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REORDERINGS OF SOME
DIVERGENT SERIES

Julio Alcantara-Bode

The purpose of this note is to show that if
- N — C isa function such that

o 1
Y I f(n)-—l<oo and o e [0,1] is irrational then
n=1 n

o0

Y {F=D+f(——D - f(n)}=—a Ino.- (1-0t) In(1-)
o -

n=1

where [x] denotes the integer part of x.

It has been proven by Skolem and Bang [2] that if o € ]O,1[ and
n
QOu={[—1lne N} then
o

) Qu Ora=0iff og Q and
i) OuUQe=N iff ag Q.
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Now if o= [—, l-a= p, gpe N,(gp)=1,p<gq, then
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0, N0, ,=lg:jeN} and

g q
ii’)Qp ~ Qq—]) =N\{jg-1:je N}
q q

" Using these results it is not difficult to prove that if « e 10,1[, o ¢ Q_and
p(x) = x-[x] then

m—1 (X) Z% -0 . m ]_1](/\) x>0

le[m 12

X m=l mo m=l
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where xA denotes the characteristic function of the set A, and if o€ 10,1[ M

Q, (x-q (r,q) =1, p,g e N then
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+2xl . (x), x>0
=l Byt

It can be shown that the intervals whose characteristic functions appear in the
second members of equations (1) and (2) are pairwise disjoint.

If 0 [0,1] and Re r> -1 itis known that [1]

! 0 +1
Ip( S dr= LU, 3)

r r+1



where { represents the Riemann’s zeta function. Then taking the limit r — O
in (3) we get

1 e}
[ pac=-0mo+a-y9 @)
0 x

where yrepresents Euler’s constant.

Therefore integrating equations (1) and (2) with respect to x between 0
and 1 we get

oo

1 1 1

-alna —(1-a)In(l-a)= D T ©)
m=1 L] [iZg] m
and
< | R BRSO |
ane —(I-a)n(l-a)= D (——+——-—}+ 2 ——— (6)
: m=1 lg] =gl m oy qrigr=1
respectively.
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Now if g: N — C is such that ZIg(n)I< oo we get from the results of
n=1
Skolem and Bang that if o« e ]0,1[ is irrational then

S gD+ gl—TD-g(m } =0 @
o 1-a

n=l

and that if oo e ]0,1{ is rational, o= —Z—, then

Z{g<[§—1>+g<[£h—g<n>}+2{g<rq—1>—g<rq>}=0 ®)

n=l1 r=1

1

n’

If we apply (7) and (8) to the function g(n) = fin) -
(6) that

we get from (5) and



Z{f<[£1)+f<[l—_"—;])—f<n>}=—oc Ina —(1-a)In(1-a)

n=|

for o € [0,1] and irrational and

oo

S AF@=D+ fF@—D - ()} =~ ne —(1—a) In(1-a)
n=l « 1-a

“ Y fgr-1n-r@n)}
r=1

if e ]0,1[ -is rational, oo = g, wp.g)=1, pge N.
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