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DIVERGENT SERIES 
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The purpose of this note is to show that if 
j- N ~ C is a function such that 

00 1 
L 1 f (n)- -1 < oo and a E [0, l] is irrational then 

n=1 n 
n n 

L {!([-]) + f([-])- f(n)} =-a lna- (1-a) ln(l-a) 
n=1 a 1-a 

where [x] denotes the integer part ofx. 

lt has been pro ven by Skülem and Bang [2] that if a E ]0, ll and 
11 

Qa = { [ -] 1 n E N} then 
a 

i) Qa n Q1.a = <j>iff a (l' q_ and 

ii) QaUQ¡.a=N iff a(Z" <Q_. 
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p q-p 
Now if a=-, l-a=--, q.p E N, (q,p) = l, p < q, thcn 

q q 

i') QP n Qq-p = (jq:jE N} and 

IJ q 

i i') Q 1' u Q q-P = N \ {jq - l : j E N } 

lJ lJ 

Using these results it is not difficult to pro ve that if a E ]0, l [, a ~ q_ and 

p(x) = x-[x] then 

a 1-a 1 = ~ 
p (-)+pe--)- p (-) = LX a 111 -1 (x)+ LJX 1-a m -1 (x), X> o 

x x x m=! J-;;¡.[(Xl l m=l l-;;¡-.[ 1_al l 

(1) 

where XA denotes the characteristic function of the setA, and if a E ]0, 1 [ n 
]J 

IQ, a= q, (p,q) = l, p,q E N then 

a 1-a 1 = 
p(-)+ p(-)- p(-) =LX 

1 
(x)+ LX (x)+ a m- 1-a 111 -1 

X X X m=! J-;;¡,[(X) J m=l )m,[l-a) ) 

(2) 

+LX 
1 1 

(x), x >O 

r=l ]qr'qr-1] 

It can be shown that the intervals whose characteristic functions appear in the 
second members of equations ( 1) and (2) are pairwise disjoint. 

If 8E [0,1] and Rer>-1 itisknownthat[l] 

Jl e r e s(r+l) r+l 
p(-)x dx = -- e 

O x r r+ 1 
(3) 

6 



where ~ represents the Riemann's zeta function. Then taking the limit r----? O 
in (3) we get 

fl e 
p (-)dx =-e In e +(l- y )e (4) 

Ü X 

where yrepresents Euler's constant. 

Therefore integrating equations ( 1) and (2) with respect to x between O 
and 1 we get 

00 

1 1 1 
-alna -(1-a)ln(l-a)= L{-+----} (5) 

[ m] [ 111 ] 
m=l a 1-a m 

and 

00 

1 1 1 
00 

-alna -(1-a)ln(l-a)= I,¡-+----}+ I,--- (6) 
. m=l [~] [ ~~~] m r=l qr(qr-1) 

respective) y. 

Now if g: N----? C is such that Llg(n)l<oo we get from the results of 
n=l 

Skolem and Bang that if a E ]0, 1 [ is irrational then 

~ n n 
,4.¡ {g([-])+ g([-])- g(n)} =O 
n=l a 1-a 

(7) 

p 
and that if a e ]0, 1 [ is rational, a= -¡¡, then 

L{g([~])+g([-. n_. ])-g(n)}+L{g(rq-1)-g(rq)}=O (8) 
n=l a 1-a r=l 

If we apply (7) and (8) to the function g(n) = f(n) - ;- , we get from (5) and 

(6) that 

7 



""' n n L..{¡([-])+ f([--])- f(n)} =-a !na -(l-a) ln(l-a) 
n=l a !-a 

(9) 

for a E [0, 1] and irrational and 

""' n n L.. {J ([ -])+ f ([--])- f (n)} =-a In a- (!-a) In(!- a) 
n=l a 1-a 

- L{f(qr-1)- f(qr)} 
r=l 

if aE ]0,1[ isrational,a=%, (p,q)= 1, p,qE N. 
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