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1 Introduction

In 1978, M. Saigo [17] defined certain integral operators involving

the Gauss hypergeometric function as follows:

Let α > β and η be real numbers. The fractional integral operator

Iα,β,ηx , which acts on certain functions f(x) on the interval (0,∞) was

defined as

Iα,β,ηx f =
x−α−η

Γ(α)

x∫
0

(x− t)α−1 F

(
α+ β,−η;α; 1− t

x

)
f(t)dt) (1.1)

Under the same assumptions in defining (1.1), he also defined the integral

operator Jα,β,η
x as

Jα,β,η
x f =

1

Γ(α)

∞∫
x

(t− x)α−1 t−α−β F
(
α+ β,−η;α; 1− x

t

)
f(t)dt)

(1.2)

Later on in 1988, Saigo and Raina [19] obtained the generalized

fractional integrals and derivatives introduced by Saigo [17-18] of the

system Sn
q (x), where the general system of polynomials

Sn
q (x) =

[nq ]∑
r=0

(−n)qr
r!

An,rx
r

were defined by Srivastave [20], where q > 0 and n ≥ 0 are integers,

and An,r are arbitrary sequence of real or complex numbers.

52 Pro Mathematica, 25, 49-50 (2011), 51-84 ISSN 1012-3938



On Fractional Integral Operators of Three Variables and Integral Transforms

In an earlier communication the present authors [11] defined and

studied certain three variables analogues of (1.1) and (1.2) which are as

given below:

I. Let c > 0, c′ > 0, c′′ > 0, a, b, b′, b′′ be real numbers. A three

variable analogue of fractional integral operator Iα,β,η0,x due to M. Saigo

is defined as

1I
a,b,b′,b′′;c,c′,c′′

0,x;0,y;0,z f(x, y, z) =

x−ay−az−a

Γ(c)Γ(c′)Γ(c′′)

x∫
0

y∫
0

z∫
0

(x− u)c−1 (y − v)c
′−1 (z − w)c

′′−1

F
(3)
A

[
a, b, b′, b′′; 1− u

x , 1−
v
y , 1−

w
z

c, c′, c′′ ;

]
f(u, v, w) dw dv du (1.3)

where F
(3)
A is a Lauricella function of three variables defined by

F
(3)
A

[
a, b, b′, b′′;x, y, z

c, c′, c′′ ;

]
=

∞∑
n=0

∞∑
r=0

∞∑
s=0

(a)n+r+s (b)n (b′)r (b′′)s
n! r! s! (c)n (c′)r (c′′)s

xn yr zs,

|x| + |y| + |z| < 1.

Special Cases :
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i) For a = b = b′ = b′′ = 0, c = α, c′ = β, c′′ = γ, (1.3) reduces to

1I
0,0,0,0;α,β,γ
0,x;0,y;0,z f(x, y, z) = 1R

α,β,γ
0,x;0,y;0,z f(x, y, z)

=
1

Γ(α)Γ(β)Γ(γ)

x∫
0

y∫
0

z∫
0

(x−u)α−1(y−v)β−1(z−w)γ−1f(u, v, w) dw dv du

(1.4)

Here (1.4) may be taken as a three variable analogue of Riemann-

Liouville fractional integral operator Rα
0,x.

(ii) For a = c = α, b = −η, b′ = b′′ = 0, c′ = β, c′′ = γ, (1.3) becomes

1I
α,−η,0,0;α,β,γ
0,x;0,y;0,z f(x, y, z) = x

1E
α,β,γ,η
0,x;0,y;0,z f(x, y, z) =

x−α−η y−α z−α

Γ(α)Γ(β)Γ(γ)

x∫
0

y∫
0

z∫
0

(x− u)α−1 (y − v)β−1 (z − w)γ−1 uη

f(u, v, w) dw dv du (1.5)

(iii) For a = c = α, b = b′′ = 0, b′ = −η, c′ = β, c′′ = γ, (1.3) gives

1I
α,0,−η,0;α,β,γ
0,x;0,y;0,z f(x, y, z) = y

1E
α,β,γ,η
0,x;0,y;0,z f(x, y, z) =

x−α y−α−η z−α

Γ(α)Γ(β)Γ(γ)

x∫
0

y∫
0

z∫
0

(x− u)α−1 (y − v)β−1 (z − w)γ−1 vη

f(u, v, w) dw dv du (1.6)

(iv) For a = c = α, b = b′ = 0, b′′ = −η, c′ = β, c′′ = γ, (1.3) yields

1I
α,0,0,−η;α,β,γ
0,x;0,y;0,z f(x, y, z) = z

1E
α,β,γ,η
0,x;0,y;0,z f(x, y, z) =
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x−α y−α z−α−η

Γ(α)Γ(β)Γ(γ)

x∫
0

y∫
0

z∫
0

(x− u)α−1 (y − v)β−1 (z − w)γ−1 wη

f(u, v, w) dw dv du (1.7)

Here (1.5), (1.6) and (1.7) may be regarded as three variable ana-

logue of Erdelyi Kober fractional integral operator.

Under the same conditions of (1.3), a three variable analogues of

Jα,β,γ
x,∞ is as defined below:

1J
a,b,b′,b′′;c,c′,c′′

x,∞;y,∞;z,∞ f(x, y, z) =

1

Γ(c)Γ(c′)Γ(c′′)

∞∫
x

∞∫
y

∞∫
z

(u− x)c−1 (v − y)c
′−1 (w − z)c

′′−1

F
(3)
A

[
a, b, b′, b′′; 1− x

u , 1−
y
v , 1−

z
w

c, c′, c′′ ;

]
u−av−aw−af(u, v, w)dw dv du

(1.8)

Special Cases:

(i) For a = b = b′ = b′′ = 0, c = α, c′ = β, c′′ = γ, (1.8) reduces to

1J
0,0,0,0;α,β,γ
x,∞;y,∞;z,∞ f(x, y, z) = 1L

α,β,γ
x,∞;y,∞;z,∞ f(x, y, z) =

1

Γ(α)Γ(β)Γ(γ)

∞∫
x

∞∫
y

∞∫
z

(u− x)α−1 (v − y)β−1 (w − z)γ−1

f(u, v, w) dw dv du (1.9)

We may consider (1.9) as a three variable analogue of Weyl frac-

tional integral operator Lα
x,∞.
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(ii) For a = c = α, b = −η, b′ = b′′ = 0, c′ = β, c′′ = γ, (1.8) reduces to

1J
α,−η,0,0;α,β,γ
x,∞;y,∞;z,∞ f(x, y, z) = x

1K
α,β,γ,η
x,∞;y,∞;z,∞ f(x, y, z) =

xη

Γ(α)Γ(β)Γ(γ)

