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WEIERSTRASS FORMULA FOR
MINIMAL SURFACES IN
HEISENBERG GROUP

Christian Figueroa

Abstract

In this paper we study the Gauss map of minimal
surfaces in the Heisenberg group, 7. We obtain a
representation formula for minimal surfaces in 7

by means of the Gauss map. As consequence we
conclude that: The Gauss map of a minimal

surface of 74 is antiholomorphic if
the minimal surface is a plane.

1. Introduction

The purpose of this paper is to study the Gauss map of minimal surfaces
in the Heisenberg group, Hs, analytically. By the existence of isothermal
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coordinates and considering the unit 2-sphere as the Riemann sphere, the
Gauss map, for surfaces in a Lie group, is a complex mapping. We now
review the contents of the paper.

In section 2 we present the basic Riemannian geometry of #; equipped
with a left-invariant metric and a relationship between the Gauss map and the
extrinsic geometry of surfaces in #;. In the same section we describe, in
charts, the tension field of minimal surfaces in #; and get some consequence.

In section 3 we shall prove that the Gauss map of a minimal immersion
in H; must satisfy a first order differential equation of Beltrami type.

Section 4 carry out a representation formula for minimal surfaces in #;
by means of the Gauss map.

Finally, in section 5 we shall show that the Gauss map of an arbitrary
minimal surface in 1¢; satisfies a second order differential equation which is a
complete integrability condition of the above obtained representation

formula. In the same section we give some consequences of this
representation.

2. Basic Riemannian Geometry of H;

The Lie algebra, A3, of #; is isomorphic to R* with the Lie product:
p

{[e.,ez]=e3

[ei,e3]=0, i=1723.
where {e, } is the canonical basis in R®.
The exponential map, exp : hy — Ha, is given by:

exp (A)=1+ A%+ 4A°

and it is a diffeomorphism which induces on ks, by the Campbell-Hausdorff
formula, the group structure on 7¢; :

x,*x2=x]+x2+%[x1,x2]. (H
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where x = xe| + ye; + zes. Notice that the t-parameter subgroups are straight
lines.

From now on, modulo the identification given by exp, we consider #;
as R* with the product given in (1). Using {e,-} as the orthonormal frame at
the identity, we have an orthonormal basis of left-invariant vector fields:

£ =0 _232
dx 20z
E,) = j_ + £ i
© dy 29z
E, = a%
and the left-invariant metric, induced by the Euclidean metric at the identity,

is given by

2

ds? =dx” + dy* +(%dx—%dy+dz] ()

Then the Riemann connection of ds”, in terms of the basis {E, }, is given by:

VE, E, = %Ea = _VE, E,
VEIE:;z—%Ez = VE;‘EI
VEZ E3 =%El - VE} E2
VE, E, =0.

Let M be an 2-dimensional connected Riemannian manifold and
f: M — H; an isometric immersion of M into #;. At a neighborhood of any
point of M we shall use an isothermal coordinate z = u + iv,

M ——f——) Hj

T 7 X
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and making use of it, the first fundamental form is now written by

ds2=7»2]dz\2, A > 0. The coordinate fields, X“=ﬂ(aa] and
u

X,=f (E)avj’ are given by:
Xu
Xy

x,Ey + y, Er + 0F3
xE + y,. By + BE;3

, X ; X .
where we set 0L=—)2~x“—5y,,+z,, and B=%x‘,—-~2—y‘,+zv. Hence, it

follows that
<X, X.> = <X,, X.> = A, <X,, X,> = 0. (3)

A unit normal vector field of the immersion f is given by:
n =}3—2 [(B}“ :a_)y\') EI + (a‘x\' - an) EZ + (xu);\' - x\'yu) E?]
where we will denote the coordinates of M, in the basis { E; ], by (a, b, o).
Then the tension field of the immersion fis given by:
T(f)=N*(Vx, X, +Vx,X,) =2H

where H is the mean curvature vector. If fis minimal, H =0, we have:

Ax = -(Oty,, +ﬁ)’v)

Ay =ox, +Bx, 4)

ZAx—lAy+Az'. =0.
2 2

Remark 1. Let us make he following comments of the above system. The
third equation of the system of (4) is equivalent to:

o, +B, =0. (5)

If the coordinates x and y of the minimal immersion f are harmonic functions,
we have that
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Recall that (x, y, — x, y,) = A% ¢, hence we have two cases: If ¢ #0we have
o= P =0, that is, the Gauss map is constant and equal to the North Pole,
but this a contradiction, because there is no minimal surface in 7 with this
property (see [1]). Now, if ¢ =0 we have that the image of the Gauss map is
the Equator and the rank of the Gauss map is one, which again can not
happen (see [1]).

