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SOME PROPERTIES OF THE 
BEURLING FUNCTION 

Julio Alcántara-Bode 

lf p (x) = x- [x} is the fractionary part 
function, we study some properties 

of the Beurling function 

l(a) = J1 

p(~-Jp(~·ldx, 
0 X .\ 

a E [0, 1] 

In 1955 A: Beurling proved the following theorem. 

Theorem. lf 

M={flf(x)=Iakp(-
8
: )· 

k=l 

1 $k$ N, N~ 2 } 

N 

Í:akek=O, 0<8k$1, akEC, 
k=l 
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then the Riemann Hypotlzesis (R. H.) holds tft M= L- (0. 1). Moreover 
- ") -

M =L- (0, 1) Uf 1 E M. 

If p is the Mobius function, e, X E JO, 1 ], pointwise it holds 
that 

~ ~-tCn) { p(~. ) -I p(~)} =- x Cx) L.,¡ /IX 11 X ]0, 8] 
//=1 

where XA denotes the characteristic function of the set A. 

The partía! sums of this series are in M, but the series docs not 
converge strongly in L2 (0, 1) (R. Heath-Brown, prívate communication); but 
lo establish R. H. weak convergence would suffice. 

To check the condition 1 E M one has to minimize the norm 

,, ·¡2 N "~ 

llt + I (1 . p ___!_ 1 = 1 + 2 I a . p __)__ 1 dx + a 
1
2 p --1

. dx il N (a.] N JI (a) L JI ¡a·]-
1

/ . .1 ·¡ . 10 X) ()X 
1 ¡=1 j=l J=l 

+2~(1.(1. 
~ I.J 
i<j 

N 

where L a.i a.i = O. 
)=1 

Beurling proved that 

p - x dx =- - --~ 8 , 8 E JO, ll, Re r > - 1 , JI (e) r e ~(r+l) r+l 

o x r r+ 1 

where ~ is the Riemann zeta function. Taking the limit r -t O one gets 

s>rndx = -91n9 +(l-y)8 

where y is Euler constant. 
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From Stirling formula one gets 

1 [e)2
. ") fo p -:; dx = [In (27t)- y] e- e- . 

It only remains to evaluatc 

where aj :::; a;. 

Thercforc if 1 2:: a 1 > a2 > .. . > a N > O, thcn 

2 

1+Iajp(a.)l 
j=l 

N N 

= 1-2L,,aja) lna 1 + I.a]a1 [In(27t)-yJ 

J=l J=l 

whcreJ(~)~ J>[ ~ H~) , ~E [0,1]. 

The ncxt' rcsult, pro ven by Skolem and Bang in 1957, is important to 
study sorne properties of the function J. 

ºa -- { [an ] 11 E ,~.~ } tl1e11 Theorem. lf a E lO, 1] and IN 

i) Q a n Q¡ -a = <1> iff a e Q 

ii) Qa u Q¡ -a = rN iff a e o. 

Morover if a= !?_ E Q, p, q E rN, (p, q) = 1, thcn 
q 

i) Qn n Q¡ -n = {j q 1 j E fN} 

ii) Qn U Q¡ -n = rN \ {j q - 1 1 j E rN} 
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using these results of Skolem and Bang one can show that if aE [0, 1 ], a ~ O, 
thcn 

p(~-j + pr~--~)- p(-~~j = f x] -l](x) 
X X X a ["'] m==l -;;;. ~-

( 1 ) 
= 

+ L X l -1] (.~.:). 
m==l ~, [-"-' ] 

111 1-a 

It. p 11'\ h a = -- E ~~.,¡, t en 
q 

P ( ~ ) + P ( _1_ -_a l- P ( _l_ ) = f X l -1] ( x) 
X X X a ["'] 111==1 -, -

111 Ct. 

= = (2) 

+ L X ]- . -11 (x) + L X J 1 1 J (x) · 
111==1 ~a_ [-'!.'____] r==l -:, -_-

111, 1-!X ijl q 1 -l 

lf in ( 1) and (2) thc tcrm - p [ ~ J is moved to thc right hand si de, wc 

squarc and integrate over x betwecn O and 1 wc gct 

J(~)=K(~) if ~E [0, 1], ~~ 0 

and 

J(~) =K(~)+-- In! 1---- -~-p +q { ( 1 ) y } 
q p +q p +q . 

ir ~ = _!!_ E o n [o, 11 
q 

whcrc 1 is thc gamma function and 
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( 3) 

(4) 



Loo l ( p (m~) l p (111~) ) - (1+~) In 1----·· + ~.~-
m(l+~) m(l+~) 

/11=1 . 

If we squarc ( 1) and (2), and intcgratc ovcr x bctwecn O and 1 we obtain 

alna (1-a)ln(l-a) ( a 1 - -2--~·~2~- =1(1)- 1(a)-1(1-a)+a+(l-a) 1 ¡·:.=;) 

Va E [o. l] (5) 

that is a functional equation that relates the values of 1 at 3 points. 

1 also obcys a functional equation that relates the values at fivc points. 
To clarify thc results (3 ), (4) ancl (5) we integrate cquations ( 1) and (2) 

bctween O and 1 to obtain 

• 

00 ¡ 1 1 1 1 -a In a- (l-a) In (l-a) = L, --.- + ------ --

/11=1 [~] [ i~-] 111 
(6) 

ami 

00 

-a In a- (l-a) In (l-a) = L 
111=1 

1 1 1 

¡~r [~~'ixr ~. 
+ L qr(qr-1) 

r=l 

(7) 

l) 



respcctivcly. (6) and (7) havc been used in deriving (3) and (4). 

00 

Now if g: rN -? e is such that L 1 g(n)! < 00 WC gel from Lhc 

n=l 

results of Skolem and Bang that 

(8) 

i f a E [ O , 1 ] , a !l Q , and 

1·¡· P [O 1 11"\ a = - E , J n 'L{. 

q 

00 
1 1 

Now if f: rN-? e is such that L 1 f(n) - ~1 < 00 we gct from 

n=l 

(6), (7), (8) and (9) that 

or 

~ {r([ ~ ])+ r([ I~U] )- f(n l} =-a in a- (1-al In (l-a) 

00 -L {f(qr-1)- f(qr)} (11) 

r=l 

dcpcnding whethcr a E [0, 1] is irrational or not. lt can be shown that of wc 
rcplace (3) or (4) in (5), the resulting equations reduces to (lO) or (11) for a 
convcnient f 
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The function 1 is continous, hut ~ J' (a) V a E [0, 1 J n O. More 
precisely we have 

lim 
{-?oo 

1 _E_+~J- 1( E_) 
q lq q 

1 
~In/ 
lq 

1(h)-1(0) 

1 
hIn-­

h 

1 q p 
-~~ tE rN, --E JO,t[ no, 

2 p , q 

1(1)-1(1-h) 

1 
hin 

lz 

1 

2 

Wc don't have at prescnt information ahout J'(a) for a E 10, 1], 

a~ O. 

Talk given at the ICM, Berlin, 1998. 
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