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A DISCRETE ANALOGUE OF 
MACLAURIN SERIES 

Mumtaz Ahmad K. 

Abstract 
In the present papera (p,q )-analytic function 

analogue of Maclaurin's series has been obtained. 

l. Introduction 

In 1993, the present author [ 1] defined and studied (p,q)-analytic 
functions. Sorne of its definitions required in this paper are as given below: 

Definition l. The discrete plane Q' with respect to some fixed point 
z' = (x', y') in thefirst quadrant, is defined by the set of lattice points, 

Q 1 { ( 111 1 11 ' ) z h ,.f • } = p x, q y ; m, n E t e set o1 mtegers . 

Definition 2. Two lattice points, Z;, Zi+l E Q' are said to be 'adjacent' if 
Zi+l is one of (px;, Y; ), (p. 1 

X;, y; ) (x;, qy; ) or (x;, q-1 Y; ). 
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Definition 3. A 'discrete curve' e in Q' connecting Zo to Z11 is denotecl by 
the sequence 

e = < Zo, Z 1 , Z2 , • • ·, Zn >, 

where Z;, Zi+l; i =O, 1, 2, ... , (n-1), areadjacentpointsofQ'. 

lf.the points are distincl (Z; :;t: Z¡ ; i :f:. j) then the discretc curve e is said 
to be 'simple'. 

Definition 4. A 'discrete closed curve. e in Q' is given by the sequence 

< Zo. Z¡, Z2 • ... , Z11 > where < Zo. Z¡, ... ,Zn-1 > is simple and Zo = Z11 • 

Denote by C the continuous closed curve formed by joining adjaccnt 

points of the discrete closed curve C. Thcn e cncloscs certain points of Q', 
denoted by lnt(e ). 

Definition S. A :finite discrete domain' B is dejined as 
• 

B= {z E Q'; z E CU lnt(e)}. 

Definition 6. Functions dejined on the points of a discrete domain B are 
said ro be 'discrete functiolls '. 

Definition 7. The p-dijference and q-difference opemtors D"·' and Dlf.'' are 
dejined asjóllows. 

~ r ' [ f (z)] = !_ (z()_=f ()px !)_ 
)-p X 

... (l. 1) 

[ ] j(z)-J(x,qy) 
D " f (z) =----TI-=:\.·-:-. ----.. 

q,_, 1)-q JI)' 
...( 1.2) 

wheref(z) =f(x,y), z = x + iy. 

The two opcrators tl. 1) ami ( 1.2) in vol ve a · bosic 1 riad' of points 
denoled hy 
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T(z)= {(x, y), (px,y ), (x,qy )}. . .. ( 1.3) 

Let B be a discrete domain. Then a discrete function f is said to he 

'(p,q)-analytic' at z E B if 

Dp,x [J(z)] = Dq,y [J(z)]. . .. (1.4) 

If in addition (1.4) holds for every z E B such that T(z) ~ B then f is 

said to be (p,q)- analytic in B. . .. (1.5) 

Por O -;: q < 1, we al so ha ve 

(qo.)n= (1-qo.)n,q = (1-qo.) (1-qo.+l) (1-qo.+Z) ... (l-qo.+n-l); (qo.)o = 1 ... (1.6) 

From (1.1 ), we have 

1 n 

D [ 
n] - P n-1 x =--x p,x 1 -p 

... (l. 7) 

and 

.. {(l- n-j+l)(l- n-j+2) (l- n-1)(l- n) n-j, "< DJ [xn] = p p .. . p p x ' J - n 
p,x O . 

' ;>n 
... (1.8) 

The continuation operator C,. and the convolution operator * were 
studied by Khan and Najmi in their papers [2] and [3] respectively. To use 
them in this paper, their definitions are reproduced here. The continuation 

operator e\' is defined as 

e = 'f (1-qY (iy)i nJ 
y k,¿ (1-q). p,x 

)=0 ],q 

... (1.9) 

and f (z )= C Y [¡ (x,O )]= i (~~-- qli (iy )iD t. x [J (x,O )] 
j=O q .J,q 

... (1.10) 
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Similarly, 

... (1.11) 

A discrete analogue z(n) of the classical function zn was defined by 
Khan and Najmi [4] as 

z(n) = Cy (xn); n a non-negative integer 

which by virtue of (1.8) and (1.9) becomes 

n (1-p) (1-q)j 
(n) ~ n,p (• )i n-j 

Z = ~ . ty X 
)=0 (1-p)n-j,p(1-q)j,q(1-p)1 

The convolution operator * is defined as 

if* q) (z) = Cy [f(x,O) g(x,O)] 

~ (1-q)J (• )i j [t( ) ( )~ = ~ (l- ). ty Dp,x x,O g x,O 'J 
)=0 q j.q 

... ( 1.12) 

... (1.13) 

for all z E R' such that the series converges, where the 'discrete rectangular 
doma in' R' is defined by 

R' = {(p111 x',qn y'); m= O, 1, 2, ... ; n =O, 1, 2, ... }. 

