket [e1,es] = e3. The following is a left invariant flat affine
connection on Hs:

e e 82 e 62
0 0 0 0
The vector fields e] = 2’ ey = a—y + x&, and eg =55 denote the

left invariant vector fields associated to e, es and eg, respectively.

Example 3.5. Dimension 4. The product manifold R x, R® has the
structure of a Lie group given by the semidirect product of the Abelian
Lie group (R3,+) with (R, +) via the Lie group homomorphism

p: R — GL(R?)

et 0 0
t— [0 et 0
0 0 1

Next we introduce a family of flat left invariant affine connections on
R, R3:
_ _ _ + ot
V62+ —Ve;r —VSI—O, Vefel =oeq,
+ _ _+ + _ o+ + _
Veres =e5, Voreg =—e3, V ey =0,
for all @ € R. The vector fields

0 0 0
+ _ Lt + —t
5 2 =€ O

ox

el
determine a basis for X;(R x, R?).
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Recall that a Lie group G is called semisimple if its Lie algebra
decomposes into a direct sum of simple Lie algebras. An interesting
result, due to C. Chevalley and S. Eilenberg (see [6]) states that a Lie
algebra g is semisimple if and only if we have H(g,6) = 0 for every real
representation 6 of g over a finite dimensional vector space. Accordingly,
we have the following beautiful result of A. Bon-Yau Chu in [4].

Theorem 3.6 (Bon-Yau Chu). Let G be a real semisimple Lie group.
Then G does not admit a left invariant flat affine connection.

Proof. Let G be a semisimple real Lie group of dimension n and g its Lie
algebra. Since g is semisimple, its derived ideal satisfies g = [g, g]. This
implies that every linear representation 6 of g on a finite dimensional
vector space has trace tr(6(z)) = 0 for all x € g. Suppose that there
exists a left invariant flat affine connection V on G. Then, by Theorem
3.2, the map L : g — gl(g) defined by « — L,, where L, : g — g is
the linear map given by y — L,(y) = x -y = (Vz+y7)(¢), is a linear
representation of g on the vector space g. We denote by CP(g, L) and
HP(g, L) the spaces of p-cochains and the p-th cohomology group of g
associated to the linear representation L, respectively. We define ~ €
Cl(g,L) by v(z) = x for all z € g. Then, since V is torsion free and left
invariant, we have

dy(z,y) = Lo(7(y)) — Ly(v(z)) = v([z,9]) =2y —y -2 — [2,y] =0,

for all x,y € g. Therefore, we have dy = 0. Since g is semisimple, we
obtain H'(g, L) = 0. Hence, there exists z € C°%(g,L) = g such that
x = y(x) = dz(x) = Ly(2) for all x € g. Once again, since the torsion
tensor of V is null we reach

x=Ly(2)=x-z=z-2—[z,2] = (L, — ad,)(z),

which implies the relation L, = I +ad,, where I and ad are the identity
map and the adjoint representation of g, respectively. Since L and ad
are linear representations of g, we obtain 0 = tr(L,) = tr(I) + tr(ad,) =
dim(g) = n, which is a contradiction. O
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Example 3.7. The special linear group SL(n,R), the special orthogonal
group SO(n,R) and the symplectic linear group Sp(n,R) do not allow a
structure of flat affine Lie group, given that they are semisimple.

4 Flat pseudo-Riemannian manifolds

Our next objective is to study left invariant flat affine structures over Lie
groups in the case when these structures are compatible with a pseudo-
Riemannian metric. To do so, we introduce the following structures
from Riemannian geometry. Let M be a smooth connected paracompact
manifold of real dimension n. For each p € M, we denote by L2(TpM ,R)
the set of all bilinear maps 3 : T, M x T,,M — R. Recall that the index
v of a symmetric bilinear form £ on a real finite-dimensional vector space
V' is the largest integer that is the dimension of a subspace W C V on
which S|w is negative definite. Equivalently, if 8 is also non-degenerate,
the index v of V is the number of —1 in the diagonal of the matrix
representation of 5 with respect to any orthonormal basis of V.

A pseudo-metric g on M is an assignment p — g, € L?(T,M,R)
such that the following conditions are met:

1. gp(Xp, Yy) = gp(Yp, X,p) for all X,,.Y, € T,M,
2. gp is non-degenerate for all p € M,

3. if (U, (z',--- ,2™)) is a chart of M, the coefficients g;; of the local
representation

n
9p = Z 9ij(p) - dz*], @ da’|p,
ij=1
are smooth functions,
4. the index of g, is the same for all p € M.

In other words, a pseudo-metric is a field of tensors of type (0,2) that
is symmetric, non-degenerate and of constant index. The pair (M, g),
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where ¢ is a pseudo-metric on M, is called a pseudo-Riemannian
manifold.

The common index v of g, in a pseudo-Riemannian manifold (M, g)
is the index of M. When v = 0 we say that (M, g) is a Riemannian
manifold. In such case g, determines an inner product over T,,M for
all p € M. On the other hand, when v = 1 and n > 2 the pair (M, g)
is called a Lorentzian manifold. In the first case, the signature of g
is (0,n) while in the second case (1,m). A bilinear form over a finite
dimensional real vector space that satisfies the first two conditions of
our definition is called a scalar product. An inner product is a scalar
product that is positive definite.

A linear connection V on a pseudo-Riemannian manifold (M, g) is
said to be compatible with the pseudo-metric structure of M if it
satisfies Vg = 0, that is, if

X g(Y,2)=g(VxY,Z2)+g(Y,VxZ), (4.1)

for all X,Y,Z € X(M). The following result is usually called the Fun-
damental theorem of pseudo-Riemannian Geometry.

