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Semidiscrete nonlocal Neumann quenching

1. Introduction

Nonlocal diffusion equations arise when the rate of variation at

a point depends on values of the unknown over a surrounding region

rather than only on infinitesimal spatial derivatives. Let Ω ⊂ RN be a

bounded domain. In this paper the diffusion is governed by

LJv(x) =

∫
Ω

J(x− y)
(
v(y)− v(x)

)
dy, x ∈ Ω.

Because the integration is restricted to Ω, no exterior contribution enters

the equation. This is the standard nonlocal analogue of homogeneous

Neumann confinement. The framework is related to the Neumann

problem studied by Andreu, Mazón, Rossi and Toledo [2] and to the

Neumann blow-up problem of Pérez-Llanos and Rossi [23]. Related

convolution and boundary-flux models can be found in [3, 4, 12, 15].

We considerut(x, t) = LJu(x, t) + λa(x)(1− u(x, t))−p, x ∈ Ω, t > 0,

u(x, 0) = u0(x), x ∈ Ω,
(1.1)

where λ > 0, p > 0, a is positive, and 0 ≤ u0 < 1. The kernel is

nonnegative and symmetric. The factor (1 − u)−p becomes singular as

u approaches the critical level 1.

Classical quenching for local parabolic equations goes back to

Kawarada [20]; see Levine [21] for an early survey and Quittner-

Souplet [24] for broader singular and superlinear parabolic theory.

The continuous quenching problem is closely related, after the

change of variable v = 1−u, to nonlocal diffusion equations with singular

absorption. Ferreira [13] studied the corresponding Dirichlet-type

setting, including quenching rates and quenching sets. Zhou et al. [26]

treated a nonlocal Neumann problem with a general singular absorption

term and obtained finite-time quenching together with rate and

localization results under additional assumptions. Related rate questions
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for coupled singular systems were considered in [18, 25]. These works

show that the continuous extremal arguments used below belong to an

established analytical framework.

The numerical literature is also directly relevant. Boni and Koua-

kou [5] studied an adaptive time-semidiscrete approximation of the

unweighted nonlocal Neumann quenching problem and proved finite-time

semidiscrete quenching together with convergence of the corresponding

quenching time as the time mesh tends to zero. Boni and Nabongo [8]

subsequently analyzed a space–time discrete approximation; under their

regularity and consistency hypotheses they obtained a first-order-in-h

pre-quenching error estimate for first-order-consistent grid data and

proved convergence of the numerical quenching time as h → 0. Earlier

and related singular-time discretizations include [1, 11, 14, 16, 17, 22].

Nonlocal Neumann blow-up semidiscretizations were considered in

[6, 7], while local quenching with a spatial potential was studied

in [9, 10]. The present work addresses the complementary space-

semidiscrete problem: time remains continuous, whereas the nonlocal

operator is replaced by a nonnegative quadrature operator and the

limiting process is h → 0, rather than a time-step limit. In this

setting we retain the spatially varying coefficient a(x), prove an O(h2)

pre-quenching estimate under the trapezoidal consistency assumption,

establish Th → Tq, prove convergence of subcritical hitting times under a

strict-crossing assumption, and derive a conditional diffusion-dependent

bound involving the quadrature masses jh,i. Adaptive explicit and imex

Euler methods are used only afterward to integrate the semidiscrete

system numerically.

Sections 3 and 4 provide the continuous analytical estimates that

serve as a reference for the subsequent numerical analysis. The main

study is then developed for the space-semidiscrete quadrature system

introduced in Section 5, with its convergence properties established in

Section 6. The continuous bounds depend only on the extremal values a∗
and a∗, while the Neumann setting is used as part of the mathematical
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framework rather than as an independent source of novelty.

The paper is organized as follows. Section 2 states the assumptions

and the definition of quenching. Sections 3 and 4 record the continuous

benchmark estimates. Section 5 introduces the space-semidiscrete

problem and proves its comparison and singular-time properties.

Section 6 establishes convergence before quenching, convergence of

quenching times and convergence of subcritical hitting times. Section 7

gives numerical illustrations.

