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ON THE ALGEBRAIC MULTIPLICITIES OF
THE EIGEN VALUES OF THE INTEGRAL

Julio ALCANTARA BODE*

It is proven that all non-cero eigenvalues
of the integral operator on

1
L (0,1), [A£8) = [ p(84) fix) dx ,
0

where p is the fractionary part function,
have algebraic multiplicity equal to one.
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1. Introduction

In a previous work [1] we reformulated the
Riemann Hypothesis as a problem of Functional
Analysis by means of the following Theorem.

1
Theorem. Let [A f] (&) = f p(g) f(x) dx, where
o o X

p(x) = x - [x] , [x] s x<[x]+1, [x]eZ,

be considered as an operator on L2(0,1) . Then,
the Riemann Hypothesis holds if and only if Ker
A = {0} or if and only if h ¢ Ran A_, where

P P
h(x) = x , ¥x € [0,1].

Among others things we also proved that:

i) A, is Hilbert-Schmidt but not nuclear.

ii) A # 0 is an eigenvalue of A
(2!

0 if and only if

) = 0, where
rel-

©
= (-1)
T(W = 1= L ) T (e D)

Mme (1+41) p™*?
1=1

is an entire function of order one and type
one; moreover each non-zero eigenvalue 1
has geometric multiplicity one and the co-
rresponding eigenfunction

129 is wx(x) = x T'(x/7\).

iii) If {xn}nzl is the sequence of non-zero

eigenvalues of A , where each eigenvalue is

o



repeated a number of times equal to its al-
gebraic multiplicity, and the ordering is
such that Ixnl 2 Ixn+1l %: 2 1, then
Al <e/n¥n21 and lelnl = o .
ns
iv) If D" is the modified Fredholm determinant

of Ap then D*(u) = e T(u) Vue€e € .

v) If ¢ € ]0, % [ then, in the complement of
each of the wedges

=
"

{x} {Im Al £ tg ¢ Re A} and

=W = {Al =-A €
wqo {»l Ww}, Aw

has an infinite number of eigenvalues.

vi) The largest eigénvalue 11 of Ap

and has algebraic multiplicity one.

is positive

The last result was proven as an application
of the Krein-Rutman Theorem. The purpose of this
note is to prove that all non-zero eigenvalues
of Ap have algebraic multiplicity oge or equiva-
lently that the entire functions D and T have

only simple zeros, [3]1, p.349 Theorem 2.

2, Proof of result

Theorem. All non-zero eigenvalues of Ap have

algebraic multiplicity one.



Proof First we prove that if T(l’(l;’) = 0 for
0<1<%k -1 and T““)(lgl) # 0 , then the func-
tions £,  (x) = x! T“)(x/kj) , 1s1sk,
obey the equations

1

(Ap = 2) Byn = 0

1-1 I T 21-2
a-rp e = (DT Al e
115k ' (1)

In [1] it has ben shown that if wu(x)= ux T'(ux)
and h(x) = x , then (A, - 'y v, = T(W) b or

-1
Ap w“ -u wu = T(#) h (2)

If M, € € we have by Taylor's theorem that

o (4-p)

net (n+1)

nso

’P“(x) = n{:o T [u x T (4 x).
#nx" T x)] (3)
® (- p )"
-1 _ o n+1 (n+1)
BT, (x) -ngo——n, T x) (4)
© (M-Hu)"
T(#) h(x) = L —57—— T (1) x (5)

Replacing equations (3), (4) and (S5) in (2) and
equating coefficients of the same powers of
(4 - p) on both sides of the resulting equation



we get
(n+1)
= TR -0 Ay

nz21 (6)

-1
(A= B0, ¥, s

vhere ¥, (x) = " T (ux) Yn21

From equation (6), we get both equations (1) by
induction.

Now in equation (6) we replace H, by u,

where “-1 is not in the spectrum of Ap . If

we apply operator (Ap - 1™H™! to the resulting

equation we get
-1 -1, -1 T

e (A - B ) Y T Y T Y,

= H Ve (7)

-1
; is a non-zero eigen-

value of Ap of algebraic multiplicity pj and
that A does not have an eigenvalue in

Qj = {ul 0 < Iy - ujl < €} . In Qj is valid the

following Laurent expansion for the resolvent
(u?t - Ap)" of A, [2] Satz 5.14 and Satz 4.12

Assume now that

(oAt = Lot - uh

(A, - u;’)“" P, 4+ W (W) (8)

Where Wj is analytic in Qj U {uj} and Pj is the

7



proyection into the finite dimensional subspace

generated by the principal vectors of Ap asso-

ciated to the eigenvalue u;1 of Ap , i.e.

©
P, L?(0,1) = U Ker (A - u;’)" . It is known
k=1

2 -1
that Pj = Pj, Aij = Pj Ap (A.p—uj )

n

Pj # 0 Aif

P
0snsp-1 and (Ap-u;‘) ] P, = 0 [2], Satz

4.12 . We have that

P,
T(K) = (k- 1)) 7 8(K) , B(K) #0 (9)

If in (7) we replaced equations (8) and (9),take
1 <ns P, and then the limit up — M, we get
that the left hand side of (7) behaves as

©

2k-1 -k -1,k-1
-n kgl M, (uj—u) | (Ap-uj ) Pj w“j;n (10)
and the right hand side behaves as
p.! . -
(pj_i'?n_)_!— (u - Ilj)‘" ¥, (11)

3
comparing terms in (10) and (11) we get that

-1,.k-1 ;
- = <
(Ap uj ) Pj wuj;n 0 if n<k < pj (12)

and

-1, n-1



p.!

J
Yy, =¥ (13)
Hyin (pj n)! M,

By the equations (1) we know that

= <
P, "’uj;n 'puj;n if 1<n=<p, (14)
and
_ -1,n=-1 = _ n=-1 _ 1 2-2n
(Ag=H.") w“j;n (-1)" (n-1)! y
w“ i1 (15)
i
From (13), (14) and (15) we get
P,! P,!
(P, -m)In = (n-1)t  or (p, - n)T n! =1

Therefore n = pj =1, since 1 s n < pj



10
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