Theorem 4.1 (Levi-Civita). Given (M,g) a pseudo-Riemannian man-
ifold, there exists a unique linear connection V on M that is compatible
with the pseudo-metric structure of M and has vanishing torsion tensor.
Such a linear connection is characterized by the Koszul formula

29(VxY,Z) =X-g(Y,2)+Y -9(Z,X)-Z -g(X,Y)+
_Q(X7 [Y7Z])+9(Y7 [Z7X])+Q(Zv [X7Y])7
forall XY, Z € X(M).

The linear connection of Theorem 4.1 is called the Levi-Civita
connection. It is important to observe that the Koszul formula implies
that the Christoffel symbols associated to the Levi-Civita connection
satisfy the relation

= 1 (Ogri | Ogjr  0gji
S gl = 5 (i Ok S5 4.2
— JiZ5i =5 (63:3 + ozt Oxk )’ (42)
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for all 7,5,k = 1,--- ;n. When the curvature tensor of the Levi-Civita
connection V associated to a pseudo-Riemannian manifold (M, g) van-
ishes, the pseudo-metric g is called flat, and the pair (M, g) is a flat
pseudo-Riemannian manifold.

The basic model of flat pseudo-Riemannian manifolds is the space
(R?, g¥, V) where R equals R™ with pseudo-metric g§ of index v with
0 < v < n, defined by

90 = —dej ® da’ + Z dr? ® da’.
J=1 Jj=v+1

A simple computation shows that the usual linear connection V°
of R™ is the Levi-Civita connection associated to gj. When v = 0, the
pseudo-Riemannian manifold R reduces to R™. On the other hand,
for v = 1 and n > 2, the manifold R} is known as the n-dimensional
Minkowski space. The Lorentzian manifold (R}, g3) is the basic model
for relativistic space-time.

An isometry between two pseudo-Riemannian manifolds (M, g1)
and (Ms, g2) is a diffeomorphism f : My — M, satisfying f*gs = g1,
that is,

(92) p(p) (Fip(Xp), Fip(Yp)) = (91)p(Xp, Yp),

for all X,,,Y, € T,M; with p € M;.

Remark 4.2. If (M, g) is a pseudo-Riemannian manifold and f: M —
M is an isometry, the uniqueness of the Levi-Civita connection V asso-
ciated to g implies that f is an affine transformation of (M, V). More
precisely, we have

[ (Ve x[Y) = VxY, (4.3)

for all X,Y € X(M) (see [11, p.161]).

If O(n,R) denotes the linear orthogonal group, the group of isome-
tries of (R, go) is the Lie group OAff(R™) = R™ x74O(n,R) determined
by the semi-direct product of the Abelian Lie group (R™, +) and the or-
thogonal group O(n,R) via the identity representation. An important
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consequence of Theorem 2.5 to the case of Riemannian manifolds, which
can be proven in a similar way, is the following result (see for instance

[20]).

Proposition 4.3. A real smooth manifold M of dimension n admits a
flat Riemannian metric if and only if there exists an atlas {(Uy, 0a)}tact
of M for which the changes of coordinates are restrictions of the elements
of the group of isometries of (R™, go); that is, for each o, € J with
UoNUg # 0, there exists 0,5 € OA[f(R™) such that

1 _
PB O Pa ‘@a(UQQU@) = Uaﬂ|%(UamU,3)-
O

For the next examples, we denote by G; the discrete subgroup of
OAff(R?) which acts freely and properly discontinuously over R?, for
j = 1,2,3,4. Recall that in such a case the quotient manifold RQ/GJ-
admits an affine structure whose changes of coordinates are restrictions of
elements of G; (see [22, p. 349]). There exists four types of flat complete
2-dimensional Riemannian manifolds other than (R2, g) they are given
in the following example. See for instance [11, p.209-224] for further
details.

Example 4.4. Ordinary cylinder. Let GG be the set of transformations
of R? defined by

Cn(z,y) = (x+n,y), foral neZ.

The quotient manifold R?/G; determined by the action of Gy over R?
is diffeomorphic to the ordinary cylinder S* x R.

Example 4.5. Ordinary torus. Consider the set G5 of transformations
of R? given by

T (x,y) = (z+ma+n,y +mb),

for all n,m € Z and a,b € R, b # 0. The quotient manifold R?/Go
determined by the action of G5 over R? is diffeomorphic to the ordinary
torus.
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Example 4.6. Infinite Mobius band. We denote by G3 the set of trans-
formations of R? defined by

Mn(xvy) = (‘r +n, (_1)ny)’

for all n € Z. The quotient manifold R?/G3 determined by the action of
G5 over R? is diffeomorphic to the infinite Mébius band.

Example 4.7. Klein bottle. Let G4 be the set of transformations of R?
given by
Kg,m(xﬂ y) = (1‘ +n, (_1)ny + bm)7

for all n,m € Z and b € R\{0}. The quotient manifold R?/Gy deter-
mined by the action of G4 over R? is diffeomorphic to the Klein bottle.

The existence of partitions of unity for M helps us guaranty the
existence of Riemannian metrics on M. Nevertheless, partitions of unity
do not allow us to prove the existence of pseudo-metrics on M with index
at least 1. In fact, there are topological obstructions to the existence of
such pseudo-metrics. For example, a compact manifold M admits a
Lorentzian metric if and only if its Euler characteristic x(M) is equal
to zero. This because in such cases we can guaranty the existence of a
nowhere vanishing vector field on M (see [14] or [25, p.207]). The only
compact two dimensional surfaces satisfying this condition are the torus
and the Klein bottle.

5 Flat pseudo-Riemannian Lie groups

Let G be a real connected Lie group of dimension n and g its Lie algebra.
The goal of this section is to discuss the open problem proposed by J.
Milnor in [20] of describing left invariant flat affine structures in the case
when G admits left invariant flat pseudo-metrics.

