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Abstract

The present paper is a continuation to authors paper [11]
where three variable analogues of certain fractional integral
operators of M. Saigo were investigated. This paper deals
with the effect of operating three variable analogues of Mellin
and Laplace transforms on these three variable analogues of
fractional integral operators of the earlier paper.
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1 Introduction

In 1978, M. Saigo [17] defined certain integral operators involving
the Gauss hypergeometric function as follows:

Let @« > f and 7 be real numbers. The fractional integral operator
1281 which acts on certain functions f(z) on the interval (0,00) was
defined as

e "

JBm £ —

[ ot a —1; 04 _ .
O/<x—t> F ot gomast = 1) far) ()

Under the same assumptions in defining (1.1), he also defined the integral
operator J&77 as

win p— 1 [ et pacs a1
Nl L A CEa T e FICT

(1.2)

Later on in 1988, Saigo and Raina [19] obtained the generalized
fractional integrals and derivatives introduced by Saigo [17-18] of the
system S¢' (z), where the general system of polynomials

(5]
n - (_n) T r
Sq (J}) = Z TqAn,Tx
r=0

were defined by Srivastave [20], where ¢ > 0 and n > 0 are integers,
and A, , are arbitrary sequence of real or complex numbers.
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In an earlier communication the present authors [11] defined and
studied certain three variables analogues of (1.1) and (1.2) which are as
given below:

LLetc > 0,¢ >0, > 0,a, b b, b bereal numbers. A three

variable analogue of fractional integral operator IO @B due to M. Saigo
is defined as

B s
llg,ﬂc;Qy;Oéc  flzy,z) =

a,bb', 0" 1 -2 1 -2 1-%
y z

c,c,c

FY

] flu,v,w) dw dv du (1.3)

where Ff') is a Lauricella function of three variables defined by

F(B) |: avba blvbn;xvyvz :| o
) =

C, 0/7 CI/ ;

SRS a n+r+€ (b)n (b/)r (b//)s n _r _s
Z Z Z n! C)n (Cl)'r‘ (C//)S r 'y z,

n=0 r=0 s=0

lz] + ly| + |2] < 1.

Special Cases :
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i)Fora=b=V=0"=0,c=q, ¢ =0, "=+, (1.3) reduces to

1]8:;);8:&8775’7 f(.]f, Y Z) = 1R8L,f;6):y;0,z f(SU, Y, Z)
1 T Yy =z
_ a—1 B—1 y—1
= T—u y—v z—w flu,v,w) dw dv du
) / / / (=)~ (y=0)" (z—w) ™ f(u,0,w)

(1.4)

Here (1.4) may be taken as a three variable analogue of Riemann-
Liouville fractional integral operator Rf .

(it) Fora=c=a, b=—n, ¥ =" =0, ¢ =8, ¢’ =+, (1.3) becomes

050,
Ig (? (I,B’Yf(x’y7z) = IE([)lfO’TynOz f(x,y,z)z

e ] ot

flu,v,w) dw dv du (1.5)

(#it) Fora=c=qa, b=b"=0, ¥ =—n, ¢ =8, ' =+, (1.3) gives

5o P f@y,2) = VG f@y,2) =
B ; x Y z
ey e —u)* (=0 (z - w)
(@) (B)T () / / / (z - w2t (y—v)° ! (z—w) Lo
0 0 0
fu,v,w) dw dv du (16)

(iv) Fora=c=a, b=V =0, " =—-n, ¢ =3, " =+, (1.3) yields

Ig‘a?(? Fyf( ,y,z) = ZngﬁO’YyOZ f(xaywz):
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f(u,v,w) dw dv du (1.7)

Here (1.5), (1.6) and (1.7) may be regarded as three variable ana-
logue of Erdelyi Kober fractional integral operator.

Under the same conditions of (1.3), a three variable analogues of
Jgﬁ” is as defined below:

Jabb’b”cc c"’ f(x,y,z) _

x,00;Y,00;2,00

o0

W /OO y]o / ) (0 =) (w—2)" !

T z

VNI _ oz _ Yy _ Z
Ff) [ Z’i),’ bc,’,b ’.1 wl=wl=y } u" W™ f(u, v, w)dw dv du
(1.8)

Special Cases:

(i) Fora=b=b=b"=0, c=a, ¢ =4, ¢’ =1, (1.8) reduces to

0,0,0,0:a, a
J.L oo,y,oofgo f(x,y,z) = LaL fo:yy,oozoo f(ﬂ?,y,Z):
;/ / / (u — ) U_y)ﬁ—l (w_z)v—l
(@)T(B)T(v)
r Yy oz
f(u, v, w) dw dv du (1.9)

We may consider (1.9) as a three variable analogue of Weyl frac-
tional integral operator Lg
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(it) Fora=c=a, b=—n, b =b"=0, ¢ =8, ¢’ =+, (1.8) reduces to

