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Abstract

We compute the intersection number of a Jacobian pair in two different
ways following Yansong Xu, but using the language of [5]. We obtain
nearly the same formulas, but with an inequality instead of an equality.
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1 Introduction

The Jacobian Conjecture in dimension two stated by Keller in [10] claims
that any pair of polynomials P, Q € L = K|z, y|, with [P, Q] = 0,P0,Q—
0:Q0y P € K*, defines an invertible automorphism of L. If this conjec-
ture is false, then we can find a counterexample such that the shape of
the support of the components P = f(z), @ = f(y) is contained in rect-
angles (0,0), m(a,0), m(a,b), m(0,b) and (0,0), n(a,0), n(a,b), n(0,b),
where m(a, b) is in the support of P and n(a, b) is in the support of Q. In
a recent paper [14], Yangsong Xu gives two formulas for the intersection
number of possible counterexamples, which we call Iy; and I,,. If these
formulas were true, we would be able to discard several infinite families
of possible counterexamples as described in [7].

When we translated the result and proofs of [14] into the language
of [12], we obtained the same formula for Ip; (Theorem 6.2), but for I,
we achieved only an inequality (Theorem 7.3). Consequently, we cannot
discard the infinite families as desired.

Hence, the main result of the present article is the translation of
the concept of approximate roots into our language (see [12], also [5]
and [7]), which requires a dictionary from Moh’s language into our own.
This is interesting by itself, and the modified formulas help understand
some features of Moh’s methods.

Along this paper we freely use the notation of [12].

2 General lower side corners

For I € IN let (P,Q) € L be an (m,n)-pair (see [12, Definition 4.3]).
In this section we take (p, o) €](0,—1),(1,1)] subject to

1 1
Eenp’g(P) = en, »(Q) = (a/l,b) with a/l >b>0

(assuming that such a direction exists). Note that p > 0 is true by
assumption. Suppose u, = v, ,(P) > 0. Then the points (a/l,b) and
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1
(¢/l,d) = —st, ,(P) must satisfy certain conditions. The purpose of
m

this section is to analyse them.

Proposition 2.1. For P, Q and (p,0) as described above we have
[p.0(P)£p0(Q)] = 0.

Proof. By [12, Proposition 1.13] we need to prove v, , (P)+v, +(Q) > p+
o. If p+0 <0, then this is true, since we have v, ,(Q) = Evp,c,(P) > 0;
m

while for p 4+ o > 0, because of % >b>1and p > 0, we have

00 (P) +Ups (Q) = (m+n) (pT +b) > (m+m)b(p+0) > p+0,
as desired. O

Proposition 2.2. Under the above assumptions, if p+ o > 0, then p
divides | and there exist A\, u € K* such that £, ,(P) = \x"»/P(z — p)™?,
here z = x=/Py.

Proof. By [12, Theorem 2.6], there exists a (p, o)-homogeneous element
F € LW such that

® v, ,(F)=p+o,

o [Fil,s(P)]=1{,,(P),

o st,o(P) ~st,.(F) orst, (F)=(1,1),
e en, ,(P) ~en,,(F)oren,,(F)=(1,1).

If en, - (P) = m(a/l,b) ~ en, ,(F), then we can find A > 0 such that
en, ,(F') = A(a/l,b). Therefore

pto=uv,,(F)= p/\% + Aob > Ab(p+ o)

implies 0 < Ab < 1, which is impossible since A\b = vy 1(en, - (F)) € Z.
Consequently we have en, ,(F) = (1,1), and hence st, ,(F) = (1 +
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o/p,0) by [12, Proposition 2.11(2)]. Thus p divides [ and we have
sty o (P) ~ sty (F), which readily implies vg 1 (st - (P)) = 0. Write

F=x7y"f(2) and £,,(P)=xTy%p(z), with p(0),f(0) # 0.

Note that here v = d = 0, pc/l = up, vo,1(en, ,(P)) = mb and f(z) =
A (z — p) for some Ay, € K*. By [12, Proposition 2.11(1)] we have
then ¢, ,(P) = \z"»/?(z — )™ for some A\ € K*, which concludes the
proof. O

By [12, Proposition 2.1(2)] (which applies thanks to Proposition 2.1)
there exist Ap, Ao € K and a (p, 0)-homogeneous element R € LW such
that

lo(P)=ApR™ and  £,,(Q)=AoR".

Take A € K* and let Ry € L) be a (p, o)-homogeneous element such
that £, ,(P) = AR} with h maximal (consequently m divides h and we
can assume R = Rg/m and Ap = A). Arguing as in [5, Corollary 2.6]
we obtain a certain i > 0 and a (p,o)-homogeneous element G € L()
subject to [G, R] = R’

Let (a/l,b),(c/l,d) € %Z x Z be such that a/l > b > d > 0 and
a > c>0. Assume also b—d < a/l — ¢/l (we do not claim the existence
of P and @ at this point). It is well known that for each (r/l,s) €
%Z x Z\ Z(1,1) there exists a unique (g,5) € Vo (see (3.2) at page
29 of [12]), which we denote by dir(r/l,s), such that v, (r/l,s) = 0.
Set (p,0) = —dir((a/l,b) — (¢/l,d)) and note the inequality (0,—1) <
(p,0) < (1,—1). We will analyse the existence of ¢ € IN and (p, 0)-ho-
mogeneous elements R, G € L), such that

v,5(R) >0, [G,R]=R' (a/l,b)=en,,(R) and (c/l,d) = st,,(R).

(2.1)
Let £ € IN be minimal with ¢v, ,(R) + p+ o > 0. By [5, Proposi-
tion 3.12], if there exist i € N and R, G € LU satisfying (2.1), and such
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that

R+# \xr hi(z) for all A € K*, j € N and all linear polynomials h,
(2.2)
where z = z~ 7y, then either there exist 9,¢ € IN subject to

¥ < Ny, t' <)  and (p,0) = —dir(t’(%,d) +9(1, 1)),
(2.3)
where Ny = ged(a — ¢,b — d), or

d>0, ¢ divides Np, t' <9 and (p,0) = —dir(t’(%d) (L, 1)),
(2.4)
where Ny = ged(e, d). By [5, Remark 3.13] we have then
9 pa/l+ob

v p+o
Therefore defining

B pa + obl
o= ged(pl + ol pa + obl) |’

we can take (and we do take it) ¥ = s in (2.3) and (2.4).

We suspect that the existence of ¥ and t’ satisfying the conditions
in (2.3) or in (2.4) is enough for the existence of i € IN and two (p,0)-
homogeneous elements R,G € L) such that the conditions in (2.1)
and (2.2) are fullfiled (with (¢/I,d) = st,»(R)), but at the moment we
have no proof of this claim.

Remark 2.3. Since Ny < b, if s = b, then necessarily b < Nj. So, by [5,
Proposition 3.12(2)], there exists a linear factor with multiplicity b. As
this contradicts (2.2), we have consequently s < b.

Remark 2.4. By [5, Theorem 3.4], in (2.1) we can assume that i is the
minimal element subject to

Voo(R)(1—1)+p+0 >0,

or, equivalently, ¢ = [1 - vpﬁ([;z)]
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For the case b = 2, we can establish necessary and sufficient con-
ditions on a, ! for the existence of ¢ € IN, d € {0,1} and two (p,0)-
homogeneous elements R, G € LU satisfying the conditions of (2.1)
as soon as we impose that R satisfies (2.2). This additional require-
ment corresponds to the existence of split roots (see Definition 3.5).
Before we establish the result we note that (0,—1) < (p,0) < (1,-1)
and (p,0) = —dir(ajc,b - d) ~ (Ib —ld,c — a) imply ¢ < a and
b—d<afl—c/l.