A pseudo-metric p on G is called left invariant if L}y = p for all
o € G. In other words, u is left invariant if L, is an isometry of (G, u)
for all o € G. The pair (G, ), where p is a left invariant pseudo-metric
on G, is called a pseudo-Riemannian Lie group.
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There is a faithful correspondence between left invariant pseudo-
metrics on G and scalar products on g, depicted as follows. If p is a
left invariant pseudo-metric on G, then p. : g x g — R defines a scalar
product on g. On the other hand, given a scalar product pg: gx g — R
for g, as a consequence of the chain rule, we can define a left invariant
pseudo-metric g on G by the formula

,UU(XU’ YU) = MO((Lcrfl)*,U(XU)’ (L071)*,0(Y0)), (51)

for all X,,Y, € T,G with o € G. If (G, 1) is a pseudo-Riemannian Lie
group, identity (4.3) implies that the Levi-Civita connection V associ-
ated to p is a left invariant linear connection. On the other hand, since
w is a left invariant pseudo-metric we get

Ma($;7y;_) = o (Lo )s,e(®), (Lo )we(y) = pe(z, ),

for all x,y € g. This implies that the map u(z",y") : G — R defined by
o+ pe(x},yl), is constant for all z*,y* € X;(G). Therefore, putting
z-y=Ly(y) = (VeryT)(e) for z,y € g, we have

[,y =2 -y—y-z and (5.2)

pe(La(y), 2) + pe(y, La(2)) = 0, (5:3)

for z,y,z € g. The bilinear map - : g X g — g defined by -y = L, (y) =
(Va+yT)(€) is called the Levi-Civita product. The Koszul formula
implies that the Levi-Civita product is characterized by the expression

pe(La(y), 2) = %(ue([x,yL z) = pe(ly, 2], x) + pe([z,2],9)),  (5.4)

where z,y,z € g.
A pseudo-Riemannian Lie group (G, u) is called flat if the curvature
tensor of the Levi-Civita connection associated to p is identically zero.
Let (V, ug) be a real finite-dimensional vector space with a scalar
product po. The group of orthogonal transformations of (V, o),
denoted by O(V, o), is defined as the set of transformations T : V — V
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which satisfy po(T(z),T(y)) = po(z,y) for all z,y € V. It is a Lie
group whose Lie algebra is the set o(V, po) of endomorphisms ¢ : V. — V
verifying the identity po(t(z),y) + po(z,t(y)) = 0 for all z,y € V. The
group of isometries of (V, 1), denoted by OAff(V), is defined as the
semi-direct product V' x4 O(V, ug) of the Abelian Lie group (V,+) and
O(V, o) via the identity representation.

Remark 5.1. If (G,p) is a flat pseudo-Riemannian Lie group and V
is the Levi-Civita connection associated to p, the map L: g — o(g, ttc)
defined by « — L,, where L,: g — g is the linear map defined by
L. (y) = (Varyt)(e) for all z,y € g, is a well defined Lie algebra homo-
morphism.

We can now have a first characterization of flat pseudo-Riemannian
Lie groups as given by A. Aubert and A. Medina in [1].

Proposition 5.2 (Aubert-Medina). Let G be a real connected Lie group
of dimension n, g its Lie algebra, and G its universal covering Lie group.
Then, the following are equivalent.

1. There exists a left invariant flat pseudo-metric on G.

2. There exist a scalar product po : g X g — R and a bilinear map
-1 g xg— g overg such that (5.2) and (5.3) are satisfied together
with L[»L,y] = [Lm,Ly]g[(g)} forallz,y € g.

3. There exist a real n-dimensional vector space (V, uo) together with
a scalar product po and a Lie group homomorphism p : G —
OAff(V, o) such that the left action ofé over'V defined by o-v =
p(o)(v) for all (o,v) € G x V admits a point with open orbit and
discrete isotropy.

Proof. We first prove that 1 implies 2. If (G, u) is a flat pseudo - Rie-
mannian Lie group and V is the Levi-Civita connection associated to
1, from our previous observations we know that u. and the Levi-Civita
product associated to V satisfy the required identities.
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To see 2 implies 3 recall the proof of Theorem 3.2. By hypothesis,
the map 6: g — gx;q40(g, po) defined by x — (z, L) for all z € g is a well
defined Lie algebra homomorphism. Therefore, using the exponential
map of GG, we obtain a homomorphism of Lie groups p: G — OAff(g, o)
for which 0 € g is a point with open orbit and discrete isotropy for the
left action of G over g defined by o - z = p(c)(z) for all (o,2) € G x g.

Finally 3 implies 1. Let p: G — OAff(V, 1) be a homomorphism of
Lie groups, defined by o — (Q(0), F,,) for all o € é, where (V, po) is a
real vector space of dimension n together with a scalar product g such
that the orbital map 7: G — Orb(v) defined by ¢ — Q(o) + F,(v) is
a local diffeomorphism for some v € V. Differentiating on the identity
of G, we obtain a Lie algebra homomorphism 6: g — g x;q 0o(V, o)
given by z — (q(z), f.), where the linear map ,: g — V defined by
x +— q(z)+ fz(v) is an isomorphism. Now, define on g the scalar product
1to and the bilinear map - respectively by

/76(1:7 y) = MO('(/)v (x)’ wv(y))

and
szi/Jv_lowal/)W ny'y:Lw(y)’

for all x,y € g. If p denotes the left invariant pseudo-metric on G induced
by po through Formula (5.1), it is easy to check that - is the Levi-Civita
product associated to the Levi-Civita connection determined by p, given
that we have f, € o(V, o) for all x € g. Therefore, as in the proof of
Theorem 3.2 we conclude that p is a left invariant flat pseudo-metric on

G. O

The following result allows us to determine when the Levi-Civita
connection associated to a left invariant flat pseudo-metric is geodesically
complete. Recall that a linear connection V over a smooth manifold M
is geodesically complete if for any initial condition (p, X,,) € TM its
geodesics are defined for all t € R. If (G,V) is a flat affine Lie group,
J. Helmstetter showed in [8] that V is geodesically complete if and only
if tr(R,) =0 for all = € g, here R, : g — g is the linear map defined by
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R.(y) = (Vy+at)(e) for all z,y € g. On the other hand, a Lie group
G is called unimodular if its left invariant Haar measure is also right
invariant. J. Milnor showed in [19] that a Lie group G is unimodular
if and only if det(Ad,) = £1 for all 0 € G. If G is connected, this is
equivalent to requiring tr(ad,) = 0 for all = € g (compare [19]). For the
next result see [1].