VIR [y ) = TR s o Sy, 2) =
o 777(11 —x)* - y)’@_l(w — )y Ty
L(a)T(B)L(v)

T Yy z
f(u,v,w) dw dv du (1.10)

(#it) Fora=c=a, b=0"=0, b/ =—n, ¢ =8, " =+, (1.8) becomes

1J 0 =008,y fla,y,2) = Z{K‘X’B"y’" f(@,y,2) =

xT,005Y,00,2,00 Z,00;Y,00;2,00

oo 00 o0

A w—2)* Yo —y) N (w—2) e T
rmwmnwf![< e
fu,v,w) dw dv du (1.11)

w)Fora=c=a, b=b=0,0"=-n, ¢ =4, ' =, (1.8) gives
n v

VIR [y, 2) = TKEEL . o f(2y,2) =
. 777(u - ;U)O‘_l(v — y)ﬂ_l(w — 2)7_1 u” v YT
I'(a)I'(B)T

@rere /) J
fu,v,w) dw dv du (1.12)

We may consider (1.10), (1.11) and (1.12) as three variable ana-
logues of Erdelyi-Kober fractional integral operator K.

II. Let ¢ > 0, a, d/, a’, b, ¥/, b’ be real numbers. Then a second
three variable analogue of I A7 s as follows:
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, /7 N,b,b/,b”;
2[&;;0?2/;0@ “ flz,y,2)

Ce e P et ot o
0 0 0

P S A L N T I T )
FAS) a,a,a ,0,0,07] ) y? 2 ]f(u,v,w) dw dv du
c ;
(1.13)
where
. /7 1R,
F[gs)[a7a/7a/ 7b7b7b 7x7y72}
¢ ;
v N (@ (@) (@) B)n (0)r O)s s
=22 2 z"y'z
— = = nlrl sl (¢)ntrts
Special Cases:
(1) Fora=a =da" =0, ¢ = a, (1.13) reduces to
218:2:8:2:%,7: “ f(xvyaz> = 2Rg,a:;O,y;O,z f(x,y,z)
1 x Y =z
= W///(Jc—u)o‘_l(y—v)o‘_1 (z—w)* ' flu,v,w) dw dv du
00 0
(1.14)

Here (1.14) may be regarded as a three variable analogue of Riemann-
Liouville fractional integral operator Rg .

(i) Fora=c=a, o’ =a” =0,b = —n, (1.13) becomes

J20,0=n.b"b"5a — T
240,2;0,y;0,z f(xa Y, Z) - 2%0,z;0,y;0,2 f(xa Y, Z)
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T Y z
2o

{T(a)}® /// Hy—0)* " (z—w)* " f (u, 0, w)dw dv du
0 (1.15)

(iti) Fora=da" =0, o/ =c=a, b = —n, (1.13) gives

0,0,0,b,—1,b"';
2Io§o7y,0;7 ¢ flr,y,2) = E01107’g,02f(‘r7y7z)

y-a=n
///x )y —0)* Nz —w)* " f (u, v, w) dw dv du
(1.16)

(iv) Fora=a =0, o =c=a, b’ = —n, (1.13) becomes

0,0,a,b,b",—m; )
210,90;34/;0,2 T [y, 2) = gEaaZQy;O,z f(@,y,2)

o ///x ) (o )
(1.17)

Here (1.15), (1.16) and (1.17) may be thought of as the second three
variable analogues of Erdelyi-Kober fractional integral operator Eg" .

Under the same conditions of (1.13), a second three variable ana-
logues of Jﬁ&” is as defined below:

[o olNe ol o}
TG F .0 = s / / / v—y)° (w—z)°?
Yy

x z

/ Ilbb/ b//~1_ﬂl_£1_ﬂ ’ "
F1513) a,a,a ,0,0, 7. ) v’ > ‘| u=® =
flu,v,w) dw dv du (1.18)
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Special Cases:

(1) Fora=a =da" =0, ¢ = a, (1.18) reduces to

3 ;g1
5 J00,00,b" b0

,00;Y,00;2,00 (.’E, Y, Z) = QLg,oo;y,oo;z,oo f(‘ra Y, Z)

[o eliNe SlNe o]

1 a— a— a—
= TP / / / (u—2)*"1 (v—1)* ! (w—2)*"1 f(u,v,w) dw dv du
r Yy oz
(1.19)
It can be considered as a three variable analogue of Weyl fractional
integral operator Lg .
(i) For ' =a” =0, a =c=a, b= —n, (1.18) becomes

2Ty X [y, 2) = SR fla,y,2) =

xT,00;Y,00;2,00 xT,00;Y,00;2,00

[o el el o}

n
m ///(u_x)a_l(v_y)a_l(w_Z)a_lu_a_nf(uw,w)dwdvdu
Tz Yy z
(1.20)
(iti) Fora=a" =0, a’ =c=a, b' = —n, (1.18) gives
2P F(y,2) = BEL e f(2.2) =
yn (o olNe oo o]
{T()}® / / /(u —2)* N —y)* Hw—2)"""0" " f (u, v, w)dwdvdu
Tz Yy z
(1.21)
(i) Fora=da =0, o =c=a, b = —n, (1.18) yields
QJSZ&%}%Z’;&& ($,y, Z) - gKg,’go;y,oo;z,mf(x,y, Z) =
Z"’] oo oo o0
W///(u_x)a_l(v_y)a_l(w_z)a_lw_a_nf(u,v,w)dwdvdu
T Yy z
(1.22)
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Here (1.20), (1.21) and (1.22) may be taken of as the second three
variable analogues of Erdelyi-Kober fractional integral operator KIS .