Proposition 2.5. Let a,l € N be such that a/l > 2. Set b = 2. Let
(p,0) €](0,-1),(1,—1)[ be a direction, and define the number

_ pa + obl
~ ged(pl + ol, pa + obl)’

Then the following assertions are equivalent.

(1) There existc € N, d € {0,1} and two (p,0)-homogeneous elements
R,G € LW satisfying conditions (2.1) and (2.2).

(2) There exist ¢ € N and two (p,o)-homogeneous elements R,G €
LW satisfying conditions (2.1) and (2.2) with d = 1.

(3) We have 9 =1, v, ,(a/l,2) > 0 and there exist c € N such that

(p,0) = —dir(a;c,l) - —dir(t’(%,l) + (1,1)), (2.5)

for some 0 < t' < £, here £ € W is minimal with the property
lu, o (a/l,2) +p+0 > 0.

(4) There exists A € N with | < A < a/2 such that a — 2A | A — 1.
Moreover, (p,o) ~ (I, —A).

Proof. We first prove that 1) implies 2). Suppose d = 0 and write

R=Xzi(z—a1)(z —ay) withz=ax7y.
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Note that by (2.2) we have a1 # «as. Also pu/l = 20 + pa/l implies
u = (2lo + pa)/p. Moreover, since b — d = 2, we have

(2l,cfa)'(%f%,bfd> =2a—c¢)—(c—a)(b—d) =0,

and consequently (p,0) ~ (2[,c—a). Also, since d = 0, necessarily (2.3)
is satisfied. We claim that 2 divides a — c. In fact, this follows from

0=(2l,c—a)- (t’(%,O) +9(1, 1)) = 2ct’ + (¢ — a)?,

for otherwise 2 divides ¥ < Ny = ged(a —¢,2) = 1. Set A = (a —«¢)/2
and consider the automorphism ¢ of L) defined by ap(gcl/l) = z'/! and
o(y) =y + arx=?/1. Using (p,0) ~ (I, —A) it is easy to conclude

©(R) = Az 2(2 — (ag — a1)).

By [12, Proposition 3.10], we have [¢(G), ¢(R)] = ¢(R)*. An easy com-
putation gives en, ,(¢(R)) = (a/l,b) and st, (¢(R)) = ((a — A)/l,1).
So, replacing R by ¢(R) yields d = 1.

That 2) implies 1) is a trivial fact.

Now we prove that 2) implies 3). Since d = 1, we get N; = Ny = 1.
Hence we have ¥ = 1, and Equality (2.5) is satisfied for some 0 < ' < £.
Moreover, it is clear that

Vpo (%, 2) =v,,(R)>0

is verified and we also have

(p,0) = —dir(en, ,(R) —en, ,(R)) = — dir(?, 1).

For 3) implies 4), since

a

(l,c—a)- (7—%1) =0,
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we have (p,0) ~ (I,—A), with A = a — ¢. Thus, by (2.5), we obtain

N T e N
0=(l,—A) (t( : ,1)+(1,1))_ta WA+1—A,
which implies a — 2A|l — A, as desired. But (p,0) ~ (I,—A) and
Vpo(a/l,2) > 0 yield

a

a—2A = (I,—~A)- (%2) - %(p,a) : (7,2) >0,

l
and so A < a/2. Finally, the relation [ — A = ;(p+a) < 0 forces A > [.

To show that 4) implies 2) we set ¢ = a — A, z = /!y and (p,0) =
—dir((a/l,2) — (¢/1,1)). Since 0 < I < A, the inequalities (0,—1) <
(p,o0) < (1,—1) hold. Let k; € IN be such that k1(a — 2A) = A —1
and let g(z) be a polynomial with derivative ¢’(z) = 2% (1 + 2)F1. A
straightforward computation shows that

l
2A — ag(z),

a—2A

R=z2"7 z(14+2)=2Ty(l+2) and G

satisfy (%,2) =en, ,(R), (%, 1) =styo(R), Upo(R)>0and[G,R] =

RF1+1 as desired. O

3 Approximate m-roots

Recall that the intersection number of two bivariate polynomials P
and Q is defined by I(P, Q) = deg, (Res, (P, Q)), where Res, (P, Q) de-
notes the resultant of P and @ as polynomials in y. In [14], the author
defines for a Jacobian pair (P, Q) the polynomial Pr = P(z,y)—¢&, where
£ is a generic element of the field K, and proposes two different formulas
for I(P¢, @): one in terms of the major roots (see [14, Theorem 5.1}),
and the other in terms of the minor roots (as in [14, Theorem 4.7]). We
will prove the first formula using our language (see Theorem 6.2), how-
ever, instead of equality in the formula for I,,, we recover an inequality
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in Theorem 7.3. In order to achieve these results, it will be convenient to
provide a proof of the preparatory results of [14] in the language of [12].
We first define approximate roots, final major roots and final minor
roots using our language.
In this section we consider a polynomial P € L, monic in y. For
l € IN we take the following algebras:

L=Klz,y ¢ K[z*T,y] € K((z7YY)[y] € K[x]((z~")yl,

where 7 is a variable (a “symbol” in [14]). We also will use the subring
LY = K[r][z*/ y] of K[x]((z~'/"))[y]. Note that deg, = vy ¢ is well
defined in K[r]((z=/")[y].

Unless otherwise indicated, the elements P of the above mentioned
algebras are polynomials in y with coefficients in one of the algebras
Klz], K[z%1,y], K[x]((z='/Y)),.... Consequently, expressions like P(7),
P(a),..., will mean P with y replaced by 7, by «, and so on.

By the Newton-Puiseux theorem (see [4, Corollary 13.15, page 295])
there exist I € N and ay, 8; € K((z~'/")) such that

P =

—

Il
-

(y — o).

i
We set R(P) = {a; : 4 =1,...,M}. Let « € R(P) and write a =
Zj ajxj with j € fZ' The m-approximation of a up to 27° is the
element

T= Z ajxj = K[w,xi%].
J>jo

Note the equality deg, (T — a) = jo.
Let 7=3", . ajz’d + wxdo € Klm, #%71]. Set

DFP = {a € R(P) : 7 is the m-approximation of a up to z7°}.

Ifae Df, we say that 7 approximates a up to x7°.
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Note that the element o; = 3= b;a/ € R(P) belongs to DY if and
only if deg, (&;) < jo, where &; = a; — > a;x’, that is, if and only
if we have a; = b; for all j > jo.

We say that 7= 3., a;z/ +mal° € K|m,2%1] is a m-root of P
if there exists o € R(P) such that 7 approximates o up to z7°. In that

J>Jjo

case we say that jo is the order of 7. When we want to underline the
dependence of jy on 7 we will write d, = jp.

Notation 3.1. Let 7 = > . ajz! + w20 be a m-root of P. In what

follows denote by ¢, the automorphism of L() determined by ¢, (z'/!) =
2V and ¢, (y) =y + 2o ajxd.