Theorem 5.3 (Aubert-Medina). Let (G, p) be a connected flat pseudo-
Riemannian Lie group. Then the Levi-Civita connection associated to p
is geodesically complete if and only if G is unimodular.

Proof. Let V be the Levi-Civita connection associated to the left invari-
ant flat pseudo-metric u. We denote by L,(y) =z -y = (V,+y")(€) the
Levi-Civita product on g associated to V. If u. is the scalar product on
g induced by p, we have

pre(Lz(y), 2) + pe(y, Lz(2)) = 0,

for all z,y,z € g. This implies that L, is antisymmetric with respect
to . Therefore, if L’ : g — g denotes the adjoint operator of L, with
respect to p., we have L} = —L, for all x € g. On the other hand,
if g* denotes the dual space associated to g and ‘L, : g* — g* is the
transposed of the linear map L,, the linear isomorphism ¢: g — g*
defined by ¢(x) = p(z,-) where p(x)(y) = pe(z,y) for all z,y € g, fits
into the following commutative diagram for all z € g

QH

©

B Sl )

*

*

©
g /=9

L;
th

thus, we have L = ¢! o L, o ¢ and so
—tr(L,) = tr(LE) = tr(p ' of Ly 0¢) = tr(*L,) = tr(L,),

for all € g. This implies tr(L,) = 0 for x € g.
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Now suppose that V is geodesically complete. Since this is a left
invariant flat affine connection, we have tr(R,) = 0, where R,: g — g is
the linear map defined by R,(y) = y -« for all z,y € g. On the other
hand, identity (5.2) implies ad, = L, — R,, and therefore we get

tr(ad;) = tr(L, — R,) = tr(Ly) — tr(R;) =0,

for all x € g, which shows that G is a unimodular Lie group.
Reciprocally, if G is a unimodular Lie group, we have tr(ad,) = 0
for all z € g. As we have ad, = L, — R, and tr(L,) = 0, we obtain
tr(R;) = 0 for all z € g. From the fact that V is a left invariant flat affine
connection and tr(R;) = 0, we get that it is geodesically complete. [

Example 5.4. The group of affine transformations of the line Aff(R)
has a natural left invariant flat Lorentzian metric given by u = —Z(daz ®
x

dy+ dy ® dx). The Levi-Civita connection associated to p is determined
by the rules

+_ + ot +_ + _
Verel = —e], V61+62 =e;, Ve;el —Ve;eQ =0.

Since Aff(R) is not unimodular, we have that V is not geodesically com-

plete. The natural left invariant Riemannian metric on Aff(R) given by

1

fi = —(dr ® dz + dy ® dy) is also not flat. The Levi-Civita connection
T

associated to i is determined by
Verel =Vres =0, Vel =—e3, V,ieg =ef.

It is easy to verify that the curvature tensor of V is not identically zero.
As a consequence of Theorem 7.9 (of next section) it is possible to show
that there does not exist left invariant flat Riemannian metrics on Aff(R).

Example 5.5. Over the Heisenberg group Hj3, we can define a left
invariant flat Lorentzian metric by

p=dr®dz+dy®@dy+dz®de — z(dx ® dy + dy @ dz).

Pro Mathematica, XXX, 60 (2019), 11-50, ISSN 2305-2430 33



Fabricio Valencia

The Levi-Civita connection associated to p is determined by
_ _ + _ + _ + + _
Ver = Ve; =0, Vel =—e3, Vey =ef, Vey =0.

Since Hj is unimodular, we have that V is geodesically complete. If
Hy,, 11 denotes the Heisenberg group of dimension 2n+1 for n € N, then
Hsy, 41 is a flat pseudo-Riemannian Lie group if and only if n = 1 (see

[1])-

6 The classical pseudo-Riemannian cotan-
gent Lie groups of connected flat affine
Lie groups

A simple construction that allows us to obtain flat pseudo-Riemannian
Lie groups starting out with connected flat affine Lie groups is the fol-
lowing (see [1]).

Let (G,V) be a connected affine flat Lie group of dimension n, g
its Lie algebra, and G its universal covering Lie group. Since V is a
left invariant flat affine connection, the map L: g — gl(g) defined by
x > Ly, where L;(y) = x -y = (Vyryt)(e) for all z,y € g, is a Lie
algebra homomorphism. The dual representation associated to L is the
Lie algebra homomorphism L*: g — gl(g*), defined by z + L% = —'L,,
where L (a) = —ao L, for all a € g*. Using the exponential map of G,
we obtain a Lie group homomorphism ®: G — GL(g*) via expg(z) —

oo

Bexpg(e) = 3 1 (L), namely
k=0
bo(o)= 5| @) =L,

for all x € Lie(é) = g. Therefore, the product manifold T*G = G x g*is
endowed with the structure of a Lie group given by the semidirect prod-
uct of G with the Abelian Lie group (g*,+) through ®; more precisely
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we have

(0,a) - (7,8) = (o7, 2(0)(B) + ),
for all 0,7 € G and «, B € g*. The Lie group TG = G xg g* is called
the classical pseudo-Riemannian cotangent Lie group associated
to the flat affine connected Lie group (G, V).

Here the term ‘classical’ stands in contrast to the more general con-
struction of twisted cotangent Lie groups as used by A. Aubert and
A. Medina (see [1]). The Lie group T*G is then characterized by the
following result.

