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Abstract

In this paper, we introduce the concept of observable sets for
control systems. For this reason, we review general control
systems on Lie groups with observation (output) functions

and give the solution of the affine control system on a
connected Lie group. Then, we study the existence of
observable sets for linear control systems on examples.
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Existence of observable sets for control Systems on Lie groups

1. Introduction

The main purpose of this paper is to introduce a new approach to
observability by searching the existence of observable sets. Observability
problem is one of the classical fundamental problem in control theory and
it is important from the application points of view. We approach from
differential geometric point of view.

In 1972, the utility of Lie groups and coset spaces in modelling
system dynamics has been first highlighted by Brokett, through group
manifolds, [6]. Later, in 1977, observability of nonlinear control systems
has been studied from differential geometric point of views by Hermann
and Krener, [8]. In 1990, [7] by Cheng, Dayawansa, and Martin, is the
first key paper directly addressing observability on Lie groups and the
authors have studied local and global observabilities using Lie algebraic
methods, leveraging the structure of Lie groups and coset spaces.

For a linear control system on R", ¥ = (R™, D, h,R?®) is given by
the following data:

= Ax + Bu

h(z) = Cx,

where z € R™, A, B and C are matrices of appropriate orders and
h : R®" — R? is a linear function. The well-known observability rank
condition by Kalman is

C

CA
Y is observable <=

I
S

CAnfl

In general, observability of control systems on Lie groups has been
studied on the characterization of the set of indistinguishable elements
of the state space in order to find conditions for local and global
observabilities, [3], [4] and [5]. In our work, we focus on the complements
of this kind of sets of indistinguishable elements of the state spaces, which
we will call them observable sets.
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Our work consists of five sections. In the second section, we review
shortly control systems on Lie groups with observation. In the third
section, we introduce observable sets by giving some definitions on
observability. Moreover, we give the solution for the affine control system
on a Lie group G with some output function and the observability is
induced by the drift vector field of the system. In the fourth and fifth
sections, we study the existence of observable sets for linear control
systems both on Euclidean spaces and on Heisenberg group of dimension
3 on examples. Lastly, we write our conclusion of this work.

2. Control Systems on Lie groups with
Observation

A control system ¥ = (G,D,h,V) on a Lie group G with an
observation (output) function is a four-tuple, where G and V are finite
dimensional Lie groups, D is the dynamic and h is a smooth function
between G and V. We assume that the state space G is connected.
Here, V is called observation (output) space and h is called observation
(output) function. The dynamic D is a set of smooth vector fields on G
which are parametrized by the controls w and v = (uy,us,...,ux) € U,
where U is a family of piecewise constant real-valued functions.

Control system ¥ induces a pseudo group of diffeomorphisms

Gy ={Z} 0oZ} o --0Zf|Z) € D,t; R, j € N}
and a pseudo-semi group
Sy ={Z} 0oZ o---0Z|Z) €D,t; >0,j € N}.

Besides,
Gs(9) = {e(9)lg € G,Vp € Gs}
is the orbit, and

Sx(9) = {e(g)lg € G.Vp € Ss}
is the positive orbit of the system at the state g € G.
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Denote by L(G) the Lie algebra of G and consider X,Y!,... Y4 ¢
L(G) with right invariant directions. Besides, consider the elements
D,D' D? ....,D" of the derivation algebra Der(L(G)) of Lie group
G. The derivation algebra Der(L(G)) is a Lie algebra consisting of
endomorphisms D on L(G) satisfying

DIX,Y]|=[D(X), Y]+ [X,DY)],VX,Y € L(G).

Let x be a linear vector field on G. Then, by [1], there is a derivation
D associated to x defined by

DY = —[x,Y],VY € L(G)
and the flow ®; of x is related to D by
(d®y), = e'P, for anyt € R
and it follows that
@ (expY) = exp(ePY) for any t € R, Y € L(G).

If D is an inner derivation, then D = ad(X) for some X € L(G).
This is a special case and it happens when the Lie group is semisimple.

Any linear vector field x is an infinitesimal automorphism which
means that its flow is a 1-parameter subgroup of automorphisms on G,
[1], and x + X forms an affine vector field on G, so are (y/ + Y7) for
j=1,...,d. The dynamic of affine control system ¥ on G is defined by
the following differential equations together with an observation (output)
function h:

9(t) = (¢ + X)(9(8) + 2252, 07 +Y7) (9(8))u(t)
(2.1)
hig)=veV.
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Affine control systems represent a wide class of control systems, [9].
Indeed, if we consider, linear vector field x is 0 in 2.1, then the system
turns into an invariant control system, and if we consider, for each j, Y7
and X are 0 in 2.1, then the system turns into a bilinear control system.
Moreover, if we consider this 2.1 system on an abelian Lie group, then
it turns into a linear control system.