Remark 3.2. Let a € R(P). Assume that 7 approximates « up to jg
and 7; approximates « up to ji. If jo > j1, then we have Dfl C DP.
1
In the sequel, for each j € 7Z, we let dir(j) denote the unique
direction (p, o) such that p > 0and j = 7 Moreover, given a polynomial
=2 i a;xt + a0, we set z = x /Py, where (p, o) = dir(jo).

The following proposition shows that our definition of 7w-root coin-
cides with that given in [11, Definition 1.3] with 2! replaced by t.

Proposition 3.3. Let 7 =3, . ajz? +mzdo and fp.(m) € K[r| be the
polynomial determined by the equality

P(1) = fp.(m)2z™ + terms with lower order in , (3.1)

1
where A\, = deg,(P(7)) € jZ. Set ¢ = ¢, and (p,o0) = dir(jo). Then

D7 | = deg(fr.r) = vo.(enp,q (¢(P))) (3.2)

we have

and
loo(p(P)) = 2 fpr(2). (3:3)

Consequently T is a w-root of P if and only if we have deg(fp,) > 0.
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Proof. Let ev i : LS!) — LﬁP be the evaluation of y at wz7°. For ex-
ample we have, ev, o, (y) = 7270 = 127/ and ev, i, (z'/*) = /!, Note
the relation P(7) = ev,.i (p(P)). Since ev, ., is (p, c)-homogeneous,
we get

0 (0¥ npio (9(P))) = %o (pr (9(P)).

On the other hand, since p divides I, we get
lyo(p(P)) =a"'g(2) for some r € Z and g(z) € K|[z]. (3.4)
Using ev, i (2) = 7 we obtain
Cpo(Vrio (p(P))) = "/ g(m).
Therefore we have
P(7) = eV,pio (p(P)) = 2"/'g(7) + terms with lower order in z,

because v, ,(27) = jp < pr/l = v,,(z"/") if and only if j < r/l. So
we have fp,(7) = g(n), Ar = r/l, and Equality (3.4) becomes Equal-
ity (3.3). Since deg,(£,,(¢(P))) = deg,({y(¢(P))), we also have
deg(fp,+) = vo,1(en, »(p(P))). Consequently, in order to conclude the
proof, it suffices to prove |DF| = vg1(en,,(p(P))). In the chain of
equalities

o

Il
-

M
vo,1(enp0 (p(P))) = D voa(enp.q (p(y — ) =

=1 [

vo,1(eny o0 (y — @))),

where &; = a; — 32, 5 ajz?, when we replace

0,1) if deg,(&;) <a/p=jo,

enp,o(y —&;)) = {(degm(@i)ﬁ) if deg,(&;) > o/p = jo,

we finish up with

M
> voa(en, o (y — 6:))) = #{a; € R(P) : deg, (&) < jo} = |DY,
i=1

as desired. O
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Remark 3.4. Note that if [DP| > 0, then |Df*| = |[DF| -1 > 0. In
fact, we get p(Py) = (¢(P))y, and it is straightforward to check that if
p >0 and vy 1(en, o(P)) > 0, then vy 1(en, »(Py)) = vo,1(en, o (P)) — 1.
The assertion then follows from (3.2).

Definition 3.5. We say that a m-root 7 of P is a final m-root of P
if fp(m) has no multiple roots and deg.(fp(m)) > 1, here fp,(m) is
defined by Equality (3.1).

Remark 3.6. Let 7 be a final 7-root of P. Since the support of fp .
has more than one point, from Equality (3.3) we conclude (p,o) €

Dir(¢- (P)).

Proposition 3.7. Let 7=},

A € K. Consider the automorphism p1: LY — LY given by @1 (z!/!) =

o and o1 (y) = y + > i ajzd + Ao, Assume that p1(P) is not a

monomial and set (p',0") = Predy, (p)(p,0) (see [12, Definition 3.4]),
/

ajzd 4+ a0 be a mw-root of P and let

1
where (p, o) = dir(jo). If p' > 0, then set j; = U—,, else take any j1 € 7%
0

with j1 < jo. In both cases set (p1,01) = dir(j1). If 71— X has multiplicity
r>0in fp,(7), then

T = Z CLjfE] + Ax?0 4 ot
J>Jjo

is a mw-root of P and we get |DE | = r (remember that j; < jo). Moreover,
we have

(plaal) E[Predgal(P)(pa 0)7 (p70)[ (35)

Proof. Write 1 = @oyp, where ¢ is as in Proposition 3.3, ¢(y) = y+Az’°,
and @(z) = z. By Equality (3.3), the fact that @ is (p, o)-homogeneous
together with @(z) = z + A lead us to

lpo(p1(P)) = Gy, (9(P))) = @(a™ fp.r(2))
=2V @(fpr(2) = 272701 (2),
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for some g1(z) € K[z] with ¢g1(0) # 0. By construction we have then
(p1,01) €[Predy, (py(p, o), (p,0)[, and so, by Proposition 3.3, we get

r = vg,1(stp0(01(P))) = vo1(eny, o, (¢1(P))) = |DL ],
as desired. O

Corollary 3.8. Let 7 = Zj>j0 ajxj + mad° be a mw-root of P and let
A e K. If 1 — X does not divide fp.(m), then there exists no root
a € R(P) such that deg, (v — (AzJo + PIFIN a;jz?)) < jo.

Proof. Let fp.(m) = Hf 1(m = X;)™. By Proposition 3.7, for each ¢
there exist 7 (¢) and m; roots in D (@) C DP for which Coeff ;o = A;.
Since we have

k
IDE| = deg(fp.r () Zmz > IDh
=1

and the sets Di(i) are pairwise d_isjoint, we obtain DF = Ule Dfl(i).
Consequently, the coefficient of 270 in each element of DI is a root of
fp+. Since X is not a root of fp -, this finishes the proof. O

Remark 3.9. The proof of the corollary shows that if the multiplicity
of m— Xin fp.(m) is r, then any m-root 7 of P which begins with

Jo J satisfies | DE
Ao+ 37 aja? satisfies [ D[ <.

) 1
Remark 3.10. Let a = Z.ajxf e K((z='), jo € YZ’ (p,o) =

dir(jo) and 7= 33, ajz? + 72’0, Define T =3, ajz’. Since

Pla) = evy=r(p-(P)),

we have £, ,(P(a)) = £, 5(evy_xzio (@-(P))) whenever the right hand
side of the equality is nonzero.

Proposition 3.11. Let o = Ej>j0 ajxj—l—)\xjo—i-zjqo ajz’d and set T =
> isio ajxd +mzdo. If fp,(A) # 0, then AP = deg, (P(7)) = deg, (P(a)).
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Proof. By Remark 3.10, Equality (3.3) and the fact that ev,_,,jo is
(p, o)-homogeneous we get

Cpo(P()) = Cp o (9,300 (9(P))) = ¥, _sgio (G0 (9(P))) = 2 fp ().
Thus, we achieve
deg, (P(a) = deg, ({p,0(P(a))) = A7 = deg, (P(r)),

as needed. O

4 Approximate roots for Jacobian pairs

For the rest of the section (Py, Qg) will be a Jacobian pair in L satisfying
the conditions required in [12, Corollary 5.21]. This in particular means
that (Pp, Qo) is a minimal pair and a standard (m,n)-pair for some
coprime integers m,n > 1. By [12, Proposition 4.6(3)], there exist a < b
in N such that eny o(Py) = m(a,b) and en; o(Qo) = n(a,b). So, by [12,
Corollary 5.21(4)], we know that ¢1 1(Py) = Ax®"y*™ and ¢11(Qo) =