Proposition 6.1 (Aubert-Medina). The Lie algebra of T*G = G xo g*
is the product vector space g X 1, g* with Lie bracket

[(z, ), (y,8)] = ([z, y], L(B) — Ly(a)), (6.1)
forall x,y € g and o, 5 € g*. Moreover,
w((z,a),(y,a)) = aly) + B(z), (6.2)

for all x,y € g and a,B € g*, is a scalar product over g xp g* with
signature (n,n) which, by formula (5.1), defines a left invariant flat
pseudo-metric T*G whose Levi-Civita connection is determined by

v(x,a)*(%a)-i_ = (w : y,L;(ﬁ))+7
forallz,y € g and o, 8 € g*.

Proof. As the Lie group structure of T*G is given by a semidirect prod-
uct, it is simple to check that its Lie algebra is the vector space g x, g*
with Lie bracket given by (6.1). On the other hand, as the Levi-Civita
connection is unique, the proof of the last statement is an immediate
consequence of Proposition 5.2. O

A more general construction appears in the study of the twisted
pseudo-Riemannian cotangent Lie group of a connected flat affine Lie
group (see [1, Proposition 2.1]).
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Remark 6.2. If G is simply connected flat affine Lie group, then TG
is a trivial vector bundle isomorphic to the cotangent bundle 7*G of G.
It is well known that there is a natural way to associate a structure of
Lie group to T*G given that it is isomorphic to the trivial bundle G x g*
through the vector bundle isomorphism

TG — G xg*
(07 ao‘) — (Ua Qg O (LU)*7€)'

If Ad*: G — GL(g*) denotes the co-adjoint representation of G, then
the product manifold G x g* has a Lie group structure given by the
semi-direct product of G with the Abelian Lie group g* through Ad*;
consequently we have

(0,0) - (7,8) = (07,Ad;(8) + a), (6.3)

for all o,7 € G and «, 8 € g*. Therefore, T*G has the structure of a
Lie group induced by (6.3). If ad*: g — gl(g*) denotes the co-adjoint
representation of g, the Lie algebra of T*G is the product vector space
g Xgg+ g with Lie bracket

(=, ), (9, 8)] = ([, ylg, ad(8) — ad,(a)), (6.4)

forall z,y € g and o, 8 € g*. As G is a simply connected Lie group, then
it is elementary to verify that T*G is locally isomorphic to the cotangent
bundle T*G as Lie groups if and only if the maps L*: g — gl(g*) and
ad”: g — gl(g*) are isomorphic representations, that is, there exists a
linear isomorphism ¢ : g* — g* such that ad} o4 = ¢ o L% for all
x € g. In this case, the linear map [ : g X ¢* — g Xaq+ g defined by
(z,a) — (z,v¥(w)) is a Lie algebra isomorphism.

7 Orthogonal Lie groups

In this section we will study some elementary properties of those Lie
groups which have bi-invariant pseudo-metrics. These will be called
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orthogonal Lie groups (see the definition a few lines down). To study
the main characteristic of orthogonal Lie groups we introduce the notion
of orthogonal Lie algebra which we will be used in the method of
double orthogonal extension described by A. Medina and Ph. Revoy
(see [17]).

We describe how to construct the oscillator Lie algebra of the oscil-
lator Lie group which appears in various branches of Physics and Math-
ematical Physics and give rise to particular solutions of the Einstein-
Yang-Mills equations (see [13]). Finally, we will provide another char-
acterization of flat Riemannian Lie groups due to J. Milnor (compare
[19]).

For each o € G, we denote by R,: G — G the right multiplications
by o in G, which is defined by R,(7) = 7o for all 7 € G.

A pseudo-metric ¢ on G is right invariant if RXuy = p for all
o € G. In other words, u is right invariant if R, is an isometry of (G, u)
for all 0 € G. A pseudo-metric p on G is called bi-invariant if it is left
invariant and right invariant. The pair (G, ), where p is a bi-invariant
pseudo-metric over G, is called an orthogonal Lie group.

If i is a left invariant pseudo-metric on G, it is easy to show that u
is right invariant if and only if

He (Ada (Z‘), Ad, (y)) = He (J?, y) (71)

holds for all o € G and z,y € g. This implies in the context that y is right
invariant if and only if the adjoint representation of g is antisymmetric
with respect to .. The latter implies ad, € o(g, p) for all z € g, namely

ue([x,y], Z) + /Le(ya [Iv Z]) =0, (72)

for all z,y,z € g.

A scalar product over g which satisfies identity (7.2) is called an in-
variant scalar product. A pair (g, 110), where g is a finite dimensional
real Lie algebra and pg is an invariant scalar product over g is named
an orthogonal Lie algebra.
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If po is an invariant scalar product over g, the left invariant pseudo-
metric defined by the formula (5.1) is also right invariant. On the other
hand, if (G, u) is an orthogonal Lie group, the Koszul formula reduced
at the identity (5.4) and expression (7.2) imply that the Levi-Civita
connection V associated to u is determined by

1
vm+y+ = i[xay]+7 (73)

for z,y € g. Moreover, as a consequence of the Jacobi identity in g, it
follows that the curvature tensor of V is given by the expression

Ro(at,yt)st = —i[[x,y],z]t (7.4)

with z,y, z € g.

Remark 7.1. A left invariant linear connection on G is called a Cartan
0-connection if for all x € g, the 1-parameter subgroups of G and the
geodesic curves of V determined by the initial condition (e,z) € G x g
coincide. It is easy to see that every Cartan 0-connection is geodesically
complete. Moreover, there exists a unique Cartan 0-connection on G
with vanishing torsion, as it is completely determined by Equation (7.3)
(see [21, p. 72]).

As an immediate consequence of Identity (7.4) we have the following
result (see for instance [1]).