2. Assumptions and quenching

Let X = C(Ω) with the norm ‖v‖∞ = maxx∈Ω |v(x)|. We assume:

(H1) Ω is a bounded domain of RN with compact closure.

(H2) J ∈ C(RN )∩L∞(RN ), J ≥ 0, J(z) = J(−z), and

∫
RN

J(z) dz = 1.

(H3) a ∈ C(Ω) and there exist a∗, a
∗ > 0 such that

0 < a∗ ≤ a(x) ≤ a∗, x ∈ Ω.

(H4) λ > 0, p > 0, and u0 ∈ C(Ω) satisfies

0 ≤ u0(x) < 1, x ∈ Ω.

The use of C(Ω) ensures that spatial minima and maxima are attained.

Since J is continuous and bounded, LJ : X → X is bounded. On the

open set

O = {v ∈ X : max
Ω

v < 1},

the map v 7→ λa(1− v)−p is locally Lipschitz. Hence the right-hand side

of (1.1) is locally Lipschitz on O, and the Picard–Lindelöf theorem gives

a unique maximal solution

u ∈ C1([0, Tmax);X), u(0) = u0,
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as long as the solution remains below the singular level.

Definition 2.1. The maximal solution of (1.1) is said to quench in

finite time if Tmax <∞ and

lim
t→T−

max

‖u(·, t)‖∞ = 1.

In that case we write Tq = Tmax and call Tq the quenching time.

Before quenching has been established, for 0 ≤ t < Tmax set

m(t) = min
x∈Ω

u(x, t), M(t) = max
x∈Ω

u(x, t).

We denote their initial values by m0 := m(0) and M0 := M(0).

3. Continuous benchmark: extremal esti-

mates

The extremal functions can be treated with ordinary derivatives

after establishing their local Lipschitz continuity.

Lemma 3.1. Let w ∈ C1([0, T ];C(Ω)). Then

µ(t) = min
x∈Ω

w(x, t), ν(t) = max
x∈Ω

w(x, t)

are Lipschitz on [0, T ]. Consequently they are differentiable for almost

every t. At every common differentiability time there exist active points

xµ(t) and xν(t) such that

µ′(t) = wt(xµ(t), t), ν′(t) = wt(xν(t), t).

Proof. For s, t ∈ [0, T ],

|ν(t)− ν(s)| ≤ ‖w(·, t)− w(·, s)‖∞ ≤ sup
r∈[0,T ]

‖wt(·, r)‖∞ |t− s|,
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and the same estimate holds for µ. Rademacher’s theorem gives

differentiability almost everywhere. The identities at differentiability

times follow from the standard envelope argument: choose maximizing

or minimizing points at nearby times, use compactness of Ω, and pass

to a convergent subsequence.

The first qualitative property is invariance of the nonnegative cone.

Lemma 3.2. Assume (H1)–(H4). Then the maximal solution satisfies

0 ≤ u(x, t) < 1, x ∈ Ω, 0 ≤ t < Tmax.

Proof. The upper inequality is part of the maximal interval before

quenching. Suppose that nonnegativity fails and let t0 be a first contact

time with the level 0. At a point x0 where u(x0, t0) = 0 and u(y, t0) ≥ 0,

LJu(x0, t0) =

∫
Ω

J(x0 − y)u(y, t0) dy ≥ 0,

so that ut(x0, t0) ≥ λa(x0) > 0. This contradicts a first downward

crossing. Hence u ≥ 0.

The next inequalities are the continuous benchmarks used later.

Proposition 3.3. For almost every 0 < t < Tmax,

m′(t) ≥ λa∗
(1−m(t))p

, (3.1)

M ′(t) ≤ λa∗

(1−M(t))p
, (3.2)

and

M ′(t) ≥ −M(t) +
λa∗

(1−M(t))p
. (3.3)

Proof. At a differentiability time, let xm and xM be active points

supplied by Lemma 3.1. At xm, all differences u(y, t) − u(xm, t) are
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nonnegative, so LJu(xm, t) ≥ 0, which yields (3.1). At xM , the

differences are nonpositive, so LJu(xM , t) ≤ 0, which yields (3.2).

Finally, Lemma 3.2 and the normalization of J imply

LJu(xM , t) ≥ −M(t)

∫
Ω

J(xM − y) dy ≥ −M(t),

and (3.3) follows.