NzamyP hold for some A, \' € K*. Replacing Py by XPO and Qo by

1
— Qo, we can further assume A = \' = 1. Let ¢ be the automorphism

of L characterized by ¢(y) = y and ¢(z) =  +y. Set P = ¢(F) and
Q = ¥(Qo) (see Figure 1). Since v is (1, 1)-homogeneous we have

01(P) = (l11(Po)) = (x +9)™*y™  and  £11(Q) = (z +y)""y"™".
(4.1)
Hence, P and @ are monic polynomials in y and, moreover, a straight-
forward computation yields

eni o(P) =m(a,b) and enyo(Q) =n(a,b). (4.2)

Remark 4.1. We will establish several results about P, but, since
by [12, Proposition 4.6] we know that (Q, P) is an (n, m)-pair, the same
results remain valid, mutatis mutandis, for Q.
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(1, 1)

SuccPO(l,O) ‘\ ¢

(1,0)

(1,0)

x . x
Figure 1: The shapes of Py according to [12, Corollary 5.21(4)] and of
P according to (4.1) and (4.2).

Proposition 4.2. Let « € R(P) and let T be the w-approzimation of «
up to x%0. Assume A\, = deg,(P(7)) > 0, and take ¢ and (p,o) as in
Proposition 3.3. Then the following facts hold.

(1) If fp- has multiple roots, then [€, »(p(P)), ¢ o(¢(Q))] = 0.

(2) If [6),6(0(P)), £, o (p(Q))] = 0, then there exists f € R(Q) such
that deg, (o — B) < jo.

Proof. Write 7 = Y
J1 < jo such that

7o ajz? + wxdo. By Proposition 3.7 there exists

™ = Z ajxj + Azdo + it
J>Jjo
is a m-root of P.
(1) Since we have £, ,(¢(P)) = 2* fp,(2) (see Equality (3.3)),
by hypothesis there exist £ > 1 and A € K such that (z — \)* divides

¢y +(¢(P)). Consequently (z—A\)*~1 divides Uy o(p(P)),4po(0(Q))]. As

we have [(),5(0(P)), £p.0 (#(Q))] € K, this yields [(y,5(2(P)), €50 (#(Q))]
=0.
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(2) Let (z — A) be a linear factor of ¢,,(¢(P)). Since we have
Uy o(P) = pA; > 0, from [12, Proposition 2.1(2)b)] it follows that (z —\)
divides £, »(¢(Q)). Hence, by Proposition 3.3 we know that 7 is a m-root
of @@ and so, by Proposition 3.7, there exists jo < jo such that

Ty = Z ajxj + \zdo + w2
J>Jjo
is a m-root of (). We conclude that for any o € Dfl and f € D% the
inequality deg, (oo — ) < jo holds, as claimed. O

Remark 4.3. Let o = Y ajaz/ € R(P). Assume jy > j; and that 7
approximates o up to 290 and 7 approximates a up to 291. Then we must
have A; > A;,. In fact, setting (p,o) = dir(jo) and (p1,01) = dir(j1),
Equality (3.3) and [12, Proposition 3.9] show

Vp0(2%7) = 05,0 (D(P)) = 0p,0 (91(P)) 2 Vp (€N, oy ¢1(P)),

with ¢ = ¢, and 1 = @,,. A direct computation using (p, o) > (p1,01),
Vpro1 (91(P)) = Upy 0y (2271) and vo,1(enp, o, (91(P))) > vo1(2?71) de-
rives in

Vp,o(eNp, 0, (p1(P))) > Up,a(x)\rl ).

Since p > 0, the result follows.

Proposition 4.4. Let o € R(P). Then there exists jo such that Ar =0
for the m-approzimation T of o up to x7°.

Proof. Let ¢o € Aut(K((z=%")[y]) be given by ¢o(z*/") = /! and
wo(y) = y + a. We will construct a direction (pg,oq) €](0,—1),(0,1)]
such that v, 4, (¢0(P)) = 0. In order to achieve this, for each point of
Supp(po(P)) we consider the direction (p, o) €](0,—1), (0,1)[ orthogonal
to the segment that joins that point to the origin. The minimum (pg, o)

of these directions satisfies v,, o, (w0o(P)) = 0. Set jo = 70 We assert
Po
that the m-approximation

T = Z ajxj + mtdo

J>Jjo
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of o up to z7° satisfies A, = 0. In fact, we have

O = Uﬂo,Uo ((pO(P)) = Upoytfo ((pT(P)) = vpo,Uo ('r)\f) = p0>\7'?

where the second equality follows from [12, Proposition 3.9], and the
third, from (3.3). O

Proposition 4.5. Let 7 = Zj>j0 ajz? + mzdo be a w-root of P, and let
(p,0), Ar and ¢ be as in Proposition 3.3. If T is also a w-root of Q and
we have A > 0, then we get
n D9
o1 (P(Q)) = 1 engo(p(P)) and {po =

Proof. Wite Dir(¢(P)) 1 [(p,0), (1,1)] = {(5,0) = (p0,0) < (p1,) <
<o < (pr,or) = (1,1)}. Take o € DY and 0 <4 < k. Let j; = — and

) i
let 7; be the m-approximation of « up to a7. Set A,, = deg,(P(7;)) and
Y; = ,. Since we have

[Cor0:(P(P)): Lpi0: (#(Q))] € K,

if [Epz‘,(fi (@(P))’ EPuUi(SO(Q))] 7& 0’ then 1}07—1([£P170i (@(P))7€pi7o'i (@(Q))]) =
0, and next, by [12, Proposition 1.13], we obtain

0 :voy—l([gﬂhoi((p(P))? Eﬂqﬁﬁi(@(@))])
<0 1(Cpeor (9(P) + 10 1Ly (9(Q))) — (1 +0).
This in turn implies
00,1 (St ((P)) + 101 (58,0, (9(@)) = 1.

or, equivalently,

v0,1(8bp,.0: (9(P)) + v0.1 (85,0, (9(Q)) < 15

hence in this case we obtain ¢ = 0. The bottom line is that, if we want
i > 0, we must have [(,, 5, (0(P)),4s,; 0, (0(Q))] = 0, where we must take
Ar, > 0 by Remark 4.3. So we can conclude

Ups,o; ((P(P)) = UﬂhUz'(SOi(P)) = pi)\Ti > 0;

3=
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here the first equality follows from [12, Proposition 3.9] and the second
from (3.3). Now, an inductive argument using (4.1), [12, Remark 3.1]
and eny, o, ((P))) = sty 10,4, (0(P))), for i = k,..., 1, proves

Upnir (P(@)) > 0 and S8, (9(Q)) = 2=ty ((P)), fori = by 1.

So we get

n V0 (€100, (2(Q)) _ 10
P)) " m

€1lpg,00 (@(Q)) = E €lpg,00 (W(P)) and Vo 1(611 ((P(
, £0,00

[D2] _ voa(en,o((Q)))
P

|D71—D| B 'UO,I(enp,a((p( )))
sition 3.3. O

This finishes the proof, as we have , by Propo-

In [14] the author chooses a generic element £ € K and analyses the
roots of P; = P + ¢. Instead of speaking of a generic element £, we will
assume (summing eventually to P an element £ € K) that any 7-root 7
of P with A\, = 0 is such that

(1) fpr has no multiple roots;

(2) fpr and fg,, have no common roots (thus are coprime).