Finally we recall in the Euclidean case the differential of the Gauss map
is just the second fundamental form for surfaces in R’. This fact can be
generalized for hypersurfaces in any Lie Group. The following theorem
(see [3]) establishes a relationship between the Gauss map and the extrinsic
geomeltry of S.

Theorem 1. Let S be an orientable hypersurfaces of a Lie group. Then
dL,ody,(v)=—-A, W+ag), veT,S,

where A, is the Weingarten operator, O WM=V.M and W is a left

invariant vector field such that N(p) =N(p).

3. The Beltrami Equation

In this section we shall prove that the Gauss map of any minimal
immersion in H,; satisfies a Beltrami equation.

We indicate the matrices of the Weingarten operator and ag by ()

and (I;U) , respectively, in the basis {X" , X‘,}. If we set (y;)=(h; + l;i/)’
by Theorem (1), we have

dL, ody, =—(v;).

In particular, the coefficients of o is given by:

2

~ (X(bx” —ay, ) x_+ﬁ(bxll —-ay, )

Mog =42 (h;) = v G (6)
a(bxu _ayv)_? B(bxv _ayv)

Now we compute the derivatives of a, b and ¢ with respect to u:
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a, = —Yi1X — Y2 Xy
=YY — Y21)'v
Yo=Y B N

and the derivatives of a, b and ¢ with respect to v:

[
)
|

Ay
=
|

a, = _YIZ Xy = YZZ Xy
b\v = Y12 Yu — Y22 ¥»
o = ~Y12 0= V22 B. ()

Let S ? be the unit sphere in hy = T, #; and we consider S Zas the
standard Riemann sphere: We cover S % by the union of the two open sets U, ,
where we set U, = § L {north pole} and U, = S i {south pole}. Let y; be
the coordinate functions on U;. Then we know

+ix

v =2 e,
1—X3

v =272 i v e U,
- 1+ x5

We consider, for any surface in #;, the following sequence of mappings:

! Gauss Map

M

f(M) >82—Y 5 w— plane
The composed map, which will be also called the Gauss map of M,
V : M — Riemman sphere
is considered as a complex mapping of a 1-dimensional complex manifold M
to the Riemann sphere.

Lemma 2. Under the above notations, we have

A

© _ dx . dy
=2 2|20 0
3z 2(“"""?) (a;“a‘j

i(hiy = hy))
—

where © =

Proof. We know that
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a(z) +ib(z)

¥, (Z) = - C(Z)
Since we put a;; = %[aa\zl +iaa“:1 ] we have, using (7),
d . .
&Z 1 {[(—x,,+,\’\<)+l(}’,,+x\r)]’Y]| —[(x\,+y,,)+l()'\,—x,, )]YZI } )
du (1-c)?
By similar way, using (8), we have that
A o . .
I = 5 {[(-xv +yu )+l(yv _xu )]Y]Z +[("‘X" +)’\/_) - l(l‘, +_yu )]YZZ } .
dv  (1-¢)?

Observe that (- x, + ) — i(x, + v,) = — i{(x. + y,) + iy, — x,)). Then,
substituting in the above two equation and summing up we obtain that

vy, |

—— = =Y ) —i(Yy + x,+y, )+i(y,—x )1}

9z 20-0p {(Yio = v2) =iy + Yo [(x, +y, )+ — x,)]}
Notice that 7y, + 7Yy = 2H+(};” +I;22)=O because H = 0 (minimal
immersion) and /;” + 1222 is the trace of the matrix oy, which in H; is equal

to zero. Now, a real part is Y,y —Y, =Ry — hy,, because the Weingarten
operator is symmetric in the basis {X,,, X,}. Then,

vy, _ ;112 - ’;21

TSRS O

d dy . .
Now (x,+y,)+i(y,—x,)=— Zi[ax +ia’\ } and using the fact that

& &

A+, ) (1-c)=2,

follow the result. ®

Remark 2. Note that © is a function of . In fact, by using (6) we can see

that © = Lz(c2 ). Then we have
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_ 2
o=L (LW - ] ©)
2 l+yy
and, by remark (1), © #0.