+ + If X , Y are defined by 

x+ = {(p111 x', O); m= O, 1, 2, ... }, 

Y+= {(0, qn y'); n =O, 1, 2, ... }, 

then the extended rectangular domain R is defined as 

1? =R' ux+ u y+_ 

...(1.14) 

... (1.15) 

... (1.16) 

... (1.17) 

The following theorem from the author's earlier paper [5] is also 
rcquired: 
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1 

Theorem 1.1. /f lim sup 1 a J 11 =a, then the series 

f(z)= f (1-p)J a
1

zUl 
)=0 (1- p) j,p 

converges absolutely for all z such that 

11 ( 1 - p )x + ( 1 - q )iy 11 < ±. 

2. Discrete Maclaurin Series 

To include the point (0,0), extend the definition of R (from ( 1.17)) as 
follows: 

Ro= R U (0,0) ... (2.1) 

A discrete function f is said to be (p,q)-analytic on R 0 if it is 

(p,q)-analytic on R and, in addition, lim vJ[¡(x,y)] exists. The 
(x,y)~(o,o) 

limit is denoted by D
1 
f(O,O). . .. (2.2) 

Under certain conditions the discrete Maclaurin series can be shown to 
represent a (p.q)-analytic function, provided the series converges. For 
example the following theorem holds: 

Theorem 2.1. Let f be (p, q)-analytic in Ro. /f 
f(z) = C_r [f(x,O)] =C. [f(O,y)]. the s~ies representations ofC,., C, being 

uniformly and absolutely convergent in R 0 , then 

the series being absolutely convergent for all z E R 0 . 
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Proof: j(z) = C [f(O, y)], 

whence by (1.11 ), 

j(z)= f (i~ ~)J x 1 Dj, _v[f(O, y)] 
}=0 p ;. p 

Hence,· 

- . ~ (1- p)l j j 
f(x,O)- ltm L.. (1- x Dq.y [f (0, y)] 

y-?0 }=0 p) j,p 

and by uniform convergence, 

- ~ (1- p)l j . j [t ] f(x,O)- L.. ) x ltm Dq.y (0, y) . 
}=0 (1- p j,p y-?0 

By (2.2), 

j(x,O)= Í (1-p)J xi Di[t(O,O)] 
}=0 (1-p) j,p 

Now f (z) is also given by 

f(z) = Cy (f(x,O)] 

- ~ (1-q)l . j j [t ] 
- L.. (1- ) . (ty) Dp,x (x,O) 

}=0 q ;.q 

and so by above, 

~ (1-q)i . J ~ (1-p)k xk Dk [J(O,O)] J ( z) =L.. (iy) 1 D p .x L.. 
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j=O (1-q)j.q k=O (1-p)k,p 

--~ (1-q)l L..---- (iy)l 

}=0 (l-q) j.q 

00 (1- )k L p xk Dk+J f (0,0). 

k=O (1-p)k .p 



By absolute convergence, the summation can be rearranged to give 

~ (1-q)i J ~ (1-q) J,q(l-p)k xk (iy)i-k 
/(z)=L,_¡ (l- ) . D /(0,0) L.,¡ k 

)=0 q J,q k=O(l-q))-k.q(l-q) (1-p)k,p 

~ (1-q)i . . 
=L.,¡ (1- ) . Dl [J (0,0)] z(J). This proves the theorem. 

)=0 q j,q 

Theorem 1 .1 provides as a direct consequence a condition for 
convergence of the di serete Maclaurin series as follows: 

Tbeorem 2.2. lf lim sup { 1 D j f ( 0,0) ! } } = a . then the se 6e., 

f (1-q)i Di[f(O,O)]z(J) 
)=0 (1-q)¡,q 

converges absolutely for all z such that 
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