This is possible, since, by (3.3), in the case A, = 0 adding £ to P is the
same as adding £ to the univariate polynomial fp -(z). We also can, and
will, assume (0,0) € Supp(P) N Supp(Q).

Remark 4.6. Suppose that 7 is a m-root of P with A, < 0. Then, by
Proposition 3.7, Remark 3.2 and Item (1) we have |DF| = 1. Moreover,
we also get |[D¥| = 0. In fact, take o € DF. By Proposition 4.4 there
exists j; and a m-approximation 71 of a up to z9t such that \,, = 0. By
Remark 4.3 necessarily j; > jo, where jg is the order of 7. Let A\ be the
coefficient of v at 271, Then 7— A divides fp, and so, by item (2), 7— A
does not divide fg ,,. If 71 is not a 7-root of @, then clearly |D2| = 0.
Otherwise, by Corollary 3.8 applied to 7, and Q, we also reach |[D@| = 0.
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Remark 4.7. From the first assertion in the previous remark it follows
that for any final w-root 7 of P we must have A, > 0.

Notation 4.8. Let o = Y, a;ja’/ € R(P) and set
do = min{deg, (o — B) : B € R(Q)}-

Remark 4.9. Note that the m-approximation of a up to 2’ is also a
m-root of Q.

Proposition 4.10. (Compare [14, Lemma 4.2]) Set 7 =3, 5 ajzd +

nxde. Then T is a final m-root of P.

Proof. Since clearly 7 is a m-root of P, we only need to prove that 7 is
a final 7-root of P, i.e., that we have deg(fp.) > 1 and that fp, has
no multiple roots. By Remark 4.6 we know A\, > 0. By Item (1) above,
we also know that when A, = 0, the polynomial fp, has no multiple
roots. If A; > 0, then fp, also does not have multiple roots: otherwise
by Proposition 4.2 there exists 8 € R(Q) such that deg, (o — 8) < daq,
contradicting the definition of .. Finally, by Proposition 4.5 we know
that m divides |DF| = deg(fp.,), and so, we obtain deg(fp,) > 1, which
concludes the proof. O

5 Major and minor final w-roots

A final m-root 7 of P is called a minor final m-root of P if A, = 0,
and it is called a major final m-root of P if A\, > 0. The set of minor
final m-roots of P is denoted by P,,, while the set of final major m-roots
of P is denoted by Py;.

Note that we have

rR(P)= |J DI

TEP,LUPNM

since, by Proposition 4.10, every root o € R(P) is associated with a final
m-root of P (that we will call the final m-root of P associated with
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«), here A\; > 0 by Remark 4.7. Note also that if 7 # 7y are final 7-roots,
then DX N DE = 0. In fact, assume by contradiction « € DX N DE | and

T1?

take for example §, < §,,, which means that 7 is a better approximation
of a than 7;. Then, since the multiplicity of any factor of fp ., is one,
by Remark 3.9 we get |DF| < 1, which contradicts the fact that 7 is a
final m-root of P.

Remark 5.1. Given a final 7-root 7 of P take a € DF. Then, by
Proposition 4.10, the m-approximation of o up to z% is a final 7-root,
and, since DF' N Dfl = () for any other final 7-root 7y of P, necessarily
7 is the m-approximation of o up to x’~. This is equivalent to §, = dq.

Proposition 5.2. Let 7 be a final m-root of P, let ¢ = . and set
MA@ = deg,(Q(7)). Then we have the following.

(1) If T is a minor final w-root of P, then we have
a) \¢ =0,
b) [lp.o(2(Q)); €p.0(0(P))] =0,
c) 0, < —1.

(2) If T is a major final w-root of P, then we have

a) [lpo(P(Q)), Lp,0 (#(P))] # 0,

b) T is a magjor final ™ root of Q,
Q_ " P

&) A2 = T deq,(P()),

d) 6, > —1.

Proof. By Remarks 4.9 and 5.1, any final m-root 7 of P is also a m-root
of Q. We will use this fact for (1)a) and (2)b).
(1) By Proposition 4.5, since A; > 0, we have

menp,o’(@(@)) = nenp,d((p(‘P))a

and so we obtain

PA? = Upr (p(Q) = =050 (2(P)) = —pAT =0,
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where the first and third equality follow from (3.3). This implies A¥ =
deg, (Q(7)) = 0, thus proving a). Moreover, by [12, Proposition 2.1(1)]
we know that the vanishing of v, ,(¢(Q)) and v, (¢(P)) implies

.0 (9(@)), £p.0((P))] = 0,

o
this proves item b). Now assume by contradiction — = §, > —1, which
p

implies p + o > 0. Then, by [12, Proposition 1.13], we have

0= v,,0([p(P), p(Q)]) < 10 (p(Q))+Vp,0(p(P))—(p+0) = —=(p+0) <0,

so we have equality and, again by [12, Proposition 1.13], we also ob-
tain [(,(¢(Q)), £p,0((P))] # 0. But this contradicts item b) and thus

ytp,o
proves d, < —1, that is, part c).
(2) By Remarks 4.9 and 5.1, we know that 7 is a m-root of @ and,

that for any o € DF | we have

dr = min{deg, (o — §)|6 € R(Q)}.

Hence, by Proposition 4.2(2), we obtain [(, ,(¢(Q)), ¢, (p(P))] # 0,
which proves a). Moreover, by Proposition 4.2(1) with @ and P inter-
changed, fo.r has no multiple roots. On the other hand, by Proposi-
tion 4.5, we have
D9 = Z|DF| > 1,
m

and so 7 is a final 7-root of Q. Again Proposition 4.5 and Equality (3.3)
yield

pdeg, Q(r) =pA? = 15,5 (9(Q)) =~y (p(P)

and so deg, Q(7) = n deg, P(7)) > 0, which finishes the proof of b)
m
and c¢). It remains to check the condition d; > —1. Assume by contra-
diction 7_ 0 < —1. Then p+ o <0, and so
P

00 (P(Q) 4050 (P(P))=(pa) = pAT (14 1) > 0= v,00(P), 2(Q))
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which, by [12, Proposition 1.13], implies [£, ,(¢(Q)),4p,o(¢(P))] = 0
This contradicts item a) and thus finishes the proof of part d). O

6 Intersection number and major roots

In this section we first obtain in Theorem 6.2 the same formula for Iy,
as in [14, Theorem 5.1]. Then we explain how to compute I, for the
families found in [7].

Lemma 6.1. For 7 a final m-root of P, we have A2 = deg,(Q(7)) =
deg, (Q(a)) whenever a € DF.

Proof. We assert that fp.(z) and fg ,(2) have no common roots. In
fact, assume on the contrary that z — s is a common factor. If 7 is a
major final root, then

2= 5| P fpr(2), A2 fa,r (2)] = [lpo (9(Q)), L. (9(P))] € KX,

a contradiction. Whereas, if 7 is a minor root, then the choice of £
guarantees that fp, and fg , have no common roots.

Note that if the coefficient of z7° in « is s, then fp,(s) = 0, since
otherwise m — s does not divide fp,(m) and Corollary 3.8 leads to a
contradiction. Hence, by the assertion, we get fg (s) # 0, and from
Proposition 3.11, we obtain deg,(Q(7)) = deg, (Q()). O

Theorem 6.2. For Iy =), |DEIAL we have Iy, = I(P, Q).