The inequalities immediately give two-sided time bounds.

Theorem 3.4. The maximal time is finite, the solution quenches with

Tq = Tmax, and

(1−M0)p+1

λ(p+ 1)a∗
≤ Tq ≤

(1−m0)p+1

λ(p+ 1)a∗
. (3.4)

Proof. Since (3.2) holds almost everywhere, comparison with

Y ′ = λa∗(1− Y )−p, Y (0) = M0,

gives M(t) ≤ Y (t) as long as both solutions exist below 1. The scalar

solution reaches 1 at

TY =
(1−M0)p+1

λ(p+ 1)a∗
.

If Tmax < TY , then M(t) remains uniformly separated from 1 as t ↑ Tmax,

and local well-posedness would extend the solution past Tmax. Hence

Tmax ≥ TY .

Similarly, (3.1) and comparison with

Z ′ = λa∗(1− Z)−p, Z(0) = m0,

show that m(t) ≥ Z(t). Since Z reaches 1 at

TZ =
(1−m0)p+1

λ(p+ 1)a∗
,
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the maximal solution cannot remain below 1 beyond TZ . Thus Tmax ≤
TZ <∞. Finally, if M(t) failed to approach 1 as t ↑ Tmax, the trajectory

would remain in a subset of O separated from the singular level and

could again be extended. Therefore M(t)→ 1, so the solution quenches

and Tq = Tmax. The two bounds follow.

A remaining-time estimate will be used in the convergence proof.

Proposition 3.5. There exists ρ ∈ (0, 1) such that, whenever M(t) ≥ ρ,

Tq − t ≤
∫ 1

M(t)

ds

λa∗(1− s)−p − s
. (3.5)

Proof. Choose ρ so close to 1 that

q(s) = λa∗(1− s)−p − s > 0 (ρ ≤ s < 1).

Equation (3.3) givesM ′(t) ≥ q(M(t)) almost everywhere onceM(t) ≥ ρ.

Separation of variables and integration up to the quenching time

give (3.5).

4. Continuous benchmark: Kaplan–Jensen

estimate

The average argument follows the classical Kaplan approach [19],

combined here with Jensen’s inequality. Let

Y (t) =
1

|Ω|

∫
Ω

u(x, t) dx, Y0 = Y (0).

The symmetry of the kernel removes the diffusion term after integration.

Lemma 4.1. For every v ∈ C(Ω),∫
Ω

LJv(x) dx = 0.
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Proof. By Fubini’s theorem,∫
Ω

LJv(x) dx =

∫
Ω

∫
Ω

J(x− y)(v(y)− v(x)) dy dx.

Interchanging x and y in the first term and using J(x − y) = J(y − x)

gives cancellation.

The average therefore satisfies a scalar differential inequality.

Proposition 4.2. For 0 < t < Tq,

Y ′(t) ≥ λa∗
(1− Y (t))p

. (4.1)

Consequently,

Tq ≤
(1− Y0)p+1

λ(p+ 1)a∗
. (4.2)

Proof. Integrating (1.1) and using Lemma 4.1,

Y ′(t) =
λ

|Ω|

∫
Ω

a(x)(1− u(x, t))−p dx,

Y ′(t) ≥ λa∗
|Ω|

∫
Ω

(1− u(x, t))−p dx.

The function s 7→ (1 − s)−p is convex on [0, 1), so Jensen’s inequality

yields (4.1). Integration gives (4.2).

Remark 4.3. Since m0 ≤ Y0 ≤ M0, (4.2) improves the minimum-based

upper bound in (3.4) whenever Y0 > m0.

5. Space-semidiscrete approximation

We now take Ω = (α, β) and write Ω = [α, β]. Let I ≥ 2 be the

number of spatial subintervals and set

h =
β − α
I

, xi = α+ ih, 0 ≤ i ≤ I.
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For nonnegative quadrature weights ωi, define

(LhJU)i =

I∑
j=0

ωjJ(xi − xj)(Uj − Ui).

For the trapezoidal rule,

ω0 = ωI =
h

2
, ωi = h (1 ≤ i ≤ I − 1).