We define here the following functions:

CDzé(l'l” _h22)_lh|2; q)ZE(I‘l” _l'lzz)—';‘(hl'_) +I12|)

Lemma 3. Under the above notations, we have

WD 1y, [EHQ]
0z 2 z

Proof. Since we have

IV, =1[ A _iaw' ), we can prove the Lemma 3

du dv
in the same way as its of Lemma 2. &

Z

<

We can calculate the norms of these complex vectors

Corollary 4. Let y be the Gauss map of an arbitrary minimal surface in
H;. Then we have

A L
= =0+ 0
oz 5 ( wYy) |6
Ay _
= 1+ o+
FHIRER v |+ B
Proof. Firstly we prove that
ax ay|’
X ,0y|
4|—+i—= = A(1-0¢)2.
]82-“82 (1-¢)
In fact,
9% L i9Y e~y y+ite, +y,)l.
az a« 2 ll y\ .)ll
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Then, using (3), we have

2

dx dy
dz  9dz

4 = 222(1-¢)— (a2 +B2).

In other hand

A (a*+b%)=(a® +B%).
Substituting in the above equation and using the fact that a* + b* + ¢* = 1,
follows the result. ®

Now we establishes and prove the main result of this section,

Theorem 5. The Gauss map v of a minimal surface in H; satisfies a
Beltrami equation:

o+ &]2¥ —o2¥ (10)
9z 9z
- 10
Proof. By Lemmas 2 and 3 we obtain [(I)+(I>]—(,;VTI=G)aa‘ul in U;. On
z 2z
~1d
U, N U, we have also [¢+¢]_‘~V}=@aa\|/2 by virtue of ¥y, = I. By
Z Z

the continuity we have the same formula on U,. ®

4. The Weierstrass Formula

In this section we shall give a Weierstrass formula for minimal surfaces
in 5. Since y,y, = 1, we have

1+, = ¥, (v +vy))
1+y,y, = Wy (W) +y)
9y, a9y,
+ — = 0.
iz TV

This, together with Lemmas 2 and 3, yields the following equation,
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_ Ix 2 o e
OV, (W2)2 (Y, + )2 (i—i%} oy, (W) (¥, +w1)2(a—x+t—)]=0.

dz o2 Jdz oz
Since (W, +y;)> 20 and © %0, we have
dx .0 _ ,[9x dy
I:a—g—la§+(\{/,)'[az+la—§]:|=0. an

Lemma 6. Let f: M — #; be a minimal immersion of M into H; and

¥ : M — S? be the Gauss map of M into S 2 considered as the Riemann
sphere. Then we have, on U,

o  _ 2i(1-¥}) vy,
0z (y,y,-D? 0z
T2
a_{ _ 2(1_+\v,) awj (12)
dz (yiy -DH? 9z
ag _ -4y,  dy,
z (y, ¥, -2 9z
where & issuchthat &,=-B and &,=oq.
Proof. From (11) we have
e 2. 0y
(1 +y? % ““‘“"z)a%:,‘ (13)

Since 1+ \TJ,Z # 0, by virtue of Lemma 2 and equation (13), we have

_, ~2 oy, dy| .. _, 0y
1+y)] — i =i(l- ) ==
( W‘){e(lw,w,)z 2z oz TV

whence we obtain

00y _ {U+¥D) v,
0z (I+y,y,)? 9z '

using (9) follows the second formula of (12). By the similar way we have

also the first formula of (12). The last formula of (12) follows from the next
formula:
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X a) V)
Lo PP I J 14
((x tB)( 82] REEETRE (14)

We shall prove at first this equation. By mean the definition of y, we get

L) LA pEF S TR
2 2z az (T+vy,y,)?