3. The Observable Set

In this section, we introduce the concept of observable sets. The idea
of observable sets comes from the control sets presented in [2]. By this
inspiration we search the existence of possible observable parts of a given
system. Control sets are the maximal controllable parts of the systems
and they are important to understand the controllability behaviour of
the system. Similarly, observable sets can serve as a source for observing
some behavior of a system. For this aim, we characterize observable sets
and their properties which lead us to work on two examples in the next
section.

We would like to review some of the fundamental definitions
related to the observability of control systems. For the following three
definitions, we consider a control system ¥ = (G, D, h, V') on a connected
Lie group G with an observation (output) function h which is a smooth
function from G to V. Each vector field Z7 € D parametrized by the
control u (piecewise constant admissible control) induces a 1-parameter
group of automorphisms (flow) Zgj, teR,j5e€N onG.

Definition 3.1 (Indistinguishable). Let g andl be two different elements
of a Lie group G. Then these two elements are called indistinguishable,

if the following equation holds

W(Zy, 0 Z¢, 0+~ 0 Z4 (9)) = MZi, 0 Zf, 00 Z}, (1)), ¥; > 0, €N.
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In another words, g and [ are called indistinguishable, if the
following equation holds

ho Sg(g) =ho Sg(l)

We use g ~ [, when g and [ are indistinguishable, and denote by I,
the set of all indistinguishable elements from g. We know that vector
fields Z7 of the dynamic D are complete, [1], then the relationship ~ is
an equivalence relationship. Besides,

g=I,={leGlg~1} = I={]I,
g9

where I is the set of all indistinguishable elements in G.

Definition 3.2. For any given state g of a control system X, if g has
a neighbourhood U such that all points in U are distinguishable from g,
then the control system % is called locally observable at g. If the system
3 is locally observable at every g € G, then it is called locally observable.

Definition 3.3. If, for alll € G different than g and Vt; > 0,5 € N,
WZi, 0 2} 00 Zf (9)) # M2, 0 ZF, 0 -+ 0 Z4 (1)),

then the control system X is called globally observable at g. If the control
system X is globally observable at every g € G, then it is called globally
observable.

In another words, if there are no two different states forming the
same curve in the observation (output) space, then it is said that the
control system ¥ is globally observable. Moreover, a system is globally
observable if its internal state can be inferred from external outputs.
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If we consider a linear control system ¥ = (R™ D, h,R®) with an
observation (output) function h which is a linear transformation, then
local observability and global observability are the same and there is a
well-known observability rank condition for this system. In general, for
a control system ¥ = (G, D, h,V) on a Lie group G, local observability
and global observability are studied separately and global observability
implies local observability.

In [3], the authors consider a linear control system ¥ on a connected
Lie group G with a Lie group homomorphism from the state space to
the observation (output) space and give the solution for every admissible
control. By using a similar approach, we have the following result.

Theorem 3.4. Consider an affine control system ¥ = (G, D, h, V') given
by (2.1)

O +Y7)(g(t)u(t)

9(t) = (x + X)(g(t) +

d
Jj=

on a connected Lie group G with the initial condition v(0) = g, where
geG, X, Y ..., Y% € L(Q), the Lie algebra of G, and forj =1,....,d,
x and X7 are linear vector fields on G, then the solution is

Y(t) = (x + X):(B(t) - 9). T €R,

where (x+X); is a one-parameter group of automorphisms on G induced
by the drift vector field (x+X) and B(t) satisfies the following differential
equation

d
B(t) = (x+ X)—t)e 0 Y u; (X7 +Y7) 0 (x + X)(B(1)).
j=1
Proof. The dynamic D of the affine control system is

D{Z:(X+X)+u(xf+w'): X, Y e L(G)VY, j=1,...d; }

x and x’ are linear vector fields
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If we differentiate y(t), then we have the following
() = (O + X)e(B(1) - 9))w = ((x + X)(B() - 9)(B(1) - 9)s

d
= (X +X)(B1) - Plx + X)-1)e 0 D> _ui(x) +Y7) o (x + X)(B(t) - 9)]

Jj=1

d
= [((x + X))x 0 (X + X)—0)x Ozuj(xj +Y7) o (x + X)](B(t) - 9)

d
=D uwid +Y7) o (x + X))(B() - 9),
j=1
where, ( ), denotes the derivative. Thus, we get the form of the
dynamic. O

Corollary 3.5. Let ¥ be an affine control system on a connected Lie
group G with an observation (output) function h which is a Lie group
homomorphism. Then, by the special form of the solution ~(t), local
and global observabilities of the system X depend on the drift vector
field (x + X).

Proof. Each Z' in the dynamic D induces a one-parameter group Z;, of
diffeomorphisms defined on G, and for each ¢ = 1,2, ...,d, there exists
a differentiable curve ; : R — G such that for each g € G,

Zi(9) = (x + X), (Bi(t) - 9),

where Z}, 0 Z% o---0 Zf € Gx.