The space-semidiscrete problem is

U ′i(t) = (LhJU(t))i + λai(1− Ui(t))−p, Ui(0) = u0(xi), (5.1)

where ai = a(xi). The off-diagonal coefficients of LhJ are nonnegative,

hence the ODE system is cooperative.

Let

Oh = {V ∈ RI+1 : max
i
Vi < 1}.

The right-hand side of (5.1) is locally Lipschitz on Oh. Hence there is a

unique maximal solution

Uh = (U0, . . . , UI) ∈ C1([0, Th,max);RI+1),

Th,max ∈ (0,∞].

Definition 5.1. The maximal solution is said to quench in finite time

if Th,max <∞ and

lim
t→T−

h,max

max
i
Ui(t) = 1.

In that case we write Th = Th,max and call Th the space-semidiscrete

quenching time.

Before quenching has been established, set

mh(t) = min
i
Ui(t), Mh(t) = max

i
Ui(t),

0 ≤ t < Th,max.

The invariant interval is preserved by the semidiscrete flow.
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Lemma 5.2. Every maximal solution of (5.1) satisfies

0 ≤ Ui(t) < 1, 0 ≤ i ≤ I, 0 ≤ t < Th,max.

Proof. The strict upper bound follows from Uh(t) ∈ Oh on its maximal

interval. At a first contact with 0, say Uk = 0 and Uj ≥ 0 for all j, one

has (LhJU)k ≥ 0 and therefore U ′k ≥ λak > 0. A downward crossing is

impossible.

The following comparison statement makes explicit the order-

preserving property used in the semidiscrete analysis.

Proposition 5.3. Let V,W ∈ C1([0, S];RI+1) remain below 1 and

satisfy

V ′i ≤ (LhJV )i + λai(1− Vi)−p,
W ′i ≥ (LhJW )i + λai(1−Wi)

−p.

If Vi(0) ≤Wi(0) for every i, then Vi(t) ≤Wi(t) for 0 ≤ t ≤ S.

Proof. This is the standard first-contact argument for cooperative

systems. If V − W had a first nonnegative crossing at component k,

then at the contact time Vk = Wk and Vj −Wj ≤ 0 for all j. Hence

(LhJ(V −W ))k =
∑
j

ωjJ(xk − xj)
(
(Vj −Wj)− (Vk −Wk)

)
≤ 0,

while the reaction terms at component k coincide. Thus (Vk −Wk)′ ≤
0 at first contact, contradicting an upward crossing. A standard

ε−perturbation handles the case of equality.

As in the continuous case, mh and Mh are Lipschitz on compact

subintervals of [0, Th,max) and hence differentiable almost everywhere.

At such times the following estimates hold.
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Proposition 5.4. For almost every 0 < t < Th,max,

m′h(t) ≥ λa∗
(1−mh(t))p

, (5.2)

M ′h(t) ≤ λa∗

(1−Mh(t))p
, (5.3)

and

M ′h(t) ≥ −ChMh(t) +
λa∗

(1−Mh(t))p
, (5.4)

where

Ch = max
i

I∑
j=0

ωjJ(xi − xj).

For trapezoidal weights, Ch ≤ ‖J‖∞ (β − α) uniformly in h.

Proof. At an active minimum, (LhJU)k ≥ 0; at an active maximum,

(LhJU)` ≤ 0. These facts give (5.2) and (5.3). Since Uj ≥ 0,

(LhJU)` =
∑
j

ωjJ(x` − xj)Uj −Mh

∑
j

ωjJ(x` − xj) ≥ −ChMh,

which gives (5.4). The uniform bound on Ch follows by summing the

trapezoidal weights.

The extremal inequalities now give finite-time semidiscrete

quenching without assuming it in advance.

Theorem 5.5. The maximal solution of (5.1) quenches in finite time.

With Th = Th,max, its quenching time satisfies

(1−Mh(0))p+1

λ(p+ 1)a∗
≤ Th ≤

(1−mh(0))p+1

λ(p+ 1)a∗
. (5.5)

Proof. Let Y solve

Y ′ = λa∗(1− Y )−p, Y (0) = Mh(0).
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The almost-everywhere inequality (5.3) and scalar comparison give

Mh(t) ≤ Y (t) as long as both trajectories remain below 1. The scalar

solution reaches 1 at

TY =
(1−Mh(0))p+1

λ(p+ 1)a∗
.