Proposition 7.2 (Aubert-Medina). Let (G,p) be an orthogonal Lie
group. The bi-invariant pseudo-metric p is flat if and only if G is a
2-nilpotent Lie group. (I

Example 7.3. Semisimple Lie groups. Let G be a semisimple Lie group.
It is well known that G is a semisimple if and only if the Killing form
of g, which we denote by k: g X g — R, defined by (z,y) — k(z,y) =
tr(ad, o ady) for x,y € g, is non-degenerate. Direct computation shows

k([z, 4], 2) = —k(y, [z, 2]),

for z,y, z € g. Therefore (g, k) is an orthogonal Lie algebra.
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Example 7.4. The cotangent bundle of a Lie group. Let G be a real
connected n-dimensional Lie group, g its Lie algebra, 7" G the cotangent
bundle of G, and g* the dual vector space of g. Recall that T*G is
isomorphic to the trivial bundle G x g* and this is endowed with a
natural Lie group structure given by

(0’ a) : (T, 6) = (UT’ Ad:(ﬁ) + a)? (75)

for all 0,7 € G and «, 8 € g*. Therefore, the Lie algebra of T*G is the
product vector space g Xqq+ g* with Lie bracket

[(z, ), (y,8)] = ([z,y]g, ad(8) — ad(a)), (7.6)

for all x,y € g and a, 8 € g*.
We define over g X 44+ g* the function

NO(($7a>7(y76)) :a(y) +ﬂ($), (77)

forall z,y € gand o, 8 € g*. It is easy to see that pg defines an invariant
scalar product over g X .4« g*, of signature (n,n), so that (g X4+ g%, to)
is an orthogonal Lie algebra.

Example 7.5. Oscillator Lie group. For A = (A1, ,\,) € R™ with
0< A\ <+ <\, the Moscillator Lie group, denoted by G, is deter-
mined by the product manifold R?**2 = R x R x C" endowed with the
product

(t, 8,21, y2n)  (t', 8,21, ,20) =

n
1 . . _
/ / — 1 i\t ! _iAt ! _idnpt
=|t+t,s+s —|—§§ Im(Zjz5e"™%), 21 + 21€7, - 2 + 2€"
=1

where ¢,t',s,5" € Ry 2;,2; € C for all j =1,---,n. The Lie algebra of
G, denoted by gy, is isomorphic to the vector space Re x R?” x Ré =
Vectg{e, ¢;,€;,é}j=1,... n , with Lie bracket

le,ej] = Nj€s, e, €5] = —Njej,  [ej, €5] = ¢,
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forall j=1,---n.

If £ = e+ ijej + Zyjéj + (Bé denotes an element of gy, the
j=1 j=1
function pg defined over gy x g by

n

1
po(z,y) = r(l‘jx;‘ +y;y;) +af +a'B
J

j=1

is an invariant scalar product over gy. This allow us to conclude that
G, is an orthogonal Lie group. The signature of the scalar product pg is
(1,2n+1) so that it determines, by means of Formula (5.1), a bi-invariant
Lorentzian metric over G.

Remark 7.6. The A-oscillators Lie groups are the only solvable simply
connected non-Abelian Lie groups that admit a bi-invariant Lorentzian
metric (see [16]). The oscillator 4-dimensional Lie group has its origin
in the study of the harmonic oscillator which is one of the simplest non-
relativistic systems where the Schrodinger equation can be completely
solved. Moreover, oscillator Lie groups are particular solutions to the
Einstein-Yang-Mills equations (see [13]). Over oscillator Lie groups there
exist infinitely many solutions to the Yang-Baxter equations (see [3]).

Example 7.7. A non-orthogonal Lie group: Aff(R). The Lie group
of affine transformations of the line Aff(R) is a classical example of a
non-orthogonal Lie Group. If there were an invariant scalar product pug
over aff(R), we will get

/j,o([.lf,y],Z) + Mo(y’ [a:,z]) =0,

for all z,y,z € g. If we replace here z = €1, y = es and z = e, we
obtain ug(er,ez) = 0. On the other hand, if we replace z = ey, y = es
and z = ey we get pg(es, ea) = 0. Therefore, the element e, is orthogonal
with respect to g to all elements of aff(R), which contradicts the fact
that po is non-degenerate. The bottom line is that there does not exist
an invariant scalar product over aff(RR).
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If G is a compact Lie group, using the Haar measure on G we can
construct a bi-invariant Riemannian metric over G (see [21, p. 340]). In
further generality, a connected Lie group G admits a bi-invariant metric
if and only if it is isomorphic to the Cartesian product of a compact
group and an additive vector group (see [19]). On the other hand, if
(g, o) is an orthogonal Lie algebra with an invariant inner product pg
and b is an ideal of g for each y in the orthogonal complement h-#o of
b with respect to po, we have

po([x, ], h) = —po(y, [z, h]) =0,

for z € g and h € h. This implies that h+o is also an ideal of g. There-
fore, by induction, have shown that g can be expressed as an orthogonal
direct sum of simple ideals (see [19]).

Remark 7.8. K. Iwasawa showed in [9] that if G is a connected Lie
group, then every compact subgroup is contained in a maximal compact
subgroup H, which is also connected. Moreover, topologically G is iso-
morphic to the Cartesian product of H with an Euclidean space R¥. For
(G, 1) a flat Riemannian Lie group, if we ignore for a moment the group
structure of G and think of it just as a Riemannian manifold, we have
that G is isometric to Euclidean space. Therefore, as a consequence of
Iwasawa’s theorem, every compact subgroup of (G, u) is commutative
(see [19]).

The following characterization of flat Riemannian Lie groups is due
to J. Milnor (see [19]).

Theorem 7.9 (Milnor). Let (G,u) be a Riemannian Lie group. The
metric u is flat if and only if the Lie algebra g decomposes as an or-
thogonal direct sum b ® u, where b is an Abelian subalgebra and u is
an Abelian ideal such that the linear maps ady are antisymmetric with
respect to pe for allb € b.