TEPNM

Proof. From the well know equality Res, (P, Q) = HQGR(P) Q(«) we pass
to

I(P,Q)=deg, [] Qla)= > deg,(Qa)) (6.1)

a€R(P) aER(P)

= YD deg,(Qa). (6.2)

TEPRUPN aeDFP
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Using Lemma 6.1 we arrive to

I(PQ) = > ) deg(Q)

T€P,UPy a€DP

D IDFENE + 3T DTG = YT D,

TEPM TEP, TEPN

since \? =0 if 7 € Pp,. O

A root a € R(P) is called a minor root if the associated final
m-root 7 is a minor final 7-root; it is called a major root if 7 is a major
final 7-root.

Proposition 6.3. Let 7 be an approzimate w-root of P of order jo <0,
with Ar > 0, and let (p,o) = dir(jo). If vi,—1(en, (- (P))) > 0, then
any root o € DE is a minor root.

Proof. The hypotheses guarantee that (¢ (P), ¢, (Q)) and (p, o) satisfy
the hypotheses of Proposition 2.1 (for instance (p,o) € ](0,—1), (1,0)],
because of jo < 0). If v, ,(¢-(P)) = pAr = 0, then 7 is a minor final
m-root and the result is true. Else we have v, (¢, (P)) = pA; > 0,
since A\, > 0. Take a € DF. By Proposition 5.2 it suffices to prove
0o < —1. By Propositions 2.1 and 4.2 we have 6, < d = jo, so the
result is clear when §, < —1. Assume 6, > —1. In this case we have

p~+o > 0. Using Proposition 2.2 and Equality (3.3) we obtain fp,(z) =
DY |

1
s(z — p)™® for some ¢, u € K*, where b = —uvp 1(en, , (¢, (P))) =
m

(see Proposition 3.3). Hence, by Proposition 3.7, there exists j; < jo
such that for the m-root

= E a;z? + px’® 4
J3>Jjo

we have Dﬁ = DP. If j; < —1, then we finish the proof immediately
after applying the above argument with 7 replaced by 71 since we must
have A, > 0 (in fact, if A;, < 0, then, by Remark 4.6, we get |Dﬁ| =1,
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which is impossible because of bm = |DF|). Assume now j; > —1 and
set (p1,01) = dir(j1). By Proposition 2.2 p; divides I, and so j; € %Z.

Hence, if jo = —% for some 0 < k <, then —j; € {%, #, ceey Z_Tl,% ,
so, after repeating the same procedure a finite number of times, say ¢,
we arrive at d, < ji < —1, as desired. O

Proposition 6.4. Let a, b satisfy Equalities (4.1). There exist ma minor
roots «a of P with deg, (o) = 1 and leading term —x, and mb roots B of
P with deg,(B8) < 0.

Proof. Take 19 = ma®. Then we have jo = 0, dir(jo) = (1,0) and
©r, = id. From the first equality in (4.2), we get

en, o (-, (P)) = eny o(P) = m(a,b),

and by Proposition 3.3, we obtain |DE | = mb. Since deg,(8) < jo =0
for all B € DL, this yields mb roots with deg,(8) < 0. On the other
hand, by Proposition 3.7, with 7 = 7a, A = —1 and ¢1(y) = y — z, there
exists j; < 1 such that the m-root 71 = —z + 72’1 satisfies \Dfl| = ma
since fp,(2) = (z+1)m22™?; therefore the multiplicity of A = —1 is ma.
Moreover, by (3.5) and the first equality in (4.1), we have

Clpy,0 ((pl(P)) = Stl,l(wl(P)) = m(b7 a)’

and so v1,_1(eny, o, (¢1(P))) > 0. Then every root o € DY is a minor
root. O

Following [14], the minor roots in Proposition 6.4 are called top
minor roots.
Proposition 6.5. Let « € R(P) be a major root, let T be the associated
1
final w-root and let (p,0) = dir(d,). Then ( en, ,(p-(P)), (p, a)) isa
m

regular corner of type I of (p-(P),v-(Q)) (see [12, Definition 5.5] and
the discussion above Remark 5.9 in [12] for the classification of regular
corners).
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Proof. Ttem (3) of [12, Definition 5.5] holds by hypothesis, Item (1) holds
by the very definition of 7-root, Proposition 6.3 and [12, Theorem 2.6(4)],
and Item (2) holds by Remark 3.6. Moreover, Proposition 5.2(2)a) proves

1
that (m en, o (- (P)), (ps 0)> is of type L. O

1
Proposition 6.6. Let jo < ji1 < -+ < ji € ZZ and let (p,o0) = dir(jo).
Consider the automorphism ¢ of L'V defined by

k
gp(ml/l) =z and oly)=y+ Zaﬂj"ﬂ
i=1

Let A = ((a/l,b),(p,0)) be a regular corner of (¢(P),¢(Q)). Then the
following facts hold.
(1) 7= 25:1 a; ¥’ + w0 is a w-root of P and Q.

(2) If A is of type Ib, then T is a final major w-root of P and Q, with

|IDE| =mb  and |DC| = nb; (6.3)

moreover, if st, o (¢(Q)) = (k/1,0) for some 1 <k <1 —a/b, then
Q k
AT = 7

Proof. (1) By Items (1) and (3) of [12, Definition 5.5], we have A =
lenp’(,(go(P)) and b > 1. Hence, by Equalities (3.2) and (3.3) we
(?gnclude deg(fp,r) > 0 and that 7 is a m-root of P. Since by [12,
Corollary 5.7] and Remark 4.1 the equality A = %enpﬁ((p(Q)) holds
and (Q, P) is an (n,m)-pair, we infer that 7 is also a 7-root of Q.

(2) The two expressions for A obtained in the proof of Item (1),
combined with Equality (3.2) and the corresponding equality for @ yield
the equalities in (6.3). Since A is of type Ib, we have

MPJ(()O(P))’EPJ(SO(Q))] #0,
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and so, by Proposition 4.2(1), the polynomial fp, has no multiple
root. Moreover, using again Equality (3.2) and Equality (6.3) we ob-
tain deg(fpr) = mb > 1. This proves that 7 is a major final m-root
of P, and then, by Proposition 5.2(2)b), also of Q. Finally, assuming
sty (0(Q)) = (k/1,0), Equality (3.3) for Q implies pA? = v, ,(p(Q)) =

k
P from which the last assertion follows, as p # 0. O

Example 6.7. Consider the family F of [7], corresponding to an (m, n)-
pair (Py, Qo) as in [12, Corollary 5.21]:

Ap = (4,12), Ay = (1,0), Ay = (7/4,3), k=1, m = 2j+3, n = 3j+4.

(6.4)
Then (P, Qo) has the shape given in Figure 2 and we get (_5 1 (P) = R*™
for a (—2,1)-homogeneous element R = \g(A1y — xy>) with A\g, A\; # 0.