Thus the semidiscrete trajectory cannot reach the singular boundary

before TY ; finite-dimensional continuation excludes any other finite

endpoint while it remains in a compact subset ofOh. Hence Th,max ≥ TY .

Similarly, let

Z ′ = λa∗(1− Z)−p, Z(0) = mh(0).

By (5.2), mh(t) ≥ Z(t) while Z(t) < 1. Since Z reaches 1 at

TZ =
(1−mh(0))p+1

λ(p+ 1)a∗
,

the maximal semidiscrete solution cannot remain in Oh beyond TZ .

Therefore Th,max ≤ TZ <∞.

Finally, if Mh(t) did not converge to 1 as t ↑ Th,max, Lemma 5.2

would keep the entire finite-dimensional trajectory in a compact subset

of Oh on which the vector field is locally Lipschitz and bounded. The

solution could then be extended beyond Th,max, a contradiction. Hence

Mh(t) → 1, the solution quenches, and Th = Th,max. The two bounds

above give (5.5).

The preceding bounds use only the sign of the diffusion term at

active extrema. The next semidiscrete estimate retains the quadrature

kernel mass explicitly. Define

jh,i =

I∑
j=0

ωjJ(xi − xj), 0 ≤ i ≤ I.
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Proposition 5.6 (Diffusion-dependent semidiscrete estimate). Assume

that

εJ,h := max
0≤i≤I

jh,i
λai

< 1. (5.6)

Set

Θ−J,h = min
0≤i≤I

(1− Ui(0))p+1

(p+ 1)(λai + jh,i)
,

Θ+
J,h = min

0≤i≤I

(1− Ui(0))p+1

(p+ 1)(λai − jh,i)
. (5.7)

Then

Θ−J,h ≤ Th ≤ Θ+
J,h.

Moreover, with

Θ0,h = min
0≤i≤I

(1− Ui(0))p+1

(p+ 1)λai
,

one has
Θ0,h

1 + εJ,h
≤ Th ≤

Θ0,h

1− εJ,h
. (5.8)

Proof. Set

zi(t) = 1− Ui(t), wi(t) = zi(t)
p+1.

Lemma 5.2 gives 0 < zi ≤ 1 for t < Th. Since LhJ1 = 0, equation (5.1)

yields

z′i = (LhJz)i − λaiz
−p
i ,

and hence

w′i = (p+ 1)zpi (LhJz)i − (p+ 1)λai.

Furthermore,

|(LhJz)i| ≤
I∑
j=0

ωjJ(xi − xj)|zj − zi| ≤ jh,i,

Pro Mathematica, 33, 66 (2025), 30-57, issn 1012-3938 43



T. K. KOUAKOU

because 0 < zj , zi ≤ 1. Therefore

−(p+ 1)(λai + jh,i) ≤ w′i ≤ −(p+ 1)(λai − jh,i).

After integration,

wi(t) ≥ (1− Ui(0))p+1

− (p+ 1)(λai + jh,i)t,

and
wi(t) ≤ (1− Ui(0))p+1

− (p+ 1)(λai − jh,i)t.

If Th < Θ−J,h, then the first inequality leaves every wi bounded away

from zero as t ↑ Th, because the set of indices is finite. This contradicts

semidiscrete quenching, and therefore

Th ≥ Θ−J,h.

For the upper bound, let i+ attain the minimum in (5.7). If Th > Θ+
J,h,

choose

Θ+
J,h < t < Th.

The upper estimate for wi+(t) is then negative, which is impossible.

Hence Th ≤ Θ+
J,h. Finally, (5.6) gives

λai + jh,i ≤ (1 + εJ,h)λai,

λai − jh,i ≥ (1− εJ,h)λai,

and (5.8) follows.