∞∫
x

∞∫
y

∞∫
z

(u− x)α−1(v − y)β−1(w − z)γ−1u−α−ηv−α w−α

f(u, v, w) dw dv du (1.10)

(iii) For a = c = α, b = b′′ = 0, b′ = −η, c′ = β, c′′ = γ, (1.8) becomes

1J
α,0,−η,0;α,β,γ
x,∞;y,∞;z,∞ f(x, y, z) = y

1K
α,β,γ,η
x,∞;y,∞;z,∞ f(x, y, z) =

yη

Γ(α)Γ(β)Γ(γ)

∞∫
x

∞∫
y

∞∫
z

(u− x)α−1(v − y)β−1(w − z)γ−1u−α v−α−η w−α

f(u, v, w) dw dv du (1.11)

(iv) For a = c = α, b = b′ = 0, b′′ = −η, c′ = β, c′′ = γ, (1.8) gives

1J
α,0,0,−η;α,β,γ
x,∞;y,∞;z,∞ f(x, y, z) = z

1K
α,β,γ,η
x,∞;y,∞;z,∞ f(x, y, z) =

zη

Γ(α)Γ(β)Γ(γ)

∞∫
x

∞∫
y

∞∫
z

(u− x)α−1(v − y)β−1(w − z)γ−1 u−α v−αw−α−η

f(u, v, w) dw dv du (1.12)

We may consider (1.10), (1.11) and (1.12) as three variable ana-

logues of Erdelyi-Kober fractional integral operator Kη,α
x,∞.

II. Let c > 0, a, a′, a′′, b, b′, b′′ be real numbers. Then a second

three variable analogue of Iα,β,γ0,x is as follows:
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2I
a,a′,a′′,b,b′,b′′;c
0,x;0,y;0,z f(x, y, z)

=
x−ay−a′

z−a′′

{Γ(c)}3

x∫
0

y∫
0

z∫
0

(x− u)c−1 (y − v)c−1 (z − w)c−1

F
(3)
A

[
a, a′, a′′, b, b′, b′′; 1− u

x , 1−
v
y , 1−

w
z

c ;

]
f(u, v, w) dw dv du

(1.13)

where

F
(3)
A

[
a, a′, a′′, b, b′, b′′;x, y, z

c ;

]

=
∞∑

n=0

∞∑
r=0

∞∑
s=0

(a)n (a′)r (a′′)s (b)n (b′)r (b′′)s
n! r! s! (c)n+r+s

xnyrzs

Special Cases:

(i) For a = a′ = a′′ = 0, c = α, (1.13) reduces to

2I
0,0,0;b,b′,b′′;α
0,x;0,y;0,z f(x, y, z) = 2R

α
0,x;0,y;0,z f(x, y, z)

=
1

{Γ(α)}3

x∫
0

y∫
0

z∫
0

(x− u)α−1(y− v)α−1 (z−w)α−1 f(u, v, w) dw dv du

(1.14)

Here (1.14) may be regarded as a three variable analogue of Riemann-

Liouville fractional integral operator Rα
0,x.

(ii) For a = c = α, a′ = a′′ = 0, b = −η, (1.13) becomes

2I
α,0,0;−η,b′,b′′;α
0,x;0,y;0,z f(x, y, z) = x

2E
α,η
0,x;0,y;0,z f(x, y, z)
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=
x−α−η

{Γ(α)}3

x∫
0

y∫
0

z∫
0

(x−u)α−1(y−v)α−1 (z−w)α−1uηf(u, v, w)dw dv du

(1.15)

(iii) For a = a′′ = 0, a′ = c = α, b′ = −η, (1.13) gives

2I
0,α,0,b,−η,b′′;α
0,x;0,y;0,z f(x, y, z) = y

2E
α,η
0,x;0,y;0,z f(x, y, z)

=
y−α−η

{Γ(α)}3

x∫
0

y∫
0

z∫
0

(x−u)α−1(y−v)α−1(z−w)α−1vηf(u, v, w) dw dv du

(1.16)

(iv) For a = a′ = 0, a′′ = c = α, b′′ = −η, (1.13) becomes

2I
0,0,α,b,b′,−η;α
0,x;0,y;0,z f(x, y, z) = z

2E
α,η
0,x;0,y;0,z f(x, y, z)

=
z−α−η

{Γ(α)}3

x∫
0

y∫
0

z∫
0

(x−u)α−1(y−v)α−1 (z−w)α−1 wηf(u, v, w)dw dv du

(1.17)

Here (1.15), (1.16) and (1.17) may be thought of as the second three

variable analogues of Erdelyi-Kober fractional integral operator Eα,η
0,x .

Under the same conditions of (1.13), a second three variable ana-

logues of Jα,β,γ
x,∞ is as defined below:

2J
a,a′,a′′,b,b′,b′′;c
x,∞;y,∞;z,∞ f(x, y, z) =

1

{Γ(c)}3

∞∫
x

∞∫
y

∞∫
z

(u−x)c−1(v−y)c−1(w−z)c−1

F
(3)
A

[
a, a′, a′′, b, b′, b′′; 1− u

x , 1−
v
y , 1−

w
z

c ;

]
u−a v−a′

w−a′′

f(u, v, w) dw dv du (1.18)
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Special Cases:

(i) For a = a′ = a′′ = 0, c = α, (1.18) reduces to

2J
0,0,0;b,b′,b′′;α
x,∞;y,∞;z,∞ f(x, y, z) = 2L

α
x,∞;y,∞;z,∞ f(x, y, z)

=
1

{Γ(α)}3

∞∫
x

∞∫
y

∞∫
z

(u−x)α−1 (v−y)α−1 (w−z)α−1 f(u, v, w) dw dv du

(1.19)

It can be considered as a three variable analogue of Weyl fractional

integral operator Lα
x,∞.

(ii) For a′ = a′′ = 0, a = c = α, b = −η, (1.18) becomes

2J
α,0,0,−η;b′,b′′;α
x,∞;y,∞;z,∞ f(x, y, z) = x

2K
α,η
x,∞;y,∞;z,∞ f(x, y, z) =

xη

{Γ(α)}3

∞∫
x

∞∫
y

∞∫
z

(u−x)α−1(v−y)α−1(w− z)α−1u−α−ηf(u, v, w)dwdvdu

(1.20)

(iii) For a = a′′ = 0, a′ = c = α, b′ = −η, (1.18) gives

2J
0,α,0,b,−η,b′′;α
x,∞;y,∞;z,∞ f(x, y, z) = y

2K
α,η
x,∞;y,∞;z,∞ f(x, y, z) =

yη

{Γ(α)}3

∞∫
x

∞∫
y

∞∫
z

(u−x)α−1(v− y)α−1(w− z)α−1v−α−ηf(u, v, w)dwdvdu

(1.21)

(iv) For a = a′ = 0, a′′ = c = α, b′′ = −η, (1.18) yields

2J
0,0,α,b,b′,−η;α
x,∞;y,∞;z,∞ f(x, y, z) = z

2K
α,η
x,∞;y,∞;z,∞f(x, y, z) =

zη

{Γ(α)}3

∞∫
x

∞∫
y

∞∫
z

(u−x)α−1(v−y)α−1(w−z)α−1w−α−ηf(u, v, w)dwdvdu

(1.22)
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Here (1.20), (1.21) and (1.22) may be taken of as the second three

variable analogues of Erdelyi-Kober fractional integral operator Kη,α
x,∞.