Pro Mathematica, 33, 65 (2024), 32-49, 1sSN 1012-3938 39



Akyar, B. ¢ Kara Hansen, A.

Since h is a homomorphism, Vg,l € G, we have the following
g~ 1 = M7 (9) = M7 (1),YZ i € Sx(g).
Thus

= h(x+ X)e, (Bi(t) - 9)) = P((x + X)), (Bi(t) - 1)), VE: = 0;
= h(x+ X)u, (9)(Bi(t) - €)) = ”h((x + X1, (1) (Bi(t) - €)), VE; = 0;
= h(x + X)i,(9) = h(x + X)i, (1), Vt: = 0;

where e denotes the identity element of G. O

Moreover, we know that the vector fields of the control system
on a Lie group G are complete and therefore indistinguishability is an
equivalence relationship. Hence, the set of indistinguishable elements
from e is

e=I.={g€Glg~e}
and for each g € G, I; = § = gé = gl.. Indeed,

gr~l <<= legl.

Definition 3.6. ¥ = (G,D,h,V) be a control system on a connected
Lie group G with observation (output). A nonempty subset B C G is
called an observable set of the control system % if

i) it is Sy-invariant, i.e.
hoSs(9) #hoSx(l) < g~I1,Vg,l€B
ii) A
B=G-¢
iii) mazimal with respect to i) and ii).

Remark 3.7. € is an equivalence class and therefore it is a closed subset
of Lie group GG. Hence, B is open and has a differentiable manifold
structure induced by G, [11].
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In order to characterize observability of control systems on Lie
groups, classical approach is to study the set of indistinguishable
elements of the state space and then to find conditions for local and
global observability, [3], [4] and [5]. In our work, we focus on the
complement of the set of indistinguishable elements of the state spaces,
i.e. our observable sets.

4. Existence of Observable Sets for Linear
Control Systems on R"

A linear control system on R" is a four-tuple denoted by ¥ =
(R™, D,h,R*) and their dynamic is determined by the following
differential equations:

T = Ax + Bu
h(z) = Cx,
where x € R”, A, B and C are matrices of appropriate orders and
h : R® — R? is a linear function. Linear control systems on R™ are
well-known and are important from their application points of view.

For any initial condition x = x(, solution of the system has the
following form:

t
y(zo, t,u) = e +/ e A Bu(r)dr}.
0

In particular, if we consider the solution at the origin (i.e, identity
element), then we get

~7(0,t,u) = etA{/O e " Bu(r)dr}.

Thus, Sx(0) = {7(0,t,u) : v € U,t > 0} and the indistinguishability
relation can be written by

T~ xy = C(et(x1)) = Cet(x2)), ¥t >0

which is independent of the controlled vector field B.
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Moreover, indistinguishable elements of this kind of systems from
the identity element are characterized by

n—1
0= () Ker(CA").
i=0
Example 4.1. We consider the following control system which is
evolving according to Newton’s law with the observation (output) function
C given in [10]:
=y
y=u
h(z,y) = Clz,y)".
For any initial condition (x,y) = (xo,Yy0), solution of the system has the
following form:
2
Y((z0, Y0), t,u) = (U§ + yot + Zo, ut + yo)
and, in particular, we have the following at the identity:

t2
~7((0,0),¢,u) = (UE’M)'
This system is globally observable, if for any two distinct points (x1,y1)
and (3, ya) of R?,
2

t 12
C(u§ +yit +xy,ut + 1) # C(UE + yot + X2, ut + y2).

(a) If we observe the position of the system, i.e., the output map is
C= (1 0), then by the observability rank condition this system is
globally observable. Thus, observable set is the whole state space.

Indeed, for any (z1,11), (12,92) € R? and (x1,vy1) # (v2,y2), we
have

(1 0) (ut; +y1t+x1> £(1 0) <ut; +y2t+x2> .

ut + y1 ut + y2
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(b) If we observe the velocity of the system, i.e., the output map is
C= (O 1), then by the observability rank condition this system is
not globally observable.

Indeed, ¥(x1,v1), (22,y2) € R? and (x1,v1) # (72, y2), we have

2
O 1) ("TUE) —ury
ut 4+ 1

t2
Ug + Yol + 2
0 1 2 = ut + yo.
( )< ut + y2 > v

Here, we do not have any information of the position of the system
in the output space even if there is information on the velocity of

the system.
Example 4.2. Consider ¥ = (R3, D, h,R?), where
0 1 0
A=|-1 0 0] and C’:((l) (1) 8)
0 0 1
C
Then, the rank of | CA | = 2 # 3. Therefore, this system is not

CA?
globally observable.
The set of indistinguishable elements from the neutral element is

0={(0,0,k)|k € R}

and the observable set is

B =R?—{(0,0,k)|k € R}.