Remark 5.7. The quantity jh,i is the quadrature mass of the nonlocal

kernel at the node xi. Thus Proposition 5.6 makes both ai and

the diffusion weights enter the semidiscrete quenching-time estimate

explicitly. The estimate is conditional on (5.6) and is complementary to

the unconditional bounds (5.5); no universal improvement in sharpness

is claimed.
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A remaining-time estimate is needed uniformly in h.

Proposition 5.8. Let C0 = ‖J‖∞ (β − α). There exists ρ ∈ (0, 1),

independent of h, such that if Mh(t) ≥ ρ, then

Th − t ≤
∫ 1

Mh(t)

ds

λa∗(1− s)−p − C0s
. (5.9)

Proof. Choose ρ so that q0(s) = λa∗(1− s)−p −C0s > 0 on [ρ, 1). Since

Ch ≤ C0, (5.4) implies M ′h ≥ q0(Mh) almost everywhere once Mh ≥ ρ.

Integration yields (5.9).

The discrete average reproduces the cancellation of the continuous

operator. Put

Wh =

I∑
i=0

ωi, Yh(t) =
1

Wh

I∑
i=0

ωiUi(t).

Proposition 5.9. For 0 < t < Th,

Y ′h(t) ≥ λa∗
(1− Yh(t))p

, (5.10)

and therefore

Th ≤
(1− Yh(0))p+1

λ(p+ 1)a∗
. (5.11)

Proof. Multiplying (5.1) by ωi and summing gives∑
i

ωi(LhJU)i =
∑
i,j

ωiωjJ(xi − xj)(Uj − Ui) = 0

by symmetry. Weighted Jensen inequality then gives (5.10), and

integration gives (5.11).
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6. Convergence of the semidiscrete solution

and quenching time

Throughout this section the trapezoidal rule is used. We assume

that for every τ ∈ (0, Tq) there exists Kτ > 0 such that

max
0≤i≤I

∣∣∣∣∣∣∣∣∣

∫ β

α

J(xi − y)
(
u(y, t)− u(xi, t)

)
dy

−
I∑
j=0

ωjJ(xi − xj)
(
u(xj , t)− u(xi, t)

)
∣∣∣∣∣∣∣∣∣ ≤ Kτh

2

for 0 ≤ t ≤ Tq − τ .

The next theorem separates the spatial consistency error from any

later time integration.

Theorem 6.1. For every τ ∈ (0, Tq) there exist h0 > 0 and Cτ > 0 such

that, for 0 < h < h0,

max
0≤t≤Tq−τ

max
0≤i≤I

|Ui(t)− u(xi, t)| ≤ Cτh2. (6.1)

Proof. Fix τ . Since the exact solution is separated from 1 on [0, Tq − τ ],

there is δτ > 0 such that u(x, t) ≤ 1− δτ . Set

ei(t) = Ui(t)− u(xi, t), E(t) = max
i
|ei(t)|.

Work first on the maximal interval on which E(t) ≤ δτ/2. There

the singular reaction is Lipschitz, so subtraction of the exact and

semidiscrete equations gives

e′i = (LhJe)i + λai
(
(1− Ui)−p − (1− u(xi, t))

−p)+Ri(t),

with |Ri(t)| ≤ Kτh
2. At an index of a positive maximum of e,

(LhJe)i ≤ 0; applying the same argument to −e gives

E′(t) ≤ CτE(t) + Cτh
2
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for almost every t on the bootstrap interval. Since E(0) = 0, Gronwall’s

inequality yields E(t) ≤ Cτh2. For h small this closes the bootstrap and

proves (6.1).

The upper limiting inequality for the quenching times requires a

remaining-time estimate whose threshold is independent of the mesh.

Proposition 5.8 provides exactly this uniform control.

Proposition 6.2. The semidiscrete quenching times satisfy

lim
h→0

Th = Tq. (6.2)

Proof. Let 0 < σ < Tq. Since the exact solution is uniformly below 1 on

[0, σ], Theorem 6.1 implies that Uh is also below 1 there for all small h.

Hence Th > σ, and therefore

lim inf
h→0

Th ≥ Tq.

