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Abstract

The present paper is a study of modified Hermite
polynomials H,(z;a) which reduces to Hermite polynomials
H,(x) fora=e.
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1 Introduction

Hermite polynomials H,(z) are defined [2] by

exp(2xt — %) = Z %gf)tn (1.1)
n=0 .

The aim of the present paper is to modify the definition (1.1). The
paper contains generating functions, recurrence relations, Rodrigues for-
mula, orthogonality conditions, expansion formulae, integral representa-
tion and other properties for the modified Hermite polynomials H,,(z).

2 The Definition of H,(z;a)

The modified Hermite polynomials H,(z; a) are defined by means
of the generating relation

o0

dwt—t® H,(x;a)t"

a = E — > 0 (2.1)
n=0

It follows from (2.1) that

(—1D)Fn!(22)"?*(loga)"*
nlk!

For a = e (2.2) reduces to Hermite polynomials H,(x).

It may be remarked that H,(z;a) is an even function of x for even
n, an odd function of x for odd n.
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H,(—z;a) = (-1)"Hp(z;a)

Also,

Hs,(0;a) = (—1)"22" (;) (loga)™, Hy,41(0;a) =0

n

and

Hipi1(0;a) = (—1)"2"*! (2) (loga)™**, Hj,(0;a) =0

The first few modified Hermite polynomials are listed below:
Hy(z;a) =1, Hi(z;a) = 2zloga,
Hy(z;a) = 42%(loga)? — 2loga,
Hs(x;a) = 823(loga)® — 12x(loga)?,

Hy(z;a) = 162*(loga)* — 4827 (loga)® + 12(loga)?,
Hs(z;a) = 322°(loga)® — 16023 (loga)* + 120z(loga)?,

Hg(x;a) = 642°(loga)® — 4802 (loga)® + 72022 (loga)* — 120(loga)?,

3 Recurrence Relations

The following recurrence relations hold for H,(z;a):

xH] (z;a) = nH)]_,(z;a) + nH,(x;a) (3.1)

H! (z;a) = 2nlogaH, _1(x;a) (3.2)

Pro Mathematica, 25, 49-50 (2011), 265-278 ISSN 1012-3938

267



M. A. Khan, A. H. Khan and N. Ahmad

D*H, (: ) = (2loga)*n!H, _(z;a) D
n b (n _ S)! b

4
dx

Hy(v;a) = 2 x loga Hy—1(z;a) — H,

n—1

(2;a) (3-4)
H,(z;a) = 2loga{xH,_1(z;a) — (n — 1)Hp_2(x;a)} (3.5)

H!(x;a) = 4n(n — 1)(loga)*H,_2(2; a) (3.6)
Also the modified Hermite differential equation is

H](z;a) — 2xlogaH) (z;a) + 2nlogaH, (z;a) = 0 (3.7)

4 Rodrigues Formula for H,(z;a)

The Rodrigues formula for modified Hermite polynomials H,,(x; a)
is given by the following relation:

H,(x;a) = (~1)"a” D"a™*", D (4.1)

4
dzx

The proof of (4.1) is same as that of Rodrigues formula for H, () .
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5 Other Generating Function for H,(z;a)

The other generating function for H,(z;a) is given by

(&) Hy (23 0)t™ e e4+L —4tloga
. = (1 —2ztl c| 222 T2 T OIE
T;) n! ( ztloga) —; (1 — 2axtloga)?
(5.1)

6 Integrals

Some integral representation for Hy,(z;a) are as follows:

P T
Po(z) = a,/l% / o= 4" H,, (2t o)t (6.1)
0

(o)

H,(z:a) = (2loga)"a®’ / a P, (z/t)dt (6.2)
+oo
2 27 2kn) I

-z npr . — R - .
/a @ Hai (3 0)dv K!(loga)* '\ loga (6:3)
[eS) , (_1)k+522k‘+2s (%) (Q) (loga)k'—i-s