III. Let c > 0, c′ > 0, c′′ > 0, a, b be real numbers. Then a third

three variable analogue of Iα,β,η0,x is as defined below:

3I
a,b;c,c′,c′′

0,x;0,y;0,zf(x, y, z) =

x−ay−a′
z−a′′

Γ(c)Γ(c′)Γ(c′′)

x∫
0

y∫
0

z∫
0

(x− u)c−1(y − v)c
′−1(z − w)c

′′−1

F
(3)
C

[
a, b ; 1− u

x , 1−
v
y , 1−

w
z

c, c′, c′′;

]
f(u, v, w) dw dv du (1.23)

where

F
(3)
A

[
a, b ;x, y, z

c, c′, c′′;

]
=

∞∑
n=0

∞∑
r=0

∞∑
s=0

(a)n+r+s (b)n+r+s

n! r! s! (c)n(c′)r(c′′)s
xnyrzs

Under the same conditions of (1.23), a third three variable analogue

of Jα,β,η
n,∞ is as given below:

3J
a,b;c,c′,c′′

x,∞;y,∞;z,∞ f(x, y, z) =

1

Γ(c)Γ(c′)Γ(c′′)

∞∫
x

∞∫
y

∞∫
z

(u− x)c−1 (v − y)c
′−1 (w − z)c

′′−1

F
(3)
C

[
a, b ; 1− x

u , 1−
y
v , 1−

z
w

c, c′, c′′;

]
f(u, v, w) dw dv du (1.24)

IV. Let c > 0, a, b, b′, b′′ be real numbers. A fourth three variable

analogue of fractional integral operator Iα,β,η0,x due to M. Saigo is defined
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as:

4I
a,b,b′,b′′;c
0,x;0,y;0,z f(x, y, z) =

x−ay−az−a

{Γ(c)}3

x∫
0

y∫
0

z∫
0

(x−u)c−1(y−v)c−1(z−w)c−1

F
(3)
D

[
a, b, b′, b′′; 1− u

x , 1−
v
y , 1−

w
z

c ;

]
f(u, v, w) dw dv du (1.25)

where

F
(3)
D

[
a, b ;x, y, z

c, c′, c′′;

]
=

∞∑
n=0

∞∑
r=0

∞∑
s=0

(a)n+r+s (b)n(b
′)r(b

′′)s
n! r! s! (c)n+r+s

xnyrzs

Special Cases:

(i) For a = b = b′ = b′′ = 0, c = α, (1.25) reduces to

4I
0,0,0,0;α
0,x;0,y;0,z f(x, y, z) = 2R

α
0,x;0,y;0,z f(x, y, z) =

1

{Γ(α)}3

x∫
0

y∫
0

z∫
0

(x−u)α−1 (y−v)α−1 (z−w)α−1 f(u, v, w) dw dv du

(1.26)

Which is (1.14) i.e. a three variable analogue of Riemann-Liouville

fractional integral operator Rα
0,x.

(ii) For a = c = α, b = −η, b′ = b′′ = 0, (1.25) becomes

4I
α,−η,0,0;α
0,x;0,y;0,z f(x, y, z) = x

3E
α,η
0,x;0,y;0,z f(x, y, z) =

x−α−ηy−αz−α

{Γ(α)}3

x∫
0

y∫
0

z∫
0

(x−u)α−1(y−v)α−1(z−w)α−1uηf(u, v, w)dwdvdu

(1.27)
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(iii) For a = c = α, b = b′′ = 0, b′ = −η, (1.25) gives

4I
α,0,−η,0;α
0,x;0,y;0,z f(x, y, z) = y

3E
α,η
0,x;0,y;0,z f(x, y, z) =

x−αy−α−ηz−α

{Γ(α)}3

x∫
0

y∫
0

z∫
0

(x−u)α−1(y−v)α−1(z−w)α−1vηf(u, v, w)dwdvdu

(1.28)

(iv) For a = c = α, b = b′ = 0, b′′ = −η, (1.25) yields

4I
α,0,0,−η;α
0,x;0,y;0,z f(x, y, z) = z

3E
α,η
0,x;0,y;0,z f(x, y, z) =

x−αy−αz−α−η

{Γ(α)}3

x∫
0

y∫
0

z∫
0

(x−u)α−1(y−v)α−1(z−w)α−1wηf(u, v, w)dwdvdu

(1.29)

Here (1.27), (1.28) and (1.29) may be considered as third three

variable analogues of Erdelyi-Kober fractional integral operator Eα,η
0,x .

It may be remarked here that (1.27), (1.28) and (1.29) can also be

obtained from (1.5), (1.6) and (1.7) respectively by taking α = β = γ.

Under the same condition of (1.25), a fourth three variable analogue

of another fractional integral operator Jα,β,γ
x,∞ due to M. Saigo is defined

as follows:

4I
a,b,b′,b′′;c
x,∞;y,∞;z,∞ f(x, y, z) =

1

{Γ(c)}3

∞∫
x

∞∫
y

∞∫
z

(u−x)c−1(v−y)c−1(w−z)c−1

F
(3)
D

[
a, b, b′, b′′; 1− u

x , 1−
v
y , 1−

w
z

c ;

]
u−av−aw−af(u, v, w) dw dv du

(1.30)
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Special Cases:

(i) For a = b = b′ = b′′ = 0, c = α, (1.30) reduces to

4I
0,0,0,0;α
x,∞;y,∞;z,∞ f(x, y, z) = 2L

α
x,∞;y,∞;z,∞ f(x, y, z)

=
1

{Γ(α)}3

∞∫
x

∞∫
y

∞∫
z

(u−x)α−1 (v−y)α−1 (w−z)α−1 f(u, v, w) dw dv du

(1.31)

Which is (1.19) i.e. a second three variable analogue of Weyl frac-

tional integral operator Lα
x,∞. It can be obtained from (1.9) by taking

α = β = γ.