For the converse inequality, fix ε > 0. Let ρ be the mesh-independent

threshold in Proposition 5.8. Because∫ 1

r

ds

λa∗(1− s)−p − C0s
−→ 0 as r → 1−,

choose r ∈ (ρ, 1) so that this integral is smaller than ε/2. Since M(t)→ 1

as t→ T−q , choose tε ∈ (Tq − ε/2, Tq) such that M(tε) > r. The grid is

dense in [α, β], so

max
i
u(xi, tε) −→M(tε).

Together with Theorem 6.1, this gives Mh(tε) > r for all sufficiently

small h. Proposition 5.8 then yields

Th − tε ≤
∫ 1

Mh(tε)

ds

λa∗(1− s)−p − C0s
<
ε

2
.

Thus Th < Tq + ε for small h, so lim suph→0 Th ≤ Tq. Combining both

inequalities proves (6.2).
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The final convergence result concerns the subcritical levels used in

computations. For 0 < η < 1−M0, define

Tη = inf{t > 0 : M(t) ≥ 1− η},
Th,η = inf{t > 0 : Mh(t) ≥ 1− η}.

Proposition 6.3. Assume Tη < Tq and that the crossing of 1 − η is

strict: for every sufficiently small δ > 0 there is γδ > 0 such that

M(t) ≤ 1− η − γδ (0 ≤ t ≤ Tη − δ),

and

M(Tη + δ) ≥ 1− η + γδ.

Then

lim
h→0

Th,η = Tη. (6.3)

Proof. Fix δ > 0 with Tη + δ < Tq. Theorem 6.1 gives uniform grid

convergence on [0, Tη + δ]. The strict lower-side separation implies

Th,η ≥ Tη − δ for all small h. For the upper bound, choose xδ ∈ Ω with

u(xδ, Tη+δ) > 1−η. A grid point approaches xδ as h→ 0, and continuity

together with the uniform convergence gives Mh(Tη+δ) ≥ 1−η for small

h. Hence Th,η ≤ Tη + δ. Letting δ ↓ 0 proves (6.3).

7. Numerical results

We take

Ω = (−1, 1), p = 1, λ = 1,

J(z) =
3

4
(1− z2)+, a(x) = 1 + 0.25 exp

(
−12(x− 0.25)2

)
,

where (r)+ := max{r, 0}, and u0(x) = 0.22 + 0.05 cos(π(x + 0.2)). For

these data,

m0 = 0.17, M0 = 0.27, Y0 = 0.22, a∗ = 1, a∗ = 1.25.
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The continuous estimates give

0.21316 ≤ Tq ≤ 0.34445,

while the Kaplan–Jensen estimate gives Tq ≤ 0.30420.

The semidiscrete system is integrated in time by adaptive explicit

Euler,

Un+1
i − Uni

∆tn
=

I∑
j=0

ωjJ(xi − xj)(Unj − Uni ) + ai(1− Uni )−p,

and adaptive imex Euler,

Un+1
i − Uni

∆tn
=

I∑
j=0

ωjJ(xi − xj)(Un+1
j − Un+1

i ) + ai(1− Uni )−p.

Here ‖Un‖∞ := max0≤i≤I U
n
i . For both methods,

∆tn = min

{
0.5h2,

0.2(1− ‖Un‖∞)p+1

maxi ai

}
.

The first branch imposes the diffusive O(h2) scale, whereas the second

reduces the time step as the discrete gap to the singular level decreases.

The computation stops when ∆tn ≤ 10−16.

To distinguish the continuous-time semidiscrete quenching time Th
from the output of a chosen time integrator, the reported stopping time

is denoted by T̂h. The convergence theorem concerns Th; the numerical

values below are computational approximations of it. The observed

quantity

s =
log
(
(T̂4h − T̂2h)/(T̂2h − T̂h)

)
log 2

is reported only as a mesh-consistency diagnostic and is not used as a

theoretical convergence-rate claim for the quenching time.
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Table 1: Computed quenching times for the adaptive explicit Euler

integration.

I n T̂h CPU time (s) s

16 104 0.24638220 0.001 –

32 191 0.24108408 0.001 –

64 554 0.23949258 0.004 1.735

128 2018 0.23887395 0.021 1.363

256 7880 0.23871038 0.136 1.919

512 31337 0.23866166 2.570 1.747

Table 1 shows stabilization of the computed stopping time under

mesh refinement. The values remain within the analytical interval

above. The fluctuations of s are simply recorded; Proposition 6.2

proves convergence of Th but does not assign a second-order rate to

the quenching time itself.