—y)-A (1=c) (a+ib)}. (15)

Y@= By (x, +ix, + iy,
The real part of the above formula is equal to

{a(xu——yv)"_B(xy*’y”)_ kz (I—C)(l}Z

1
4
1 |
— X, oy, +px,+py, - l-= Xy Yy =X Yy Ty, =
4{ yo+PBx, +B [ 73( ¥ )](By y )}

2 2 2
+ Bxl' X + ('xl( )/'V B.yll - xllyv a - x\' yll B+ 'xl' y” (x)yl')} = 0‘

4\’
The last equal held using the relations of (3). By the similar way we can see

that the imagtnary part of (15) is also zero. This prove the formula

d
Under the condition that A4 # 0, we have

Z
) 2 x2W| ‘a{“'*'ig)é
.ay Jdz 9dz
(OH' B) - = — .
3« 9z I+, )
Using (14), we obtain
=2y d
O (a+ip)= — M
2 A+vy,¥;)° 0z

But we know, see remark (1), %Xv + S—B 0; then, there exist a differential
u

function & such that &, =~B and &, = o. Hence,



-2y B
Q(&u iE) y, /

- (1+vy, )2 9z

This concludes the proof. ®

5. Integrability Condition

We shall show in this section that the Gauss map of a minimal
immersion in #; satisfies a second order differential equation which help us
to find a integrability condition for the system (12).

Theorem 7. Let f: M — H; be an isometric immersion of M into Ha.
Then f is minimal if the Gauss map \ satisfy

_‘T"—,_‘ZO (16)

Proof. Firstly we derive the system (12) with respect a z. From the first
equation of this system we have

(yy-1' 0% 9z

9%x _2i(-¥") | o’y 2§ Oy ay| 4i(y-V) Iy Iy
0207 (yy-1)?* |0z0Z (yy-1) 9z 9z
Notice that the second term of the right side is real and equal to

7L2b —(Ly, + , :
! c_ ( ),,4 By.) and by the first equation of (4) it is equal to aa ax’ .

By the similar way, from the second equation of (12), we have

O’y _2i(1+¥) | 'y __ 2W Jy dy|_ 4w+V) oy Iy
dzdz (yy-1)? |dz0z (yy-1) Iz 9z (wy-1)°* 9z Iz

In this case the second term of the right side is real and equal to
—Xzac ox, +va ol 82 Yy ‘

= and it is equal to
4 4 a 0707

equation of (12) we have:

. Finally, from the third
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928 v [Nw m-@@q+ 4y

9207 (Ww-D2| 0207 (yy-D3zdz| (yy-1)? 9z dz

2,
The second term of the right side is equal to )“4‘ and, by using the fact that
: . d2¢ .
E,=—P and &, =0, this is equal to 3 Then the Gauss map y satisty
zdz

(16) if f is a minimal immersion of M into H;. |

Furthermore we can see that equation (16) is just the complete integrability
condition for the system (12). Therefore we have the following

Theorem 8. Let M be a simply connected 2-dimensional smooth
Riemannian manifold and y: M — §? be a smooth mapping which satisfies
the differential equation (16). Then Wy is a Gauss map of the following
minimal surface of #;:

2i(1-y}) oy,
x=R l(_ Vi) awf dz+¢
(v, ¥, -D? 9z
0
2 2 a__
y=%R JM Vidz v,
(v, ¥, -° 92

0

a=“J—%ﬂi7&@w+q
4 Wy, - 1)° 0z

Proof. This follows from Theorems (6) and (7). ®

We have found a correspondence from the set of solution of the
differential equation (16) to set of minimal surfaces of H;. Now we shall
study the uniqueness of the correspondence.
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Theorem 9. Let y(z) (resp. ¥ (z)) be a smooth mapping satistying (16) on
a simply connected 2-dimensional manifold M. Wc define a minimal

immersion X(z) (resp. X (2)) by the above theorem. Then the two condition
are equivalent:

1. There exist a holomorphic mapping w = f (2) with £ (2) # on M such
that X (f(2))=X(z), ze M.

2. There exist a holomorphic mapping w = f(z) with f" (2)) # on M such
that Wy (f(2)) = ¥ (2), z€ M.

Proof. We can repeat the proof of Theorem 5 of [2]. 8
At last we shall give some examples:

Example 1. Let yw : € > € be v (z) = . Then the minimal immersion
obtained by this y is the horizontal plane:

2(z+z 2i(z—-1z2
X(=| 28¥2 22 ] s ee o sy
zz—-1 wz-1

More generally, if we set ¥ (w) = g(w) where g(w) is holomorphic
function with @' (w)# 0 on a simply connected D, we have that the minimal

immersion made by this ¥ (w) is a horizontal plane. In fact, this follows
Theorem (9) and by noting that v (g(w)) = x (w). Therefore: The Gauss

map of a minimal surface of 7 is antiholomorphic if the minimal surface is
a plane.
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