(ii) For a = c = α, b = −η, b′ = b′′ = 0, (1.30) becomes

4I
α,−η,0,0;α
x,∞;y,∞;z,∞ f(x, y, z) = x

3K
α,η
x,∞;y,∞;z,∞ f(x, y, z) =

xη

{Γ(α)}3

∞∫
x

∞∫
y

∞∫
z

(u− x)α−1(v − y)α−1(w − z)α−1u−α−ηv−αw−α

f(u, v, w) dw dv du (1.32)

(iii) For a = c = α, b = b′′ = 0, b′ = −η, (1.30) gives

4I
α,0,−η,0;α
x,∞;y,∞;z,∞ f(x, y, z) = y

3K
α,η
x,∞;y,∞;z,∞ f(x, y, z) =

yη

{Γ(α)}3

∞∫
x

∞∫
y

∞∫
z

(u− x)α−1(v − y)α−1(w − z)α−1u−αv−α−ηw−α

f(u, v, w) dw dv du (1.33)

(iv) For a = c = α, b = b′ = 0, b′′ = −η, (1.30) yields

4I
α,0,0,−η;α
x,∞;y,∞;z,∞ f(x, y, z) = z

3K
α,η
x,∞;y,∞;z,∞ f(x, y, z) =
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zη

{Γ(α)}3

∞∫
x

∞∫
y

∞∫
z

(u− x)α−1(v − y)α−1(w − z)α−1u−αv−αw−α−η

f(u, v, w) dw dv du (1.34)

Here (1.32), (1.33) and (1.34) may be considered as third three

variable analogues of Erdelyi-Kober fractional integral operator Kα,η
x,∞.

Further (1.32), (1.33) and (1.34) can also be obtained from (1.10), (1.11)

and (1.12) respectively by taking α = β = γ.

The aim of the present paper is to study the effects of integral

transforms say the Mellin and Laplace transforms on the three variable

analogues of fractional integral operators introduced in [11] and repro-

duced here through (1.3), (1.8), (1.13), (1.18), (1.23), (1.24), (1.25)and

(1.30).

Theorem 1.1 : For functions f(x, y, z), g(x, y, z), f
(

1
x ,

1
y ,

1
z

)
and

g
(

1
x ,

1
y ,

1
z

)
defined for 0 ≤ x < ∞, 0 ≤ y < ∞, 0 ≤ z < ∞ and

c > 0, c′ > 0, c′′ > 0, we have

∞∫
0

∞∫
0

∞∫
0

xa−c−1ya−c′−1za−c′′−1f

(
1

x
,
1

y
,
1

z

)
1I

a,b,b′,b′′;c,c′,c′′

0,x;0,y;0,z

g(x, y, z)dzdydx

=

∞∫
0

∞∫
0

∞∫
0

xa−c−1ya−c′−1za−c′′−1g

(
1

x
,
1

y
,
1

z

)
1I

a,b,b′,b′′;c,c′,c′′

0,x;0,y;0,z

f(x, y, z)dzdydx (1.38)

provided that each triple integral exists.

64 Pro Mathematica, 25, 49-50 (2011), 51-84 ISSN 1012-3938



On Fractional Integral Operators of Three Variables and Integral Transforms

Theorem 1.2 : Under the conditions stated in theorem 1.1, we have

∞∫
0

∞∫
0

∞∫
0

xa−c−1ya−c′−1za−c′′−1f

(
1

x
,
1

y
,
1

z

)
1J

a,b,b′,b′′;c,c′,c′′

x,∞;y,∞;z,∞

g(x, y, z)dzdydx

=

∞∫
0

∞∫
0

∞∫
0

xa−c−1ya−c′−1za−c′′−1g

(
1

x
,
1

y
,
1

z

)
1J

a,b,b′,b′′;c,c′,c′′

x,∞;y,∞;z,∞

f(x, y, z)dzdydx (1.39)

provided that each triple integral exists.

Theorem 1.3 : For functions f(x, y, z), g(x, y, z), f
(

1
x ,

1
y ,

1
z

)
and

g
(

1
x ,

1
y ,

1
z

)
defined for 0 ≤ x < ∞, 0 ≤ y < ∞, 0 ≤ z < ∞ and

c > 0, we have

∞∫
0

∞∫
0

∞∫
0

xa−c−1ya
′−c−1za

′′−c−1f

(
1

x
,
1

y
,
1

z

)
2I

a,a′,a′′,b,b′,b′′;c
0,x;0,y;0,z

g(x, y, z)dzdydx

=

∞∫
0

∞∫
0

∞∫
0

xa−c−1ya
′−c−1za

′′−c−1g

(
1

x
,
1

y
,
1

z

)
2I

a,a′,a′′,b,b′,b′′;c
0,x;0,y;0,z

f(x, y, z)dzdydx (1.40)

provided that each triple integral exists.
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Theorem 1.4 : Under the conditions stated in theorem 1.3, we have

∞∫
0

∞∫
0

∞∫
0

xa−c−1ya
′−c−1za

′′−c−1f

(
1

x
,
1

y
,
1

z

)
2J

a,a′,a′′,b,b′,b′′;c
x,∞;y,∞;z,∞

g(x, y, z)dzdydx

=

∞∫
0

∞∫
0

∞∫
0

xa−c−1ya
′−c−1za

′′−c−1g

(
1

x
,
1

y
,
1

z

)
2J

a,a′,a′′,b,b′,b′′;c
x,∞;y,∞;z,∞

f(x, y, z)dzdydx (1.41)

provided that each triple integral exists.

Theorem 1.5 : For functions f(x, y, z), g(x, y, z), f
(

1
x ,

1
y ,

1
z

)
and

g
(

1
x ,

1
y ,

1
z

)
defined for 0 ≤ x < ∞, 0 ≤ y < ∞, 0 ≤ z < ∞ and

c > 0, c′ > 0, c′′ > 0, we have

∞∫
0

∞∫
0

∞∫
0

xa−c−1ya−c′−1za−c′′−1f

(
1

x
,
1

y
,
1

z

)
3I

a,b;c,c′,c′′

0,x;0,y;0,z g(x, y, z)dzdydx

=

∞∫
0

∞∫
0

∞∫
0

xa−c−1ya−c′−1za−c′′−1g

(
1

x
,
1

y
,
1

z

)
3I

a,b;c,c′,c′′

0,x;0,y;0,zf(x, y, z)dzdydx

(1.42)

provided that each triple integral exists.

Theorem 1.6 : Under the conditions stated in theorem 1.5, we have

∞∫
0

∞∫
0

∞∫
0

xa−c−1ya−c′−1za−c′′−1f

(
1

x
,
1

y
,
1

z

)
3J

a,b;c,c′,c′′

x,∞;y,∞;z,∞
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g(x, y, z)dzdydx

=

∞∫
0

∞∫
0

∞∫
0

xa−c−1ya−c′−1za−c′′−1g

(
1

x
,
1

y
,
1

z

)
3J

a,b;c,c′,c′′

x,∞;y,∞;z,∞

f(x, y, z)dzdydx (1.43)

provided that each triple integral exists.