" Hop(2;a) Hog i1 (25 0)da = ko2
/a 2k (73 0) Hasp1 (5 0)d (2s +1—2k)
0

(6.4)

xT
/aftan(t; a)dt = Hyp—1(x;0) —a7I2H,L_1(x; a) (6.5)
0
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1

/H t;a)d n + Dioga {Hpi1(z;a) — Hpi1(05a)} (6.6)
/ Hzn(xt a)dt = @(ﬁ —1)(loga)"" 2 (6.7)
e -
/ a7t2tH2n+1(a;t; a)dt = wu@(m?fl)”(loga)”fé (6.8)
,:OOO .
4 a Ut"H,(vt;a)dt = \/@Pn(x) (6.9)

+0o0 |

/ aiIQHgn(\@x;a)dx = %(loga)”fé (6.10)

,iooo

/ a712H2n+1(\@x; a)dx =0 (6.11)

The second result (6.11) is trivial and the first (6.10) may be written

[ o oz ae = C0 [T togay- (6.12)

a [H,(t; a)]? cos(y/2logazt)dt = ﬁQ"‘ln!Ln(xz)(loga)"_%

(6.13)

o\-é—

+1
r(n+u+1)/(1—t2)“—%H2n(\/5t;a)dt

—1
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— (1 v T (1t 3 ) toga)" L atoga), (Re(u) > 3
(6.14)
T(n+p+1) / (1—t2loga)”_%H2n(\/5t;a)dt
~ Visza

— (—1)"/m(2n)! T (u + ;) (loga)"~} V() (Re(u) > —i) (6.15)

where L¥(x) is the generalized Leguerre polynomial.

7 Modified Hermite Polynomials H,(x;a) as
21

_n _n 1. 1
H,(z;a) = (2zloga)” 2 F) 202 T3 } (7.1)

8 Orthogonality

The orthogonality conditions for modified Hermite polynomial
H, (z;a) are as follows:

+o00 » 0, form#n
/ a Hn(x7 a)Hm(x7 a)dw - 2nn!(loga)"\/%7 f07" m=n
(8.1)

Further the following result hold for H,(x;a):
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Theorem: For the modified Hermite polynomials H,,(z; a)

“+oo
(a) /a*szan(m;a)d:ﬂ:O, k=0,1,2,---,(n—1).

— 00

(b) The zeros of H,(x;a) are real and distinct.

Z (2 0) Hi (Y3 0) _ {Hypr (:0) Ho(2:0) ~ Hor (2:0) Ho (y:0)  (loga)"
— (2loga)F k! 2nFinl(y—z)

9 Expansion of Polynomials in terms of
Modified Hermite Polynomials H,(z;a)

In terms of H,, (z;a) Legendre polynomial can be written as

[%] 2F0[ k, % +n— k’ .1 }(—1)’6 (%)nfk Hn—Zk(z; a)(loga)Qkin

’ loga

kl(n — 2k)!

k=0

(9.1)

Also in terms of Legendre polynomials P, (z), modified Hermite poly-
nomials H,(z;a) can be written as

H,(xz;a) =

[

N

) 1By [—k; % +n — 2k;logal(—1)*n!(2n — 4k + 1) P, _ox(x)(loga)" "

e

)n72k

=~
I
=

(9.2)
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10 More Generating Functions

Some other generating functions for H,(z;a) are as follows:

oo

Hyyp(250)t" ot
ZM e tsz(a:—t;a) (10.1)

n!
n=0

oo . . n 2 (y272mtlo a)2
Z Hn(l', a)f;{!n(yv a)t _ (1 _ 4t2(1090,)2)_% a{y (1—4t2(logga)2)}

n=0

(10.2)

Replacing ¢ by ¢/2 in (10.2), we get

N+

s ()" 5 oy —1 {2mtl09a*(fj+y2)t§(loga)2}
> - Halwsa)Ha(yia) = (1 - £ (loga)’) *al (-0

n=0

(10.3)

> S Fn[— sy H, (23 a)t™

Z 2 0[ n, ¢ af/] (.’t, a‘) ~ a2zt7t2 [1+2ty(x—t)loga]7c

n=0 n

c c 1. 2,2
o Fy 5.5+ 55 —4t“y“loga
—; (1 4+ 2zytloga — 2t?yloga)?