III. Let ¢ > 0, ¢ > 0, ¢ > 0, a, b be real numbers. Then a third
three variable analogue of I P s as defined below:

Ia,b;c,c',c” o
3 O,m;O,y;O,zf(xv Y, Z) -

R / / / @= 0= =0

b 1t 1_r 1w
Fé3) a,/ K z” y? B ] flu,v,w) dw dv du (1.23)
c,c,c’;
where

F(3) a, b LY, 2 — i i io: (a)n+r+8 (b)n+r+s .I‘nyTZS
A n!rl sl (e)n(c)r(c")s

/ /!
c,C,C |
&y ’ n—

=)
<
I
=)
@
Il
=)

Under the same conditions of (1.23), a third three variable analogue
of J;f;o%” is as given below:

BT e oo f(@,y,2) =

T,005Y,00;,2,00

oo o oo

W x/ y/ Z/ (uw—2) (v —y)° 7 (w— 2"

1— 1-¥1_-2%2
F((;?)) |: Z”Z), C/;' u’ v w :l f(u,v,w) dw dv du (1.24)

IV.Let ¢ > 0, a, b, ¥, V" be real numbers. A fourth three variable
analogue of fractional integral operator Igi ’f’" due to M. Saigo is defined
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as:

abb’ b e _ xayaza/w/y/z ) (z—w)e !
40z0y0zf(x?yvz) 7{1“(0)}3 /) y

FS) Z’b7b/7bﬂ';17%717§’17% 1 f(u,v,w) dw dv du (1.25)
where

[o eRENNe SlNe o]

@) | ab ST, Y, 2 nyrts (0)n(0)r(0")s 0
Fp {c,c’,c”; ] ZZZ n!r!s!( vy

n=0r=0 s=0 )n+r+s

Special Cases:

(1) Fora=b=b =b"=0, ¢c=«, (1.25) reduces to

41(()):2;(0):»2;372 f(xvya Z) = 2R8,w;0,y;0,z f(.’L‘, Y, Z) =

WL)}S / / /(33_70&71 (y—0)*"1 (z—w)* ™ flu,v,w) dw dv du
o (1.26)

Which is (1.14) i.e. a three variable analogue of Riemann-Liouville
fractional integral operator R,

(ii) Fora=c=a, b=—n, t/ =" =0, (1.25) becomes

»=1,0,0; )
41&%;077711;0,: fz,y,2) = ?’»CE&;I;O@;O,Z fl@,y,2) =
l,foc nyfazfa e 2
///x ) y—0)* " (z—w)* " f (u, v, w)dwdvdu
000

(1.27)
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(iti) Fora=c=a, b=0"=0, ' = —n, (1.25) gives

I&ago,yz(?,: f(:c,y, Z) = gEg,’mn;O,y;O,z f(xaya Z) =

x

@ 7oz n,—a
: ///x u)*H(y—v)* " (z—w)* " f (u, v, w)dwdvdu
(1.28)
w)Fora=c=a, b=V =0, V' = —n, (1.25) yields
n

0,0,—n; _ _
Igjz,O,y,g,z f(x,y, Z) - gEO,z,O,y,O,z f(z,y, Z) -

—a,,—a,—a— Y
Lzzan///(l’*u)a*l(y*v)afl(sz)aflw”f(u,v,w)dwdvdu
S (1.29)

Here (1.27), (1.28) and (1.29) may be considered as third three
variable analogues of Erdelyi-Kober fractional integral operator E(‘i .

It may be remarked here that (1.27), (1.28) and (1.29) can also be
obtained from (1.5), (1.6) and (1.7) respectively by taking oo = § = .

Under the same condition of (1.25), a fourth three variable analogue
of another fractional integral operator Jl‘/?‘,’ofi;”Y due to M. Saigo is defined
as follows:

Iabb b ic f(ZL' Y,z

ZT,005Y,00;2,00

}3/

Y]t ] v ] _w
Fg?)) aababab 11 y? 2
&

)

“flu,v,w) dw dv du

77u 2)* (v —y)Hw—2)c!