Proof. Suppose that (G,u) is a flat Riemannian Lie group. If V is
the Levi-Civita connection associated to u, then by Proposition 5.2, we
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know that the linear map L: g — o(g, pe) defined by « — L,, where
L.(y) =z -y= (Vgryh)(¢) for all z,y € g, is a well defined Lie algebra
homomorphism. We denote by u the kernel of L. Clearly u is an ideal of
g. Since the torsion tensor of V vanishes, we have [z,y] = L,(y) — Ly (z)
for all z,y € g. In particular, for u,v € u we have [u,v] = 0 and it
follows that u is an Abelian ideal. Let b be the orthogonal complement
of u with respect to p.. For each b € b we have the identity

adp(u) = [byu] = Lp(u) — Ly (b) = Ly(u),

for u € u. Given that u is an ideal of g, the linear map L; takes u onto
itself. Therefore, L; takes the orthogonal complement b to itself, and
since this is true for all b € b, we conclude that b is a Lie subalgebra
of g. On the other hand, since L is a Lie algebra homomorphism and
u = Ker(L), we have that b is sent isomorphically to a Lie subalgebra
L(b) of o(g, te). For simplicity, we denote L(b) also by b. Given that
o(g, pte) is the Lie algebra of the compact Lie group O(g, tc), which
admits a bi-invariant Riemannian metric, we deduce the existence of an
invariant inner product ug over o(g,ue). Since b is a Lie subalgebra
of o(g, 1), it is easy to verify that pg restricts naturally to an invariant
inner product over b. Therefore, b can be written as an orthogonal direct
sum by @ --- @ by of simple ideals. If any of these simple ideal, say b,
were non Abelian, then the corresponding simple Lie group G; must be
compact (see [19, Thm 2.2]) and the inclusion b; C b C g would imply
the existence of a nontrivial Lie group homomorphism G; — G. Hence,
G must contain a non-trivial compact subgroup, which is a contradiction.
Therefore, each b; must be Abelian and accordingly b is an Abelian Lie
subalgebra. Finally, since for each b € b the restriction of ad, to b is
the trivial map, whereas we have ad, = L; when restricting ad; to u, we
obtain ad, € o(g, i) for all b € b.

Reciprocally, suppose that the Lie algebra g decomposes as an or-
thogonal direct sum b @ u, where b is an Abelian subalgebra and u is
an Abelian ideal such that ady, € o(g, pe) for all b € b. As p, is non-
degenerate, the Koszul formula reduced to the identity (5.4) and both
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formulas (5.2) and (5.2) imply that the Levi-Civita product associated
to u. satisfies the identities

Lu = O, Lb = adb,

for all u € wand b € b. It is easy to verify that this implies L, ., =
(L, Lylgi(g) for all z,y € g. Therefore, by Proposition 5.2 we have that
1 is a left-invariant flat Riemannian metric. O

Example 7.10. Aff(R) does not admit a left-invariant flat Riemannian
metric. Recall that the Lie Algebra of Aff(R) is aff(R) = Vectg{e1,ea}
with Lie bracket [e;,e2] = ea. Suppose that Aff(R) admits a left-
invariant flat Riemannian metric p. Let V be the Levi-Civita connection
associated to p and L, (y) = (Vz+y7)(€) the Levi-Civita product deter-
mined by V. By Theorem 7.9 aff(R) decomposes as an orthogonal direct
sum b @ u where u = Ker(L) is an Abelian ideal of aff(R) and b is an
Abelian subalgebra of aff(R) such that ad, € o(aff(R), uc) for all b € b.
Given these conditions, it is clear that we have u = Res and b = Re;y.
Therefore, from ade, € o(aff(R), ue) we get pe(er, ea) = 0, and since

ez = [e1,ea] = L, (€2) — Ley(e1) = Le, (€2),

the condition L., € o(aff(R), u.) implies p.(e2,e2) = 0. Consequently,
€2 is orthogonal to every element of aff(R) with respect to p, which
contradicts the fact that u. is non-degenerate.

8 The double orthogonal extension

In what follows we describe a construction method known by the name
of double orthogonal extension which is due to A. Medina and Ph.
Revoy (compare [17]). This method provides, among other things, a way
to construct all finite-dimensional orthogonal Lie algebras. As an appli-
cation of the double orthogonal extension we indicate how to construct
the Lie algebra of the A-oscillator Lie group.
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Given an orthogonal Lie algebra (g, 1), the space of skew - sym-
metric derivations of g with respect to ug, denoted by Der,(g, ), is
defined as the set of derivations D: g — g that verify uo(D(x),y) =
—puo(z, D(y)) for all x,y € g. It is easy to check that Der,(g,u) is a
Lie subalgebra of Der(g). Suppose that there exists a Lie algebra ho-
momorphism : § — Der,(g, 1) for some Lie algebra §. Define the map
O:gxg—bh* by ®(z,y)(2) = po(¢.(x),y) for ,y € g and z € h. Such
a map is clearly bilinear. Moreover, since ¥, € Der,(g, 1) for all z € b,
we have that ® is skew-symmetric and satisfies

O([z,y], w) + ®([ly, w], ) + O([w, 2], y) = 0, (8.1)

for all z,y,w € g.
The properties of ® together with identity (8.1) tell us that ® defines
a 2-cocycle of the Lie algebra g with values in the vector space h* with
respect to the trivial representation of g by h* (see [6]). Therefore, the
product vector space gp = g Xgh* is a Lie algebra with Lie bracket given
by
(), (9 B)le = ([, tla» Bz, 1)),

for all z,y € g and o, 8 € h*. In what follows we denote by 7*: h —
gl(h*) the co-adjoint representation of h. For each z € b, we define the
map 0,: g xeh* = gxabh* by (z,a) — (¢Y,(x), 7 (a)) for all x € g and
a € h*. Since ¢¥: h — Dery(g, 1) is a Lie algebra homomorphism, it is
easy to verify they satisfy