Theorem 1.7 : For functions f(x, y, z), g(x, y, z), f
(

1
x ,

1
y ,

1
z

)
and

g
(

1
x ,

1
y ,

1
z

)
defined for 0 ≤ x < ∞, 0 ≤ y < ∞, 0 ≤ z < ∞ and

c > 0, we have

∞∫
0

∞∫
0

∞∫
0

(xyz)a−c−1f

(
1

x
,
1

y
,
1

z

)
4I

a,b,b′,b′′;c
0,x;0,y;0,z g(x, y, z)dzdydx

=

∞∫
0

∞∫
0

∞∫
0

(xyz)a−c−1g

(
1

x
,
1

y
,
1

z

)
4I

a,b,b′,b′′;c
0,x;0,y;0,z f(x, y, z)dzdydx (1.44)

provided that each triple integral exists.

Theorem 1.8 : Under the conditions stated in theorem 1.7, we have

∞∫
0

∞∫
0

∞∫
0

(xyz)a−c−1f

(
1

x
,
1

y
,
1

z

)
4J

a,b,b′,b′′;c
x,∞;y,∞;z,∞ g(x, y, z)dzdydx

=

∞∫
0

∞∫
0

∞∫
0

(xyz)a−c−1g

(
1

x
,
1

y
,
1

z

)
4J

a,b,b′,b′′;c
x,∞;y,∞;z,∞ f(x, y, z)dzdydx

(1.45)

provided that each triple integral exists.

Theorem 1.9 : For functions of three variables f(x, y, z) and g(x, y, z)

defined in the positive octant of the three dimensional space and c > 0,
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c′ > 0, c′′ > 0, we have

∞∫
0

∞∫
0

∞∫
0

f(x, y, z) 1I
a,b,b′,b′′;c,c′,c′′

0,x;0,y;0,z g(x, y, z) dz dy dx

=

∞∫
0

∞∫
0

∞∫
0

g(x, y, z) 1J
a,b,b′,b′′;c,c′,c′′

x,∞;y,∞;z,∞ f(x, y, z) dz dy dx (1.46)

provided that each triple integral exists.

Theorem 1.10 : For functions of three variables f(x, y, z) and g(x, y, z)

defined in the positive octant of the three dimensional space and c > 0,

we have

∞∫
0

∞∫
0

∞∫
0

f(x, y, z) 2I
a,a′,a′′,b,b′,b′′;c
0,x;0,y;0,z g(x, y, z) dz dy dx

=

∞∫
0

∞∫
0

∞∫
0

g(x, y, z) 2J
a,a′,a′′,b,b′,b′′;c
x,∞;y,∞;z,∞ f(x, y, z) dz dy dx (1.47)

provided that each triple integral exists.

Theorem 1.11 : For functions of three variables f(x, y, z) and g(x, y, z)

defined in the positive octant of the three dimensional space and c > 0

c′ > 0, c′′ > 0, we have

∞∫
0

∞∫
0

∞∫
0

f(x, y, z) 3I
a,b;c,c′,c′′

0,x;0,y;0,z g(x, y, z) dz dy dx

=

∞∫
0

∞∫
0

∞∫
0

g(x, y, z) 3J
a,b;c,c′,c′′

x,∞;y,∞;z,∞ f(x, y, z) dz dy dx (1.48)

provided that each triple integral exists.
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Theorem 1.12 : For functions of three variables f(x, y, z) and g(x, y, z)

defined in the positive octant of the three dimensional space and c > 0,

we have
∞∫
0

∞∫
0

∞∫
0

f(x, y, z) 4I
a,b,b′,b′′;c
0,x;0,y;0,z g(x, y, z) dz dy dx

=

∞∫
0

∞∫
0

∞∫
0

g(x, y, z) 4J
a,b,b′,b′′;c
x,∞;y,∞;z,∞ f(x, y, z) dz dy dx (1.49)

provided that each triple integral exists.

2 Mellin Transformation

In this section we shall study the effect of operating three variable

analogue of Mellin transform on the above defined operators. A three

variable analogue of Mellin transform of a function f(x, y, z) of three

variables x, y and z is defined as follows:

M{f(u, v, w) : r, s, t} =

∞∫
0

∞∫
0

∞∫
0

ur−1vs−1ws−1f(u, v, w)dwdvdu

(2.1)

The effects of operating (2.1) on the operators (1.3), (1.8), (1.13),

(1.18), (1.23), (1.24), (1.25) and (1.30) are given in the form of the

following theorems:

Theorem 2.1 : For c > 0, c′ > 0, c′′ > 0, Rl(r) > 0, Rl(s) > 0, Rl(t) >

0, we have

M
{
1J

a,b,b′,b′′;c1,c,c
′,c′′

x,∞;y,∞;z,∞ f(x, y, z) : r, s, t
}

=
Γ(r)Γ(s)Γ(t)

Γ(r + c)Γ(s+ c′)Γ(t+ c′′)
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×F (3)

[
a :: −;−;− : b; b′; b′′; 1, 1, 1

− :: −;−;− : c+ r; c′ + s; c′′ + t;

]

×M
{
xc−ayc

′−azc
′′−af(x, y, z) : r, s, t

}
(2.2)

provided that term by term integration is valid and F (3)[x, y, z] is given

by (1.35).

Theorem 2.2 : For c > 0, Rl(r) > 0, Rl(s) > 0, Rl(t) > 0, we

have

M
{
2J

a,a′,a′′,b,b′,b′′;c
x,∞;y,∞;z,∞ f(x, y, z) : r, s, t

}

=
Γ(r)Γ(s)Γ(t)

Γ(r + c)Γ(s+ c)Γ(t+ c)

×F (3)

[
− :: −;−;− : a, b, c; a′, b′, c; a′′, b′′, c; 1, 1, 1

c :: −;−;− : r + c; s+ c; t+ c ;

]

×M
{
xc−ayc−a′

zc−a′′
f(x, y, z) : r, s, t

}
(2.3)

provided that term by term integration is valid and F (3)[x, y, z] is given

by (1.35).

Theorem 2.3 : For c > 0, c′ > 0, c′′ > 0, Rl(r) > 0, Rl(s) > 0, Rl(t) >

0, we have

M
{
3J

a,b;c,c′,c′′

x,∞;y,∞;z,∞f(x, y, z) : r, s, t
}
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=
Γ(r)Γ(s)Γ(t)

Γ(r + c)Γ(s+ c′)Γ(t+ c′′)

×F (3)

[
a, b :: −;−;− : −;−;−; 1, 1, 1

− :: −;−;− : r + c; s+ c′; t+ c′′;

]

×M
{
xc−ayc

′−azc
′′−af(x, y, z) : r, s, t

}
(2.4)

provided that term by term integration is valid and F (3)[x, y, z] is given

by (1.35).