(1.30)
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Special Cases:

(i) Fora=b=V =V"=0, ¢c=«, (1.30) reduces to

412325?1,/?2)%;,2,00 f(.l?, Y, Z) = 2Lg,oo;y,oo;z,oo f(xa Y, Z)

oo o oo

:Wcly)}?’/ / / (u—z)* " (v—y)* (w—2)*"" flu,v,w) dw dv du
v (1.31)

Which is (1.19) i.e. a second three variable analogue of Weyl frac-
tional integral operator Lg . It can be obtained from (1.9) by taking

a=p=nr.

(it) Fora=c=a, b=—n, t/ =" =0, (1.30) becomes

AR o F(2,1,2) = SR o0 fl@y,2) =
x" 7T Oo(u o J?)a_l(’l) _ y)a—l(w _ Z)a—lu—a—nv—aw—a
{L(e)}?
Ty z
flu,v,w) dw dv du (1.32)

(i#i) Fora=c=a, b=0b0"=0, b = —n, (1.30) gives

41;17735;}7&2;?700 (Jf, Y Z) = gKaofé,go;y,oo;z,oo ('ra Y, Z) =
yVI 7 Oo(u _ l‘)a_l(’l} _ y)a—l(w _ Z)a—lu—a,u—a—nw—a
{T(@)}?
r Yy =z
f(u,v,w) dw dv du (1.33)

(iv) Fora=c=a, b=0b =0, b”" = —n, (1.30) yields

A2 o flayy,2) = SR fla,y,2) =

x,00;Y,00;2,00 ,00;Y,00;2,00
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o B e A A
flu,v,w) dw dv du (1.34)

Here (1.32), (1.33) and (1.34) may be considered as third three
variable analogues of Erdelyi-Kober fractional integral operator K.

Further (1.32), (1.33) and (1.34) can also be obtained from (1.10), (1.11)
and (1.12) respectively by taking o = 8 = +.

The aim of the present paper is to study the effects of integral
transforms say the Mellin and Laplace transforms on the three variable
analogues of fractional integral operators introduced in [11] and repro-
duced here through (1.3), (1.8), (1.13), (1.18), (1.23), (1.24), (1.25)and
(1.30).

Theorem 1.1 : For functions f(z,y,2), g(z,vy,z), f(%, %) and

1

y7
)deﬁnedforO <z <00, 0<y<oo,0< 2z < ocoand
> 0, ¢’ > 0, we have

0\8
0\8
Bl

afcflyafc/flzafc”flf 111 Ia,b,b/,b”;c,c',c”
—— 20,0
x’ y’ P 0,2;0,y;0,2

0o 00 oo
a—c—1, a—c' —1 ja—c"’—1 111 a,b,b’ b ;c,c’ ¢’
= T Y z gl ———1dy0.0
/// (x’y’z 0,2;0,y;0,2
0 0 O

f(z,y, z)dzdydx (1.38)

provided that each triple integral exists.
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Theorem 1.2 : Under the conditions stated in theorem 1.1, we have

00 00 00
0 1 a -1 40— c’— lf ]' 1 1 1Jabb'b”cc'c”
z’ y P ,003Y,00;2,00

0 0 O

g(z,y, z)dzdydx

oo o0 O
_ xaclac—lzac—lg 111 Jabb b 5c,c’ e’
1'7y,Z T,00;Y,00;2,00
0 0 0

f(z,y, z)dzdydx (1.39)

provided that each triple integral exists.

Theorem 1.3 : For functions f(z,y,2), g(z,y,2), f(%, ,%) and

1
Y
g(lff)deﬁnedfor0<x<oo()<y<ooO<z<ooand

x?y’z
c¢ > 0, we have

0o oo 00
a—c—1,a" —c—1_a"’ —c—1 111 a,a’,a’” )bb' b ;c
x y z fl—=—= =) 2lydw

/ / / (a:’ Y’z 0,2;0,y30,2

o 0 O

9(z,y, 2)dzdydz

0o oo oo
— a—c—1 a—c—l a’—c—1 l l 1 Iaa ,a'l bbb e
- x Z 9 ' y 240,2;0,y;0,2

0 0

0

f(z,y, 2)dzdydx (1.40)

provided that each triple integral exists.
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Theorem 1.4 : Under the conditions stated in theorem 1.3, we have

0o 00 0O
pa—c— 1 afc 1 a ' —c— lf l 1 l Ja,a',a”,b,b',b”;c
x’ y 2 ,00;Y,00;2,00
0

0
g9(x,y, z)dzdydx

o

0o 00 00
_ a—c—1,a —c—1_a" —c—1 111 a,a’,a’’ b’ b ;c
_// /J} Yy z g(myz ono,y,oozoo

0 0 0

f(z,y, z)dzdydx (1.41)

provided that each triple integral exists.