Y

A = (4,12)
/
/
/
/
/
/
AL =(1,00 =

Figure 2: The shape of (P, Qo)

In fact, by (6.4), the edge from Aj to Af is determined. So we only
need to prove

(p,0) = Succp, (1,0) = Succg, (1,0) = (—2,1)
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1
and —en_91(P) = (0,4). From [12, Corollary 5.21(4)] we obtain
m
(-1,1) < (p,0) < (=1,0). Moreover, by the second equality in [7,
(2.13)] we have
1)47_1(4, 12) 4

ged(ve,—1(4,12),4—1)  ged(4,3)

q0

On the other hand, at the beginning of [5, Subsection 2.4] it is shown

the equality

po 1
en, ,(Fp) = q*OE enpy 0, (F0),

and therefore, by [12, Corollary 7.2], there exists a (p, o)-homogeneous
element R such that ¢,,(P) = R¥. This is only possible if (p,0) =
(—k,1) for some k € IN, with & > 2. But k > 3 leads to v, () < 0 and
then to deg, (F(0,y)) < 0, which contradicts [13, Proposition 10.2.6].
Therefore we have k = 2, R = \g(A\1y — xy>) and hence we get

1
%en,g’l(P) = 461’1,2’1(R) = (0,4),

as desired. Since P = ¥(Fp) and @ = ¥(Qo), where (y) = y and
P(x) = x + y (see the beginning of Section 4), the shape of P is as in
Figure 3, and P is a monic polynomial in y of degree 16m.

Write £y _1(P) = 2™g(2)™, where z = x'/%y. By [5, Theorem
2.20(6)] and the condition vy _1(Aj) > 0, we know that (Ao, (p,0)) =
((4,12), (4,-1)) is a regular corner of type IIb) of (P, Q). Hence, by

item (8) of the same theorem, we get vg,1(A41) = X where my, is the
multiplicity of z— A in po(2) = g(2)™. Since we have vg1(A1) = 3, by [5,
Remarks 3.8 and 3.9] we get

g(Z) = )‘O(ZA - AZljl)g.v
for some Mg, A\; € K*. We obtain then

£4,_1(P5) = )\ol‘m(z’ — /\1)3m(Z — i)\l)gm(z + A1)3m’(z + i)\1)3m,
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(0,16m)

(4m,12m)

(m, 0) ‘

Figure 3: The shape of P

and so, we have four final major m-roots

10 = Mzt + nal, =it + mz®,

1/4 1/4

To = —Mz'/* + w2l 13 = —ihz/t 4+ w2,

where § = o/p, with (p,o) = dir (m (%,3) - (%,1)). Here A, = (%,3)
is the same final corner (see [5, Definition 2.18]) for all major final roots,
corresponding to the regular corner (Ai, (p,0)) of type Ib) of each of
the four (m,n)-pairs (¢, (P), ¢, (Q)). By the first equality in (6.3),
there are 3m roots of P associated to each of these major roots, and by
Proposition 6.4, the remaining 4m roots of P are minor roots. Now we
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can compute

3
L= IDFIE =30 DE g

TEPy j=0

k 1
:4~mbo7:4om-3-1:3m:3(2j+3).

7 Intersection number and minor roots

In this section we obtain an inequality for I,,, in Theorem 7.3, as opposed
to the equality in [14, Theorem 4.7], whose proof has a serious gap. We
also show how to compute I, for the families of [7]. For the sake of
brevity we write P, @z, P, and @, instead of the partial derivatives

0. P, 0;Q, 0y,P and 0,Q.

Lemma 7.1. Let (P,Q) be as above, (p,0) be a direction, with p # 0,
and o € R(P). Write £, ,(P) = 2%g(2) with z = 2~/Py. The following
facts hold.

(1) If deg(g) > 0, then £, ,(P,) = x%~7/7¢/(2).
(2) « is a minor root if and only if deg, (Q(«)) = 0.

(3) Let B € R(Py). There exists T € P,, such that § € DY if and
only if deg, (P(8)) = 0.

(4) If a is a minor root, then deg, (Py(a)) = —dq.

(5) Let T € Py, and assume that fp, ; and fq,  are coprime. Then
deg, (Qy(B)) = —d; for all B € DI,

(6) Let 7 € Pp and assume that fp,; and fq, . are not coprime.
Then there exists B € DX such that deg,(Qy(8)) < —9-.

Proof. (1) This follows from the fact that the morphism 0, satisfies
Oy (z'y?) = ja'y?~! for j > 0: in fact we have

VUpo(Oy(2'y7)) = vp0(x'y)) — 0.
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Hence ¢, 5(0yP) = 0y{, -(P) when 0,¢, ,(P) # 0, and so
lpo(Py) = 0y(a"g(2)) = a*~7/¢'(2),

because of deg(g) > 0.

(2) By Items (1)a) and (2)c) of Proposition 5.2, we know that « is
a minor root if and only if we have AY = 0 for the 7-root 7 associated
to a. This proves (2), since we have A\? = deg, (Q(a)) by Lemma 6.1.

(3) If we define

6/3 = min{degx(a - 5)|0[ € R(P)}a

and
8= Z ajxj + A% + Z ajxj,
j>5ﬁ j<5g
then 7 = Zj>55 a;jx? + 728 is a w-root of P. From Remark 3.4 we

obtain 0 < |[DY| = |DP| — 1, and so, by Remark 4.6 we get AL > 0.
Take a € DF and let 7 be the final 7-root of P associated with a. We
have 6, < dg (since dg < &, implies |DF| = 1) and hence A,, < A, so
AP =0 if and only if 7 = 74 is a final minor 7-root of P.

We claim the equality AL = deg, (P(8)). In fact, we have fp,()\) #
0 since otherwise, by Proposition 3.7, there exists j; < dz such that
the m-approximation of S up to j; is a m-root of P, contradicting the
minimality of dz. Hence, by Proposition 3.11, we have deg,(P(3)) =
AP > 0. Therefore, if deg, (P(8)) = 0, then 8 € Df" and 7 € P,,. On
the other hand, if § € D:;y for some 19 € P,,, then dg < §,,, hence
0< A <)\, =0,and so 0 = A\’ = deg, (P(B)), as desired.

(4) Let 7 = > . 5. a;jx? + mx’ be the minor final m-root of P
associated with . Write

o= g aja?j+)\:n5“—|— E ajxj.
j>8a j<éa

Since fp-(A) =0, and fp, has no multiple roots, we have fp () # 0.
But by Item (1) we have fp, , = fp,, and, by Proposition 3.11, we
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obtain ALY = deg, (Py(7)) = deg,(Py(c)). Using again Item (1) we get
)\fy = A; —0/p, and the result follows immediately since A; = 0.

(5) Let =225 ajz? + ¥ and take B € DFY . Set

8= Z ajxj + Azdo + Z aja:j.
J>Jjo J<Jjo
By Corollary 3.8, we have fp, ;(A\) = 0. As fp, ; is coprime with
fq,.~ we get fo,-(\) # 0. By Proposition 3.11, we obtain P -
deg, (Qy (7)) = deg,(Qy(B)) and by Item (1) we have A = Ae —a/p.
The result follows immediately from the equality AQ = 0.