Theorem 2.4 : For c > 0, Rl(r) > 0, Rl(s) > 0, Rl(t) > 0, we have

M
{
4J

a,b,b′,b′′;c
x,∞;y,∞;z,∞f(x, y, z) : r, s, t

}

=
Γ(r)Γ(s)Γ(t)

Γ(r + c)Γ(s+ c)Γ(t+ c)

×F (3)

[
a :: −;−;− : b, c; b′, c; b′′, c; 1, 1, 1

c :: −;−;− : r + c; s+ c; t+ c ;

]

×M
{
(xyz)−af(x, y, z) : r, s, t

}
(2.5)

provided that term by term integration is valid and F (3)[x, y, z] is given

by (1.35).
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Theorem 2.5 : For a function of three variables f(x, y, z) defined in the

positive octant of three dimensional xyz-space and c > 0, c′ > 0, c′′ > 0,

we have

∞∫
0

∞∫
0

∞∫
0

f(x, y, z)1I
a,b,b′,b′′;c,c′,c′′

0,x;0,y;0,z

{
xr−1, ys−1, zt−1

}
dzdydx

=M
{
1J

a,b,b′,b′′;c,c′,c′′

x,∞;y,∞;z,∞ f(x, y, z) : r, s, t
}

(2.6)

provided that the triple integrals involved exist.

Theorem 2.6 : Under the conditions stated in theorem 2.5, we have

∞∫
0

∞∫
0

∞∫
0

f(x, y, z)1J
a,b,b′,b′′;c,c′,c′′

x,∞;y,∞;z,∞
{
xr−1, ys−1, zt−1

}
dzdydx

=M
{
1I

a,b,b′,b′′;c,c′,c′′

0,x;0,y;0,z f(x, y, z) : r, s, t
}

(2.7)

provided that the triple integrals involved exist.

Theorem 2.7 : For a function of three variables f(x, y, z) defined in

the positive octant of three dimensional xyz-space and c > 0, we have

∞∫
0

∞∫
0

∞∫
0

f(x, y, z)2I
a,a′,a′′,b,b′,b′′;c
0,x;0,y;0,z

{
xr−1, ys−1, zt−1

}
dzdydx

=M
{
2J

a,a′,a′′,b,b′,b′′;c
x,∞;y,∞;z,∞ f(x, y, z) : r, s, t

}
(2.8)

provided that the triple integrals involved exist.

Theorem 2.8 : Under the conditions stated in theorem 2.7, we have

∞∫
0

∞∫
0

∞∫
0

f(x, y, z)2J
a,a′,a′′,b,b′,b′′;c
x,∞;y,∞;z,∞

{
xr−1, ys−1, zt−1

}
dzdydx

72 Pro Mathematica, 25, 49-50 (2011), 51-84 ISSN 1012-3938



On Fractional Integral Operators of Three Variables and Integral Transforms

=M
{
2I

a,a′,a′′,b,b′,b′′;c
0,x;0,y;0,z f(x, y, z) : r, s, t

}
(2.9)

provided that the triple integrals involved exist.

Theorem 2.9 : Under the conditions stated in theorem 2.5, we have

∞∫
0

∞∫
0

∞∫
0

f(x, y, z)3I
a,b;c,c′,c′′

0,x;0,y;0,z

{
xr−1, ys−1, zt−1

}
dzdydx

=M
{
3J

a,b;c,c′,c′′

x,∞;y,∞;z,∞f(x, y, z) : r, s, t
}

(2.10)

provided that the triple integrals involved exist.

Theorem 2.10 : Under the conditions stated in theorem 2.5, we have

∞∫
0

∞∫
0

∞∫
0

f(x, y, z)3J
a,b;c,c′,c′′

x,∞;y,∞;z,∞
{
xr−1, ys−1, zt−1

}
dzdydx

=M
{
3J

a,b;c,c′,c′′

0,x;0,y;0,zf(x, y, z) : r, s, t
}

(2.11)

provided that the triple integrals involved exist.

Theorem 2.11 : Under the conditions stated in theorem 2.7, we have

∞∫
0

∞∫
0

∞∫
0

f(x, y, z)4I
a,b,b′,b′′;c
0,x;0,y;0,z

{
xr−1, ys−1, zt−1

}
dzdydx

=M
{
4J

a,b,b′,b′′;c
x,∞;y,∞;z,∞f(x, y, z) : r, s, t

}
(2.12)

provided that the triple integrals involved exist.
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Theorem 2.12 : Under the conditions stated in theorem 2.7, we have

∞∫
0

∞∫
0

∞∫
0

f(x, y, z)4J
a,b,b′,b′′;c
x,∞;y,∞;z,∞

{
xr−1, ys−1, zt−1

}
dzdydx

=M
{
4I

a,b,b′,b′′;c
0,x;0,y;0,zf(x, y, z) : r, s, t

}
(2.13)

provided that the triple integrals involved exist.

Theorem 2.13: For functions of three variables f(x, y, z) and g(x, y, z)

defined in the positive octant of three dimensional xyz-space and c > 0,

c′ > 0, c′′ > 0, we have

M
[
f(x, y, z)1I

a,b,b′,b′′;c,c′,c′′

0,x;0,y;0,z

{
xr−1, ys−1, zt−1 g(x, y, z)

}
: r, s, t

]
=M

[
g(x, y, z)1J

a,b,b′,b′′;c,c′,c′′

x,∞;y,∞;z,∞
{
xr−1, ys−1, zt−1 f(x, y, z)

}
: r, s, t

]
(2.14)

Theorem 2.14: For functions of three variables f(x, y, z) and g(x, y, z)

defined in the positive octant of three dimensional xyz-space and c > 0,

we have

M
[
f(x, y, z)2I

a,a′,a′′,b,b′,b′′;c
0,x;0,y;0,z

{
xr−1, ys−1, zt−1 g(x, y, z)

}
: r, s, t

]
=M

[
g(x, y, z)2J

a,a′,a′′,b,b′,b′′;c
x,∞;y,∞;z,∞

{
xr−1, ys−1, zt−1 f(x, y, z)

}
: r, s, t

]
(2.15)

Theorem 2.15: Under the conditions stated in theorem 2.13, we have

M
[
f(x, y, z)3I

a,b;c,c′,c′′

0,x;0,y;0,z

{
xr−1, ys−1, zt−1 g(x, y, z)

}
: r, s, t

]
=M

[
g(x, y, z)3J

a,b;c,c′,c′′

x,∞;y,∞;z,∞
{
xr−1, ys−1, zt−1 f(x, y, z)

}
: r, s, t

]
(2.16)
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Theorem 2.16: Under the conditions stated in theorem 2.14, we have

M
[
f(x, y, z)3I

a,b,b′,b′′;c
0,x;0,y;0,z

{
xr−1, ys−1, zt−1 g(x, y, z)