Theorem 1.5 : For functions f(z,y,2), g(x,y,z), f(%7 ,%) and

1

Y
)deﬁnedfor0<x<ooO<y<ooO<z<ooand
' > 0, ¢ > 0, we have

a—c—1, a—c — L0 c’ a,b;e,c’ ¢’
///x 1y 1 1f(x " Z>310:c0y0z9(x y, z)dzdydz
0 0 O

00 oo oo
=///w“ elyamemlame=ly (1,1, 1)313,’55812/;53(%97z)dzdydx
000 vz
(1.42)
provided that each triple integral exists.

Theorem 1.6 : Under the conditions stated in theorem 1.5, we have

[o elNeolNe )

///xaclacflac 1f(;;i>3.];goc,yc7log//zoo
0
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00 00 00
a—c—1, a—c' —1 _a—c"—1 111 a,b;e,c’ ¢’
= T y z gl ——,— | sdoor s
i (L1
0 0 O

f(z,y, 2)dzdydx (1.43)

provided that each triple integral exists.

Theorem 1.7 : For functions f(z,y,2), g(x,y,z), f(%,%,%) and
g(%, i)deﬁnedforO <z <o, 0<y<oo0< 2L

1
Yo
c¢ > 0, we have
P 1 b ’ b”'
/ / /(xyz)“ ‘ 1f (Z’y72’> 4—73,’30;8,;4;0,’2 g(x,y,z)dzdydx
0 0 0

7T T 111
T T Toret (22 2) e se s o
0O 0 O

oo and

) )
'y z
provided that each triple integral exists.

Theorem 1.8 : Under the conditions stated in theorem 1.7, we have

oo oo

—C— 111 ’ g,
A e R S
0 0

)
Ty 2z

T e (TN e
=[ [ Jevr= (xy> GRS o f(a,y, 2)dadyde
0 0 0
(1.45)

provided that each triple integral exists.

Theorem 1.9 : For functions of three variables f(x,y, 2z) and g(z,y, 2)
defined in the positive octant of the three dimensional space and ¢ > 0,
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¢ >0, >0, we have

o0 o0 o0
/ / / flz,y,2) 1Ia7’£;’87;032’c “ g(m,y, 2) dz dy dx
b 0 0

oo oo (oo}
— [ [ [ st it ) dedyde (140)
0 0 0
provided that each triple integral exists.
Theorem 1.10 : For functions of three variables f(z,y, z) and g(z,y, 2)

defined in the positive octant of the three dimensional space and ¢ > 0,
we have

0o oo 0o

R /’ //’b,b/,b//;
/ / / f(xayvz) 2—73,;1;0?%0“3 ¢ g(x,y,z) dz dy dxr
o 0 O

o0 o0 o0
— [ [ [ stevn) a8 o) ddy e ()
0 0 0
provided that each triple integral exists.
Theorem 1.11 : For functions of three variables f(x,y, z) and g(x,y, 2)

defined in the positive octant of the three dimensional space and ¢ > 0
d >0, > 0, we have

o
/ f(z,y,2) 3187’538’2;’02 g(z,y,2) dz dy dx
0

o0 o0 oo
— [ | [ stewn) szt fewn) ddyde (1as)
0 0 0
provided that each triple integral exists.
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Theorem 1.12 : For functions of three variables f(z,y, z) and g(z, y, 2)
defined in the positive octant of the three dimensional space and ¢ > 0,
we have

o0 o0 o0

7b7bl7b//;
/ / / f(z,y,2) 413’1;0,%0; g(z,y,2) dz dy dx
0 0 0

oo oo oo

- / / / gy, 2) aJO20V5e (e 2) dzdy de (149)
0 0 0

provided that each triple integral exists.

2 Mellin Transformation

In this section we shall study the effect of operating three variable
analogue of Mellin transform on the above defined operators. A three
variable analogue of Mellin transform of a function f(xz,y,z) of three
variables x, y and z is defined as follows:

oo 0 oo

M{f(u,v,w):r,s,t}:/ / /u”*lvsflwsflf(u,v,w)dwdvdu
0 0 0 1)

The effects of operating (2.1) on the operators (1.3), (1.8), (1.13),
(1.18), (1.23), (1.24), (1.25) and (1.30) are given in the form of the
following theorems:

Theorem 2.1 : Forc¢ >0, ¢ >0, ¢/ >0, RI(r) >0, RI(s) >0, RI(t) >
0, we have

’oprr, VAN
M {1J“’b’b b5e1,6.ce (x,y,2) : 7, s,t}

x,00;Y,00;2,00

L(r)I(s)I'(2)
T(r+c)T(s+)T(t+ ")

Pro Mathematica, 25, 49-50 (2011), 51-84 ISSN 1012-3938 69



M. A. Khan and B. S. Sharma

XF(3) a i — b b/ b”,l,].,].
—n——;—c+rd +s;c +

XM{ e C —a _af(x,y,z) :r,s7t} (2.2)

provided that term by term integration is valid and F®) [x,y, 2] is given
by (1.35).