Table 2: Computed quenching times for the adaptive imex Euler

integration.

I n T̂h CPU time (s) s

16 104 0.24666686 0.002 –

32 191 0.24116943 0.003 –

64 554 0.23951470 0.012 1.732

128 2018 0.23887936 0.061 1.381

256 7880 0.23871175 0.547 1.922

512 31337 0.23866199 12.522 1.752

The explicit and imex values become nearly identical on the

fine meshes. This agreement is consistent with both integrations

approximating the same semidiscrete flow; it is not used as a proof of a

space–time discrete convergence theorem.
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Figure 1: Explicit integration with I = 128. Left: growth of the

computed maximum toward the singular level. Right: decay of the

computed gap, which drives the adaptive reduction of ∆tn.

1.00 0.75 0.50 0.25 0.00 0.25 0.50 0.75 1.00
x

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

U
n i

Profiles before quenching
t 0.00Th

t 0.50Th

t 0.80Th

t 0.95Th

t 0.99Th

1.00 0.75 0.50 0.25 0.00 0.25 0.50 0.75 1.00
x

0.00

0.05

0.10

0.15

0.20

t

Space-time evolution

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

U
h(

x,
t)

Figure 2: Explicit integration with I = 128. Left: profiles before the

computed quenching time. Right: space-time evolution.

For this particular test, Figure 2 shows larger values near the region

where a(x) is larger. This is a numerical observation only. The analytical

estimates in Sections 3–6 use a∗ and a∗ for time control and do not

establish a localization theorem for the spatially varying coefficient.
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Figure 3: Computed stopping times for the explicit and imex

integrations. Both sequences stabilize near the same value as the mesh

is refined.

Conclusion and perspectives

The continuous extremal and Kaplan–Jensen estimates serve as

benchmarks for the space-semidiscrete analysis. For the cooperative

quadrature system, we prove positivity and comparison, finite-time

quenching, an h-uniform remaining-time estimate, and a diffusion-

dependent transformed-gap bound involving ai and jh,i under a reaction-

dominance condition. Under second-order trapezoidal consistency, the

semidiscrete solution converges uniformly on compact pre-quenching

intervals, Th → Tq, and subcritical hitting times converge under a strict-

crossing hypothesis. Explicit and imex computations are consistent with

these results, with the computed stopping time distinguished from Th.

Further work may address rigorous space–time convergence of

adaptive integrators, perturbation stability with respect to a, J and u0,

and localization under hypotheses retaining more spatial information

than a∗ and a∗.
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T́ıtulo. Aproximación semidiscreta en el espacio y

convergencia del tiempo de extinción para un problema de

Neumann no local con reacción singular de ley de potencia

Resumen. Estudiamos una aproximación semidiscreta en espacio de un

problema no local de tipo Neumann con apagamiento y una reacción

singular de ley de potencia. Las estimaciones continuas basadas en

extremos y en el argumento de Kaplan–Jensen se presentan primero

como referencias anaĺıticas. El análisis principal se dedica a un

sistema cooperativo obtenido por cuadratura con pesos no negativos:

se establecen positividad, comparación, apagamiento en tiempo finito,

estimaciones del tiempo restante y una cota promedio discreta. Una

estimación basada en la transformación de la distancia al nivel singular

hace intervenir expĺıcitamente la masa de cuadratura del núcleo en

cotas del tiempo de apagamiento semidiscreto bajo una condición de

dominación de la reacción. Bajo una hipótesis de consistencia trapezoidal

de segundo orden, se prueban la convergencia uniforme antes del

apagamiento, la convergencia del tiempo de apagamiento semidiscreto

y, bajo una hipótesis de cruce estricto, la convergencia de los tiempos

de cruce subcŕıticos. Cálculos adaptativos de Euler expĺıcito e impĺıcito–

expĺıcito (imex) ilustran los resultados.

Palabras clave: Difusión no local; condición de Neumann; apagamiento;

reacción singular; aproximación semidiscreta; tiempo de apagamiento.
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