(6) Writer =", ajz’+mz/. Let A € K besuch that fg, -(\) =
0 = fp,~(\). By Proposition 3.7, there exist ji,j2 < jo such that
DI ajz? + A\zdo 4+ rxdt is a w-root of P, and 75 = > i ajzd +
Azdo + w2 is a m-root of @,. Take j3 = max{ji,j2}. Then 73 =
2 isio ajzd + A\xdo + s is a m-root of Q, and P,. If B € D:;y, then

8= E ajz? + Az’ + E a;x’.
J>jo J<Jjo

With T'= Az% + 37, “a;z? we have

Qy(B) = evy=r(p:(Qy)) = eVy=Azio (p.o(pr(Qy))) + R
=22 fo,-(\) + R

for some R with v, +(R) < v,.+(0-(Qy))) = p)\f?y. Since fq,,r(A) =0,
we obtain

pdeg, (Qy(8)) = vp.o(Qy(5)) < AL,

However, from Item (1) we have A9 = A2 — o /p, and since \2 = 0 we
conclude

degw(Qy(ﬁ)) < —O'/p7
as desired. O

Pro Mathematica, XXX, 60 (2019), 51-89, ISSN 2305-2430 81



J. Guccione, J. Guccione, R. Horruitiner, C. Valqui

Lemma 7.2. For any o € K((x=/")) we have

d d y

Qu(0) - P(a) ~ Pyfa) 1= Q(a) € K*.
Proof. This follows directly f iP( ) = Py(a)+Py( )d—a iQ( )=
T00f. 150(;ws irectly from —P(a) = Py(a)+Py(a)——, ——Q(a) =
Qu(a) + Qy(a)d—z and the Jacobian condition. O

Theorem 7.3. For I, =1—3% p (0r +1) we get I, <I(P,Q). We
also have

I(P,P,Q) = deg(P) = 3 [DF|(1+4). (7.1)

TEP,

Proof. 1t suffices to prove (7.1) and

I(P,P,)) < deg(P)—1— > (IDF|=1)(d, +1). (7.2)
TEP,,

In fact, Equality (7.1) and Inequality (7.2) yield

I(P,Q)=I(P,P,Q) —I(P,P) > 1~ > (5, +1),

TEP,

as desired.

Proof of Fquality (7.1). By Lemma 7.2, for each a« € R(P) we have
d

Py(a)d—Q(a) € K*. Moreover, by Lemma 7.1(2), if a is a major root,
x

then degy (Q(a)) = A2 > 0, and so deg, (P, ()Q(c)) = 1. On the other
hand, if « is a minor root, then by Proposition 5.2(1)a), Lemma 6.1 and
Lemma 7.1(4) we obtain

deg, (Py(a)Q(a)) = deg, (Py(@)) = —da = —0r,

where 7 is the minor final 7-root associated with «. Using these facts
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we obtain

I(P,P,Q)= Y deg,(P,(a)Q(c))

a€R(P)
= D deg(P Y Y deg,(Py(@)Q(e)
TEPy, aeDP TE€EPM a€DFP
=Y P65+ ST PP+ S pF| - 3 |pF)
TEP, TEPNM TEP, TEP,
=deg(P)— > |DF|(1+56,)

TEP,

where the first equality is justified as in the proof of Theorem 6.2.

Proof of Inequality (7.2). By Lemma 7.2, for each § € R(P,), we have
d
Qy(ﬂ)%P(B) € K*. Define

Pym ={B € R(Py) : there is a minor final 7-root 7 with 3 € ny}.

Then, by Lemma 7.1(3), if 5 is not in P, ,,,, we have deg, (Q,(3)P(8)) =
1. On the other hand, if 8 is in P, ,,, then by Items (3), (5) and (6) of
Lemma 7.1 we obtain

deg, (P(8)Qy(8)) = deg,(Qy(B)) < —b-,

where 7 is the minor final 7-root associated with 5. Using these facts
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we obtain
I(P, PQ,) = Y deg,(P(B)Qy(B))
BER(Py)
=Y ) deg, (P(B)Qy(B) + Y deg,(P(8)Qy(B))
TEPn gepPy BEPy m
< Y IDFo|(=6;) + deg(P) — Y |DFv]
TEP,, TEP,
=deg(P)—1— Z |DFv|(1 4 6,)
TEP,,
=deg(P)—1— Y (IDF|-1)(1+4,),
TEP,,

(7.3)
where the last equality follows from Remark 3.4.
Since the Jacobian condition implies

Resy (P, Qy) Resy (P, P) = Resy (P, Q, P:) = H Qy(B)P:(B) =1,
BER(Py)

we have I(P,,Q,) =0, and thus (7.3) yields Inequality (7.2). O

Example 6.7 (continuation). In the case of family Fj of [7] there is
only one minor root 7 corresponding to the remaining 4m roots of P,
and 6, = —3. Hence we have I,,, = 1—(—3+1) = 3. Since Iy = 3(2j+3),
we have I, < Ip; (which is compatible with Theorem 7.3 and doesn’t
allow us to disregard this family).

In fact, consider the diagram in Figure 4, where flip : K[z,y] —
Kz, y] is given by flip(z) = y and flip(y) = —x, and the three morphisms
0, 01,8 : Klr,27 y] — K[z,2~1,y] are characterized by

o(r) =z +y, p1(v) = o(z) =,

x, =z
oy) =y, o1(y) =y —x, Py) =y+ Mz 2

In order to define G set v = z + y + Az~ 2. The morphism G :
Klgl(@) = Ky)((z~)) is given by G(z) = u and G(y) = y +
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Yy Y Yy
P = l(P) i
<P1(P)
@(@1(1’7))
[ o, ¢
/
L —
| —
j@
)
N ) )G
/ Yy Yy
fli >
[ e, p 3P
_— ——
| —

Figure 4: Finding minor roots: ¢1 _3(o(p1(P))) = £1,—3(o(P1))

A1(x72 —u~?). Note that u is invertible in K[y]((z~1)) with
u =2 (T—a Yy + Mz ) +a 2 (y+ a2 — ).

We also have Go ¢ = @ o and £1 _3(G(S)) = ¢1,_3(S) for all § €

K[y)((=")), which implies £1,_3((S)) = £1,-3(#((5)))-
Now, the previous computations yield 1, _o(P;) = R{™ where

Ry = flip(R) = Aoz’ (y — Mz ™?).

Moreover, we also have ¢_1 4(@(P1)) = ¢_1.4(P1) and the element F'
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of [12, Corollary 7.4] satisfies

st_1.4(F) =(9,3) = %% st_1.4(®(Pr)),

and so we must have ¢ = 4 in [12, Corollary 7.4]. Hence, if we assume by
contradiction (p1,01) = Predg(p,)(1,—2) > (1,-3), from [12, Corollary
7.4] we obtain a (p1,o1)-homogeneous element Ry € K[z, 271, 3] such
that £,, 5, (p(P1)) = RA™, which is impossible.

It follows that

Predgg(Pl)(]., —2) = (1, —3) = Predg(Ql)(l, —2)

holds, as we also know that (0,0) belongs to Supp(@(P1))NSupp(@P(Q1))-
But we have 1 _3(@p(P1)) = €1,-3(p(¢1(P))) and so, from Proposi-
tion 3.3 we know that 7 = —z + Mz~ 2 + 7z ~3
©r = @ o 1. Moreover we get A\, = 0; and fr p(2) = {1, _3(p-(P))
has no multiple roots (eventually replace P by P + £ for an adequate
constant &). Consequently 7 is a final minor root of P and |Df| =
vo,1(en1 _3(p-(P))) = 4m, where 4m is the number of remaining minor
roots of P. So we conclude that 7 is the only minor root of P and we

is a m-root of P, since

also obtain §, = 7_ T = —3, as claimed.
p
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Resumen

En [14] Yansong Xu calcula el niimero de interseccién de un par jaco-
biano usandos dos igualdades diferentes. Probamos la primera de estas
desigualdades usando el lenguaje de [12], pero en lugar de la segunda
solamente obtenemos una desigualdad.
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