Theorem 2.2 : For ¢ > 0, Ri(r) > 0, Ri(s) > 0, RI(t) > 0, we
have

a,a’,a’” )bb' b";c .
{ JCE ,O0JY,00;2,00 (x’y’z) . T7S7t}

L)L (s)I'(2)
T(r+c)T(s+c)T(t+¢)

. . . . . / /i /! .
—u—;—;—:a,bc;ad b, c;a”, b ;1,11
ciu—;—;—:ir+cstctte ;

x M {o:cfaycfa’chauf(x,y, z):r, s,t} (2.3)

provided that term by term integration is valid and F'®) [x,y, 2] is given
by (1.35).

Theorem 2.3 : For ¢ >0, ¢ > 0,¢” >0, Ri(r) > 0, Rl(s) >0, RI(t) >
0, we have

M {o Il oSy 2) irsit )
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a,b:———:———1,1,1
— == —:r+cs+cit+

)

x M {xc_ayc,_azcu_af(x,y, z) s,t} (2.4)

provided that term by term integration is valid and F®) [x,y, z] is given
by (1.35).

Theorem 2.4 : For ¢ > 0, Ri(r) >0, RI(s) >0, RI(t) > 0, we have

a,b,b’ b ;¢ .
M {4meoo;yyoo;z’oof(x, Y,2z) T, s,t}

a:—;——:beb,cb,cl1,1,1

b

ci— = —irt+estottece ;

)

xM{(xyz)_af(x,%z) : r,s,t} (2.5)

provided that term by term integration is valid and F®)[z,y, ] is given
by (1.35).
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Theorem 2.5 : For a function of three variables f(z,y, z) defined in the
positive octant of three dimensional zyz-space and ¢ > 0, ¢ > 0,¢” > 0,
we have

oo oo oo

///facy, Igﬁgybogcc {71yt 2 dedyda
0o 0 0

o

= M{ Jabbb" e e (z,9,2): r,s,t} (2.6)

,00;Y,00;2,00

provided that the triple integrals involved exist.

Theorem 2.6 : Under the conditions stated in theorem 2.5, we have

oo oo o0

/ / /f Y, 2 J;’géby,bo”og’céocn {;pr717y571’zt71} dZdyd[E

0 0

:M{ Ig’alc)’gyb(]gc -« f(x,y,z) IT,S,t} (27)
provided that the triple integrals involved exist.

Theorem 2.7 : For a function of three variables f(z,y, z) defined in
the positive octant of three dimensional xyz-space and ¢ > 0, we have

[

=M

f(z,y,2)2 Iggoay Obzb/ b5e {xr_l,ys_17zt_1}dzdydx

T oo,'q,oo z, o

—~ S~y
0\8

o JOu a” bbb e (x,y,z):r,s,t} (2.8)

provided that the triple integrals involved exist.

Theorem 2.8 : Under the conditions stated in theorem 2.7, we have

oo 00 XX

/ //fxy )oJea bl bhe Lar=t sl S dzdyda
0
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= (ol oty 2) st (2.9)

provided that the triple integrals involved exist.
Theorem 2.9 : Under the conditions stated in theorem 2.5, we have
7 7
0 0
= M {aaelescl Sy, 2) st (2.10)

provided that the triple integrals involved exist.

Flayy, 2)s I (a1 y* L 21} dedyde

Theorem 2.10 : Under the conditions stated in theorem 2.5, we have
o0 o0 o0
/ / /f (z,y,2 Jggocycog’zm {x ,ys_l,zt_l}dzdydac
0 0 0

=M {3Jg’f;81;;bc’zf(x, Yy,2z) T, s,t} (2.11)

provided that the triple integrals involved exist.

Theorem 2.11 : Under the conditions stated in theorem 2.7, we have
7 7
0 0

:M{ Jbb b f(x,y,z):r,s,t} (2.12)

woo,yoozoo

@y, 2alg s {27y ™12 dedyde

provided that the triple integrals involved exist.
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Theorem 2.12 : Under the conditions stated in theorem 2.7, we have
(o] o0 o0
/ / /f T,Y,2 Jggol?yboo)cz {‘,r’l‘fl’y871,ztfl}dzdydx
0 0 0

=M {41&’;;8;052f(x,y,z) : r,s,t} (2.13)

provided that the triple integrals involved exist.