}
: r, s, t

]
=M

[
g(x, y, z)3J

a,b,b′,b′′;c
x,∞;y,∞;z,∞

{
xr−1, ys−1, zt−1 f(x, y, z)

}
: r, s, t

]
(2.18)

It is interesting to note that in terms of triple Mellin transforms

the results (1.38), (1.39), (1.40), (1.41), (1.42), (1.43), (1.44), and (1.45)

can respectively be written as

M

[
f

(
1

x
,
1

y
,
1

z

)
1I

a,b,b′,b′′;c,c′,c′′

0,x;0,y;0,z g(x, y, z) : a− c, a− c′, a− c′′
]

=M

[
g

(
1

x
,
1

y
,
1

z

)
1I

a,b,b′,b′′;c,c′,c′′

0,x;0,y;0,z f(x, y, z) : a− c, a− c′, a− c′′
]

(2.18)

M

[
f

(
1

x
,
1

y
,
1

z

)
1J

a,b,b′,b′′;c,c′,c′′

x,∞;y,∞;z,∞ g(x, y, z) : a− c, a− c′, a− c′′
]

=M

[
g

(
1

x
,
1

y
,
1

z

)
1J

a,b,b′,b′′;c,c′,c′′

x,∞;y,∞;z,∞ f(x, y, z) : a− c, a− c′, a− c′′
]

(2.19)

M

[
f

(
1

x
,
1

y
,
1

z

)
2I

a,a′,a′′,b,b′,b′′;c
0,x;0,y;0,z g(x, y, z) : a− c, a′ − c, a′′ − c

]

=M

[
g

(
1

x
,
1

y
,
1

z

)
2I

a,a′,a′′,b,b′,b′′;c
0,x;0,y;0,z f(x, y, z) : a− c, a′ − c, a′′ − c

]
(2.20)

M

[
f

(
1

x
,
1

y
,
1

z

)
2J

a,a′,a′′,b,b′,b′′;c
x,∞;y,∞;z,∞ g(x, y, z) : a− c, a′ − c, a′′ − c

]
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=M

[
g

(
1

x
,
1

y
,
1

z

)
1J

a,a′,a′′,b,b′,b′′;c
x,∞;y,∞;z,∞ f(x, y, z) : a− c, a′ − c, a′′ − c

]
(2.21)

M

[
f

(
1

x
,
1

y
,
1

z

)
3I

a,b;c,c′,c′′

0,x;0,y;0,z g(x, y, z) : a− c, a− c′, a− c′′
]

=M

[
g

(
1

x
,
1

y
,
1

z

)
3I

a,b;c,c′,c′′

0,x;0,y;0,z f(x, y, z) : a− c, a− c′, a− c′′
]

(2.22)

M

[
f

(
1

x
,
1

y
,
1

z

)
3J

a,b;c,c′,c′′

x,∞;y,∞;z,∞ g(x, y, z) : a− c, a− c′, a− c′′
]

=M

[
g

(
1

x
,
1

y
,
1

z

)
3J

a,b;c,c′,c′′

x,∞;y,∞;z,∞ f(x, y, z) : a− c, a− c′, a− c′′
]
(2.23)

M

[
f

(
1

x
,
1

y
,
1

z

)
4I

a,b,b′,b′′;c
0,x;0,y;0,z g(x, y, z) : a− c, a− c, a− c

]

=M

[
g

(
1

x
,
1

y
,
1

z

)
2I

a,b,b′,b′′;c
0,x;0,y;0,z f(x, y, z) : a− c, a− c, a− c

]
(2.24)

M

[
f

(
1

x
,
1

y
,
1

z

)
4J

a,b,b′,b′′;c
x,∞;y,∞;z,∞ g(x, y, z) : a− c, a− c, a− c

]

=M

[
g

(
1

x
,
1

y
,
1

z

)
4J

a,b,b′,b′′;c
x,∞;y,∞;z,∞ f(x, y, z) : a− c, a− c, a− c

]
(2.25)
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3 Laplace Transformation

The triple Laplace transform of a function of three variables f(x, y, z)

defined in the positive octant of the three dimensional xyz-space is de-

fined by the equation

L {f(x, y, z) : r, s, t} =

∞∫
0

∞∫
0

∞∫
0

e−rx−sy−tz f(x, y, z)dzdydx (3.1)

Making use of results of theorems (1.9), (1.10), (1.11), and (1.12),

the relationships of (3.1) with the operators (1.3), (1.8), (1.13), (1.18),

(1.23), (1.24), (1.25), and (1.30) are given in the form of the following

theorems:

Theorem 3.1: For a function of three variables f(x, y, z) defined in the

positive octant of three dimensional xyz-space and c > 0, c′ > 0, c′′ > 0,

we have

∞∫
0

∞∫
0

∞∫
0

f(x, y, z)1I
a,b,b′,b′′;c,c′,c′′

0,x;0,y;0,z

[
erx−sy−tz

]
dzdydx

= L
[
1J

a,b,b′,b′′;c,c′,c′′

x,∞;y,∞;z,∞ f(x, y, z) : r, s, t
]

(3.2)

provided that the triple integrals involved exist.

Theorem 3.2: Under the conditions stated in theorem 3.1, we have

∞∫
0

∞∫
0

∞∫
0

f(x, y, z)1J
a,b,b′,b′′;c,c′,c′′

x,∞;y,∞;z,∞
[
erx−sy−tz

]
dzdydx

= L
[
1I

a,b,b′,b′′;c,c′,c′′

0,x;0,y;0,z f(x, y, z) : r, s, t
]

(3.3)

Pro Mathematica, 25, 49-50 (2011), 51-84 ISSN 1012-3938 77



M. A. Khan and B. S. Sharma

provided that the triple integrals involved exist.

Theorem 3.3: For a function of three variables f(x, y, z) defined in the

positive octant of three dimensional xyz-space and c > 0, we have

∞∫
0

∞∫
0

∞∫
0

f(x, y, z)2I
a,a′,a′′,b,b′,b′′;c
0,x;0,y;0,z

[
erx−sy−tz

]
dzdydx

= L
[
2J

a,a′,a′′,b,b′,b′′;c
x,∞;y,∞;z,∞ f(x, y, z) : r, s, t

]
(3.4)

provided that the triple integrals involved exist.

Theorem 3.4: Under the conditions stated in theorem 3.3, we have

∞∫
0

∞∫
0

∞∫
0

f(x, y, z)2J
a,a′,a′′,b,b′,b′′;c
x,∞;y,∞;z,∞

[
erx−sy−tz

]
dzdydx

= L
[
2I

a,a′,a′′,b,b′,b′′;c
0,x;0,y;0,z f(x, y, z) : r, s, t

]
(3.5)

provided that the triple integrals involved exist.