T ( (2, y)) = D(Y=(x),y) + (z, ¥:(y)), (82)
for all z,y € g and z € . Formula (8.2) aids us to show that O, is a
derivation of the Lie algebra (g x b*, [, ]c) for each z € h, namely, we

get

0.([(z, ), (¢, B)le) = [O=(x, ), (y, B)le + (2, 2), O=(y, B)le,

for all z,y € g and «, 8 € h*. Therefore, the map ©: h — Der(g X
h*, [, ]c), defined by z — ©,, is a well behaved Lie algebra homomor-
phism. The vector space g: = h Xg (g X h*) has the structure of a Lie
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algebra given by the semidirect product of h with g &4 h* through the
Lie algebra homomorphism ©; in other words, the Lie bracket on g is
given explicitely by

(2,2, 0), (2,9, )] = ([2, 2Ny, = (y) — Yo (%) + [, g,

m2(B8) = 7o (a) + (z,y)),  (8.3)
for all z,y € g, 2,2’ € h and o, B € b*. Finally, over g x g we define the
function g as

po((z,2,0), (2,y, 8)) = po(@,y) + () + B(2), (8.4)

for all z,y € g, 2,2’ € h and o, 8 € h*. Since pg is an invariant scalar
product over g, a direct calculation shows that jg is an invariant scalar
product on g so that (g, ;o) is an orthogonal Lie algebra called the dou-
ble orthogonal extension of (g, 110) by b via .

Remark 8.1. If the signature of the invariant scalar product pg is (p, q),
then the signature of g is (p 4+ dim(h), ¢ + dim(h)).

Example 8.2. The cotangent bundle of a Lie group. If in the method
of double orthogonal extension we set g = {0}, it is easy to see that we
get g = b X+ b* with Lie bracket given by (7.6) and ug((z, @), (v, 3)) =
a(y) + B(x) for all x,y € h and «, B € h*. Therefore, the orthogonal
Lie algebra obtained is the Lie algebra of the cotangent bundle of the
connected and simply connected Lie group H with Lie algebra b.

Example 8.3. The Lie algebra of the A-oscillator Lie group. Let g =
R?" be considered as an Abelian Lie algebra and ug = (-,-) the usual
inner product on R?". Clearly (R?", 1) is an orthogonal Lie algebra.
We define the linear map §: R?® — R?" by

n+1 2n

! 27’1)'_)(_:6 X a‘rla"'7xn)

x=(z, - ,x

which satisfies

po(0(z),y) = — ij+nyj + ijyj-i-n = —po(z,6(y)),
j=1 j=1
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for all z, y € R?". If h = Re is a unidimensional Lie algebra, then the map
¥ Re — Derg (R?", ug) defined by te + v(te) = t6, is a well defined Lie
algebra homomorphism. Direct calculation shows that RZ" = (R?" x ¢
Re*, [+, -]C)Ais/isomorphic to the Heisenberg Lie algebra of dimension 2n+1
and that R2" = Re xg (R?" x g Re*) is the Lie algebra with bracket

le;ejl =d(e;) =€j,  [e, €] =0(€;) = —ej,  ej,€5] =¢",

for all j = 1,---,n. The invariant product g defined by R2" g given
by

fio(ve + o+ ae”,y'e+y + Be’) = po(z,y) + ' + B,

for all z,y € R?" and «,f,v,7Y € R. The orthogonal Lie algebra
(R27, o) is isomorphic to the A-oscillator Lie algebra with A; = 1 for all
j=1,--,n.

A slight modification of this construction allows us to obtain the Lie
algebra gy for A = (A, -+, An) € R™ with arbitrary 0 < A\ < -+ < \,.

Remark 8.4. A. Medina and Ph. Revoy proved in [17] that one can
inductively produce all orthogonal Lie algebras starting out with simple
and unidimensional ones by taking direct sums and double extensions.
More precisely, let g be an indecomposable orthogonal Lie algebra, that
is, an orthogonal Lie algebra that cannot be written as the direct sum
of two non-trivial orthogonal Lie algebras. Then either g is simple, or
g is unidimensional, or else g is a double extension of an orthogonal
Lie algebra g by a unidimensional or a simple Lie algebra h. As an
application, it is possible to show that any indecomposable non-simple
Lie algebra of a Lorentzian Lie group with dimension greater than 1 is
the double orthogonal extension of an Abelian Lie algebra with inner
product by a unidimensional Lie algebra. This provides a classification
of Lorentzian orthogonal Lie algebras up to isomorphism (see [16]).
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Resumen

En estas notas estudiamos algunos conceptos bésicos de geometria afin y
su relacién con la geometria Riemanniana. Proporcionamos una carac-
terizacion para variedades afines que posee una contraparte vélida para
variedades pseudo-Riemannianas cuya conexién de Levi-Civita es plana.
Se prueba que ningtin grupo de Lie semisimple conexo puede admitir
una conexion afin plana invariante a izquierda. Caracterizamos grupos
de Lie pseudo-Riemannianos planos y se demuestra que la unimodular-
idad del grupo de Lie es condicién necesaria y suficiente para que la
conexiéon de Levi-Civita asociada a una pseudo-métrica plana invariante
a izquierda sobre este resulte geodésicamente completa. Adicionalmente,
se describe la forma de cémo obtener métricas hiperbdlicas planas in-
variantes a izquierda sobre el fibrado cotangente de un grupo de Lie afin
plano simplemente conexo. Por ultimo, se exponen algunas propiedades
de grupos de Lie dotados de pseudo-métricas bi-invariantes, ademas ex-
hibimos la construcciéon de dlgebras de Lie ortogonales mediante el uso
del método de doble extensién ortogonal.

Palabras clave: Estructura afin plana, pseudo-métrica plana, grupo de Lie
pseudo-Riemanniano plano, grupo de Lie ortogonal, dlgebra de Lie ortogonal.
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