Theorem 2.13: For functions of three variables f(x,y, z) and g(x,y, 2)
defined in the positive octant of three dimensional xyz-space and ¢ > 0,
¢ >0, >0, we have

M [f(w,y, Iy e =t sl gy, 2) ) s t}

= M [gla,y, D TR ey T T f )} st
(2.14)

Theorem 2.14: For functions of three variables f(z,y, z) and g(z,y, 2)
defined in the positive octant of three dimensional zyz-space and ¢ > 0,
we have

M {f(x,y, 2)2 Ig;an,Obzb/ ot {a" Ny 2 g(a,y,2) ) s t}

=M [g(w,% 2)p JOL bV e Lyr =l sl oL f(ay,2) ) :r,s,t}
(2.15)

Theorem 2.15: Under the conditions stated in theorem 2.13, we have
M £,y 2)al5 5 (a7 2 gle,y.2)} st

= M [gw,y, 2)aTebiey i o {27y ™ flay2)} i rst]
(2.16)
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Theorem 2.16: Under the conditions stated in theorem 2.14, we have
M [f(:v,y, 2yl Ve (e T 2 gy, 2) ) s t}

=M [g(x,y, )5 Jebiv e (oL yt T 2 flay,z)) e }
(2.18)

It is interesting to note that in terms of triple Mellin transforms
the results (1.38), (1.39), (1.40), (1.41), (1.42), (1.43), (1.44), and (1.45)
can respectively be written as

111 bbb el / /
M[f <x ; z) 1]61@701/026 “ g(w,y,2):a—ca—c,a—c"

111 a,b,b’ b ;e\’ . / "
:M[g(x " z) 150000 f(m,y,z).a—c,a—ma—c( |
2.18

111
f(”) Jggobyboo?zcooc g(:v,y,z):a—c,a—c’,a—c"}
z

111

=M |:g <7a > Jg’gébybooycz,cocc f(ﬂf,y,Z) : CL—C,CI,—C/,CL— CH:|
> Y,
(2.19)
111 bbb

f(,y Z>2‘[gg0?y,0,z “g(z,y,2):a—c,a —c,d —c

111 o ’oqrr,
=M {g (, " Z) 2]&’&62;3’7’5 Pty 2) ra—ced —ed — c}

(2.20)

111 -
M[f (x’y’z) 2J;;goy;jp§§;; Cg(av,y,z):a—c,oa’—c,a”—c}
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1 11 i ’oprr,
=M [g <7 -, ) 1275 Qz,oo’b;’lz),éi “ flx,y,2) ra—ca —ca’ — c}
x'y 2 )
2.21

111 apeder D
M [f (:c’ m z) 310700402 9(T,Y,2) ra—c,a—ca—c

111 a,b;c,c’ ¢’
=M {g (:1:’ " Z> 30070 y0.. [y, 2) ta—c,a— cd,a— c”} (2.22)

111 ron
NN . / /!
M [f (,, 2 3 ooyceimoe 9(T, Y 2) ta—c,a—ca—c

111 ot
=M |:g (a ) Z) 3‘];,7&0;{1167072;2,00 f(x’ Y, Z) a—ca— CI, a— C”:|
(2.23)

111 oy
M {f ( - > d“ﬁ’i;&;ﬁdi g(x,y,2) 1a—c,a—c,a— c}

y 0
x'y z

1 1 1 a ’ //'c
=M [g (, " z) QIO”;’;S’;);OJZ flz,y,2) ta—c,a—c,a— c} (2.24)

111 bbb e
M [f (x’ " z) 4y s 00 9(T,Y,2) ta—c,a—c,a—c

111 ‘o,
=M |:g (xa ;v Z> 4Jg:§<’f;’7j,boo’;cz,oo f(iC, Y, Z) ra—¢a—c¢a— C:| (225)
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3 Laplace Transformation

The triple Laplace transform of a function of three variables f(z,y, 2)
defined in the positive octant of the three dimensional zyz-space is de-
fined by the equation

L{f(z,y,2) 75,1} / / /efmfsyftz flz,y, 2)dzdydz  (3.1)
0 0 0

Making use of results of theorems (1.9), (1.10), (1.11), and (1.12),
the relationships of (3.1) with the operators (1.3), (1.8), (1.13), (1.18),
(1.23), (1.24), (1.25), and (1.30) are given in the form of the following
theorems:

Theorem 3.1: For a function of three variables f(z,y, z) defined in the
positive octant of three dimensional zyz-space and ¢ > 0, ¢ > 0,¢” > 0,

00 00 o0
abb b se,c e’ re—sy—tz

/ //fx:% OmOyOz [6 ]dzdyda:

0 0 0

N7

zL[Jabb/b”c‘:C (x,y,z):r,s,t} (3.2)

,00;Y,00;2,00

we have

provided that the triple integrals involved exist.

Theorem 3.2: Under the conditions stated in theorem 3.1, we have
o0 oo 00
/ //f(a:,y, )1y ﬁo’?y”miij” [e"" =Y~ dzdyda
0 00

= L[5t 0 Flay,2) st (33)
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provided that the triple integrals involved exist.

Theorem 3.3: For a function of three variables f(z,y, z) defined in the
positive octant of three dimensional xyz-space and ¢ > 0, we have

oo oo oo

Vg a’,a” )bb' b e re—sy—tz
/ //fxy, 210 00 2 e | dzdydx
0 0 0

:L[QJ“a .’ bbb’ ’cf(:r,y,z):r,s,t} (3.4)

CEOOyOOZOO

provided that the triple integrals involved exist.