Existence of observable sets depends on the choices of observation
(output) functions first and drift vector fields after. One can work on
the same system by changing output functions or drift vector fields.
Therefore, existence and optimization of the observable set is up to both
output function and drift vector field.
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5. Existence of Observable Sets for 3-
dimensional Linear Control Systems on
Heisenberg Lie groups

In this section, we consider a linear control system on a Heisenberg
Lie group of dimension 3. A linear control system on a connected Lie
group G is a four-tuple denoted by ¥ = (G, D, h, V) and their dynamic
is determined by the following differential equations:

d
g(t) = x"(9(t) + Z Y7 (g(t))u(t)

h(g)=v eV,

where ¢ € G, x',x% ....,x" are infinitesimal automorphisms, i.e.;
each x! induces a l-parameter group of automorphisms on G for each
te R, Y...,Y? € L(G), the Lie algebra of G, and h : G — V is a
differentiable function.

In [3], authors have given an algorithm where one can calculate
indistinguishable points of linear controls systems on connected
Lie groups with Lie group homomorphisms as observation (output)
functions. We use this algorithm for 3-dimensional linear control systems
on a Heisenberg Lie group in the example below and want to give its
brief explanation. In the first and the second steps of the algorithm,
the kernel of the observation (output) function and the basis of the Lie
algebra of the kernel of observation (output) function are calculated,
respectively. Later, the dual basis of the basis of the Lie algebra of the
kernel of observation (output) function is found to determine dual of all
indistinguishable points.

Example 5.1. Consider Heisenberg Lie group of dimension 3

1 a ¢
H:{ 0 1 b |a,b,c€]R}.
0 0 1
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and its Lie algebra is

0 = =z
L(H):{ 0 0 y |x,y,z€R},
0 0 O
where
0 1 0 0 0O 0 0 1
span{X:OOO,Y:O()l,Z:OOO},
0 0 O 0 0 O 0 0 O
(X, Y]=~Z.
Here,

[X,)Y]=XY -YX.
(a) We consider the following linear control system on H with

observation (output) function pg,

¥ =(H,D,n,H/exp(RZ))

pa: H — H/exp(RZ)

Then, the kernel of the observation (output) function is

1 0 ¢
Ker(pd):{ 010 |t€R},
0 0 1

and the basis of the Lie algebra of Ker(pq) is Bk, = Z. Besides,
the dual is

Bg, ={X*,Y*}.
The adjoint action of the Lie algebra element X onY, adx(Y),
is equal to [X,Y] = Z. Then, adx(X) = adx(Z) = 0. For the
ordered basis (X,Y, Z) for adx, we have the following matrix

0 00
R=1[0 0 O
0 1 0
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It follows that, the co-adjoint actions of X, Lx, on X+ and Y+
are

Lx(XY)=X'*R=0

Lx(YY)=Y+tR=0
and then the co-adjoint action of X, Lx, on BIL(p gives the following
set

ad(X)Bg, = {X*, Y} =T+
Z = span{Z}.
Here, T is the Lie algebra of the Lie group I, the set of

indistinguishable elements from the neutral element of H. Thus, 3
is not globally observable and the observable set B = H — exp(tZ).

(b) We consider the following linear control system on H with

46

observation (output) function w, [3]

Y = (H,D,r, H/exp(RY))

m: H— H/exp(RY)

Then, the kernel of the observation (output) function is

1 0 0
Ker(w):{ 0 1 ¢ |tER},
0 0 1

and the basis of the Lie algebra of Ker(n) is Bk = Y. DBesides,
the dual is
By ={X*, 74}
It follows that, the co-adjoint action of X, Lx, on Z+ is
Lx(ZY)=Z*R=Y"*
and then the co-adjoint action of X, Lx, on each element of By

gives the following set

ad(X)By = {X*+, Y+, z+}y =1+
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Thus,
Z=0.

Thus, % s locally observable, since the Lie algebra of the all
indistinguishable elements is null. This system is also globally
observable as given in [3]. Thus, the observable set B = H.

Conclusion:

In this work, we introduced the concept of observable sets. For this

aim, we reviewed general control systems on Lie groups and gave the

solution of the affine control system on a connected Lie group which

represents a wide range of control systems on Lie groups. In the last

two sections, we studied existence of observable sets for linear control

systems on examples.
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Resumen

En este articulo, presentamos el concepto de conjuntos observables
para sistemas de control. Por esta razon, revisamos sistemas de control
generales en grupos de Lie con funciones de observacién y damos la
solucién del sistema de control afin en un grupo de Lie conectado.
Luego, estudiamos la existencia de conjuntos observables para sistemas
de control lineal en ejemplos.

Palabras clave: conjunto observable, observabilidad, sistemas de control afin,

sistemas de control lineal.
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