Theorem 3.5: Under the conditions stated in theorem 3.1, we have

∞∫
0

∞∫
0

∞∫
0

f(x, y, z)3I
a,b,;c,c′,c′′

0,x;0,y;0,z

[
erx−sy−tz

]
dzdydx

= L
[
3J

a,b,;c,c′,c′′

x,∞;y,∞;z,∞f(x, y, z) : r, s, t
]

(3.6)

provided that the triple integrals involved exist.

Theorem 3.6: Under the conditions stated in theorem 3.1, we have

∞∫
0

∞∫
0

∞∫
0

f(x, y, z)3J
a,b,;c,c′,c′′

x,∞;y,∞;z,∞
[
erx−sy−tz

]
dzdydx
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= L
[
3I

a,b,;c,c′,c′′

0,x;0,y;0,z f(x, y, z) : r, s, t
]

(3.7)

provided that the triple integrals involved exist.

Theorem 3.7: Under the conditions stated in theorem 3.3, we have

∞∫
0

∞∫
0

∞∫
0

f(x, y, z)4I
a,b,b′,b′′;c
0,x;0,y;0,z

[
erx−sy−tz

]
dzdydx

= L
[
4J

a,b,b′,b′′;c
x,∞;y,∞;z,∞f(x, y, z) : r, s, t

]
(3.8)

provided that the triple integrals involved exist.

Theorem 3.8: Under the conditions stated in theorem 3.3, we have

∞∫
0

∞∫
0

∞∫
0

f(x, y, z)4J
a,b,b′,b′′;c
x,∞;y,∞;z,∞

[
erx−sy−tz

]
dzdydx

= L
[
4I

a,b,b′,b′′;c
0,x;0,y;0,zf(x, y, z) : r, s, t

]
(3.9)

provided that the triple integrals involved exist.

We further give relationships among triple Laplace transform, triple

Mellin transform and the operators (1.3), (1.8), (1.13), (1.18), (1.23),

(1.24), (1.25), and (1.30) in the form of the following theorems:

Theorem 3.9: For functions of three variables f(x, y, z) and g(x, y, z)

defined in the positive octant of three dimensional xyz-space and c > 0,

c′ > 0, c′′ > 0, we have

M
[
f(x, y, z)1I

a,b,b′,b′′;c,c′,c′′

0,x;0,y;0,z

{
erx−sy−tz g(x, y, z)

}
: r, s, t

]
= L

[
g(x, y, z)1J

a,b,b′,b′′;c,c′,c′′

x,∞;y,∞;z,∞
{
xr−1, ys−1, zt−1 f(x, y, z)

}
: r, s, t

]
(3.10)
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Theorem 3.10: For functions of three variables f(x, y, z) and g(x, y, z)

defined in the positive octant of three dimensional xyz-space and c > 0,

we have

M
[
f(x, y, z)2I

a,a′,a′′,b,b′,b′′;c
0,x;0,y;0,z

{
e−rx−sy−tz g(x, y, z)

}
: r, s, t

]
= L

[
g(x, y, z)2J

a,a′,a′′,b,b′,b′′;c
x,∞;y,∞;z,∞

{
xr−1, ys−1, zt−1 f(x, y, z)

}
: r, s, t

]
(3.11)

Theorem 3.11: Under the conditions stated in theorem 3.9, we have

M
[
f(x, y, z)3I

a,b;c,c′,c′′

0,x;0,y;0,z

{
e−rx−sy−tz g(x, y, z)

}
: r, s, t

]
= L

[
g(x, y, z)3J

a,b;c,c′,c′′

x,∞;y,∞;z,∞
{
xr−1, ys−1, zt−1 f(x, y, z)

}
: r, s, t

]
(3.12)

Theorem 3.12: Under the conditions stated in theorem 3.10, we have

M
[
f(x, y, z)4I

a,b,b′,b′′;c
0,x;0,y;0,z

{
e−rx−sy−tz g(x, y, z)

}
: r, s, t

]
= L

[
g(x, y, z)3J

a,b;c,c′,c′′

x,∞;y,∞;z,∞
{
xr−1, ys−1, zt−1 f(x, y, z)

}
: r, s, t

]
(3.13)

Theorem 3.13: Under the conditions stated in theorem 3.9, we have

L
[
f(x, y, z)1I

a,b,b′,b′′;c,c′,c′′

0,x;0,y;0,z

{
e−rx−sy−tz g(x, y, z)

}
: r, s, t

]
= L

[
g(x, y, z)1I

a,b,b′,b′′;c,c′,c′′

0,x;0,y;0,z

{
e−rx−sy−tz f(x, y, z)

}
: r, s, t

]
(3.14)

Theorem 3.14: Under the conditions stated in theorem 3.10, we have

L
[
f(x, y, z)2I

a,a′,a′′,b,b′,b′′;c
0,x;0,y;0,z

{
e−rx−sy−tz g(x, y, z)

}
: r, s, t

]
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= L
[
g(x, y, z)2J

a,a′,a′′,b,b′,b′′;c
x,∞;y,∞;z,∞

{
e−rx−sy−tz f(x, y, z)

}
: r, s, t

]
(3.15)

Theorem 3.15: Under the conditions stated in theorem 3.9, we have

L
[
f(x, y, z)3I

a,b;c,c′,c′′

0,x;0,y;0,z

{
e−rx−sy−tz g(x, y, z)

}
: r, s, t

]
= L

[
g(x, y, z)3J

a,b;c,c′,c′′

x,∞;y,∞;z,∞
{
e−rx−sy−tz f(x, y, z)

}
: r, s, t

]
(3.16)

Theorem 3.16: Under the conditions stated in theorem 3.10, we have

L
[
f(x, y, z)4I

a,b,b′,b′′;c
0,x;0,y;0,z

{
e−rx−sy−tz g(x, y, z)

}
: r, s, t

]
= L

[
g(x, y, z)4J

a,b;c,c′,c′′

x,∞;y,∞;z,∞
{
e−rx−sy−tz f(x, y, z)

}
: r, s, t

]
(3.17)
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Resumen

Este trabajo es una continuación del art́ıculo de los autores [11] donde

se analizaron los análogos en tres variables de ciertos operadores de in-

tegración fraccionaria de M. Saigo.

Pro Mathematica, 25, 49-50 (2011), 51-84 ISSN 1012-3938 83



M. A. Khan and B. S. Sharma

El presente trabajo trata sobre el efecto de operar con los análogos en

tres variables de las transformadas de Mellin y de Laplace en los análogos

en tres variables de los operadores de integración fraccionaria del trabajo

citado.

Palabras Clave: Análogos en tres variables de operadores de integración

fraccionaria de M. Saigo, Transformada de Laplace en tres variables, Trans-

formada de Mellin en tres variables.
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