Theorem 3.4: Under the conditions stated in theorem 3.3, we have

o0 oo o0
/ / / F (g, 2)p 8T Ve [ra=sv—t] dzdyd
0 0 O

=L |: Iggoay Obzb b//;cf(xa y,Z) i S,t:| (35)

provided that the triple integrals involved exist.

Theorem 3.5: Under the conditions stated in theorem 3.1, we have

o0 oo o0
[ ] Jrewniice e+t
0 0 0

=1L [ JE &";foocz of(@y, z) s, t} (3.6)

provided that the triple integrals involved exist.

Theorem 3.6: Under the conditions stated in theorem 3.1, we have
oo [eole )
[ [ [t anrzbigie o et dedyda
0 00
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=L [3161;706;,()?‘)‘(@ y,2z) T, s,t} (3.7)

provided that the triple integrals involved exist.

Theorem 3.7: Under the conditions stated in theorem 3.3, we have
0o 00 00
[ ] [ mtgstsie e ey
0 00

xT,005Y,00,2,00

s {4J“7bvb/’b”;c fla,y.2) s,t} (3.8)

provided that the triple integrals involved exist.

Theorem 3.8: Under the conditions stated in theorem 3.3, we have
oo oo oo
[ [ [t anrebiti o et dedyds
0 0 0

=L [41‘1,’5;’87;0;’2]"(1”,3/,2) : r,s,t} (3.9)

provided that the triple integrals involved exist.
We further give relationships among triple Laplace transform, triple

Mellin transform and the operators (1.3), (1.8), (1.13), (1.18), (1.23),
(1.24), (1.25), and (1.30) in the form of the following theorems:

Theorem 3.9: For functions of three variables f(z,y,2) and g(z,y, 2)
defined in the positive octant of three dimensional xyz-space and ¢ > 0,
d >0,¢" >0, we have

M f(w,y,z)llgﬁ?g’%;?c/’cﬁ {er* == g(z,y,2)} : 7, s,

AR I e e (CA) STPR]
(3.10)
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Theorem 3.10: For functions of three variables f(z,y, z) and g(z,y, 2)
defined in the positive octant of three dimensional zyz-space and ¢ > 0,
we have

,bb/ b”, rr—sy—
M [flay 2Tg syt (e gy, 2)} st

:L[g(x,y, 2)a Jjgogogﬁjg C{x“l,ysfl 1,y 2 } r,s t]
(3.11)

Theorem 3.11: Under the conditions stated in theorem 3.9, we have

M |:f($7y7 ) Ig:: S,fj,()cz {e—TE—Sy—tZ g($7y7 Z)} i S7t:|

:L[g(m,y, 2)3 J;’Q;;ngoo{x Lyt 270 f(a,y, 2 } r,s t}
(3.12)

Theorem 3.12: Under the conditions stated in theorem 3.10, we have
a,b,b b c 77‘(1j75’l/7t2j .
M f(xaya )I()az(]yOZ{e ’ g(x,y,z)}.r,s,t

= L|g(a.y, )il o {a oy AT flay )} st
(3.13)

Theorem 3.13: Under the conditions stated in theorem 3.9, we have
I [f(%y,Z)lfg,’i);g:;%f?m’c” {efrxfsyftz g Ty, 2 } r, s t:|
b,b’ b rr—sy—
= L [g(xay, ) I(()lx HIRTH (]gc C {e rEsy—lz f(xvyaz)} : T,S,t:| (314)
Theorem 3.14: Under the conditions stated in theorem 3.10, we have
L [f(%y, Z)ng,}g;/d?;;bb”zb/’bu;c {e—rw—sy—tz g(x,y,Z)} o S,t:|
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= L gl )2 Ty L e T fyy)) st (3.15)

T,00;Y,00;2,00

Theorem 3.15: Under the conditions stated in theorem 3.9, we have
L [f(;v,y, 2)3](‘)1,’;’;8’);:’00; {e7m == g(x,y,2)} i, s,t}

= L[ gy, 2)a ey o {7V fa,y.2)} st (3.16)

Theorem 3.16: Under the conditions stated in theorem 3.10, we have
L [f(ay,z);;[&’;’;g:;%jg {e7re =971 g(z,y,2)} : r,s,t}

= L |glw,y, 21 Jee i o {7 g, )} s (37)
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Resumen

Este trabajo es una continuacién del articulo de los autores [11] donde

se analizaron los andlogos en tres variables de ciertos operadores de in-
tegracion fraccionaria de M. Saigo.
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El presente trabajo trata sobre el efecto de operar con los andlogos en
tres variables de las transformadas de Mellin y de Laplace en los andlogos
en tres variables de los operadores de integracién fraccionaria del trabajo
citado.

Palabras Clave: Andlogos en tres variables de operadores de integracién
fraccionaria de M. Saigo, Transformada de Laplace en tres variables, Trans-
formada de Mellin en tres variables.
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