(10.4)

The above result for modified Hermite polynomials is similar to the
result given by Brafman [1] for Hermite polynomials.
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11 Summation Formulae

The summation formulae for H,(z;a) are as given below:

E": {2”“16!(109@)’“}71 [Hy(x;0)]? =

{27+ nl(loga) "+1} {[Hps1(z;0))* — Hy(x;0)Hygo(z30) ) (11.1)

27 (—QZoga)kk‘!< Z’L ) ( Z )Hm_k(x;a)Hn_k(x;a) = Hppin(2:0)
(11.2)

3 (ZZoga)kk!( Zz ) ( Z )Hm+n_2k(x;a) = Hy(z;0)Hp (23 0)

k=0
(11.3)
Z( )Hk \[x a)H,_ k(\[y, )—2an(x+y;a) (11.4)
k=0
> ( ;Z ) Hop,(V2;a) Hap ok (V2y;0) =
k=0
2" M o (x4 y;a) + Hop(z — y;a)} (11.5)

Z ( " ) Hop(2;a) Hap—ok (y; a) = (—1)"nl(loga)" L, { (z* + y*)loga}
(11.6)
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12 Gauss Transforms

The Gauss transform of a function F(t) is defined by

+oo
o 1 _(==n?
g ()} = Vora F(t)e™ =2 dt,

a being parameter. The following results hold when we apply Gauss
transform on modified Hermite polynomials.

9o {Hy(t;a)} = (loga) = {1 —2adoga}? H, |{1 —2aloga}™? Jloga
12.1)

9 {H,(1:0)} = (20)" (122)

92 oga (") = (20V/loga) " H(i;a) (123)

13 Addition Theorem

The following addition theorems hold for H, (z;a):

(A2 4+ p?)2 Azi+pze | A"ps ) )
! H, ()\24-/1,2)%’& = Z gl HT(Zlva)Hs(Z27a)

r+s=n

(13.1)
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) ri::l)\TZT | T A
Z)\T H, - e =n Z H(p—)!Hp,,,(zT;a)
(Z Az) Spr=n fr=1
(13.2)

2% H, {Zlkﬁ;a} - Zn: ( " ) Hy(z1;0)Hooy(20:a)  (13.3)

Further with z; = z9 = =, we have
n

2% H,(V2ria) = Y ( :f ) H,(2;0)H,_, (23 0) (13.4)

r=0

14 Limiting Relationships

The following relationships between Gegenbaur and Laguerre
polynomials with H,,(z;a) exist:

noo, _n xv/loga
H,(x;a) =n!(l 1 v 14.1
n(w;a) n(oga)zlugnoo{v ZCn< NG )} (14.1)
x n n n
H,(—=;a) = (=1)"22n!(loga)® i L) Val
(\/i,a) (=1)"22n!(loga)?2 |a\lgloo {a 2 L (a +zv/a oga)}

(14.2)
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15 Other Results For H,(z;a)

Using the identity

42 42,2 20,2
aQIt v a(21:t t“x ).Cl[t (z=—1)]

we get the following result for H,(z;a)

[%]n z:a)x" 2k (22 — 1)*(loga)*

k

Also we have

o0

Z 7]'-]2”(30‘; a)t =a ! Fy [ ’ xzt(loga)Q] (15.2)
n! ;
n=0

and

o~ Honpa (@ 0)t” —t = 2 2
ZW = 2z loga a™ " oF1 % ~x“t(loga) (15.3)

)

n=0
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Resumen

El presente trabajo es un estudio de los polinomios de Hermite mo-
dificados H,(x;a) que se reducen a polinomios de Hermite H,(x) para

a = €.

Palabras Clave: Funciones generadoras, relaciones de recurrencia, férmula

de Rogrigues, Integrales, Transformadoras de Gauss y Ortogonalidad.
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