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A NOTE ON A POLYNOMIAL
SET GENERATED BY G (2zt — t%)
FOR THE CHOICE
Gu) = oFi(——;a;u)

Mumtaz Ahmad Khan

Abstract

The present paper is a study of a class of
polynomial set defined by means of a generating
function of the form G(2zt — t?) for the choice

G(u) = oFi(——;a;u). The paper contains some
interesting results in the form of recurrence
relations, generating functions, finite series

of product of polynomials, hypergeometric form,
relationship with Shively’s pseudo Laguerre and
other polynomaials, integral representation,
fractional integral and Laplace transform
of the polynomial.
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1 Introduction

The Hermite polynomials H,(z), the Legendre polynomials P, (x)
and the Gegenbauer polynomials ¢¥(z) are respectively defined by

rt—12 > Hn(.’lt)tn
62 t-t = Z T (11)
n=0
1-2zt+8)7% = Y Pt (1.2)
n=0
oo
and (1-2zt+t3)™"Y = Z CH(x)t™ (1.3)
n=0

A careful inspection of the L.H.S. of (1.1), (1.2) and (1.3) reveals the
fact that the above polynomials are generated by the function G (2zt—t2)
for the choices G(u) = e*,G(u) = (1 —u)"% and G(u) = (1 — u)™" re-
spectively.

The present paper deals with a class of polynomial set generated by
G(2zt — t2) for yet another choice of G(u) = oF\(——;;u).

We need the following results in this paper:

oty ] 1 9 27-1
F z = (1-2) 7 {(——— 14
” (1-2) {1 +m} (14)
[ 71 Y- %1 1 2 2v-1
F = |— 1.5
Oy z [1+\/1—z] (1.5)
- ’Y’ -
1 1.1 1 1
oFi(——;a;z) o Fi(——; b;z) = 2F3(§a + ib’ 70 + §'b ~ 5
a,b,a+b-1;4x) (1.6)
1 1
ofi(==ia2)oFi(-=a-2) = oFs(-—5a, 50,50+ 5
1
—Zm“‘) (1.7)



KUMMER'’S FIRST FORMULA. If b is neither zero nor a negative

integer,
1Fi(a;b;2) =€ 1Fi(b—a; b; —2)
In this paper we also need the following theorem [2,p.132):

Theorem. From

o)

GQat—2) =) gn(z)t"

n=0

it follows that go(z) = 0, and for n > 1,

2gn(2) — 1 gn(@) = gp_1 (2).

2 Definition of M\ (z)

(1.8)

(L.9)

We define the class of polynomial set M (z) generated by
G(2zt — t?) for the choice G(u) = oFi(——;a;u) by means of the

following generating relation:

o0
oFi(——; a; 2zt — %) = Z M ()t

n=0
Since
o0
(2zt — £2)n
oFi(mi o 2at— ) = 3o GO
owerd n.(a)n
oo

(2.1)



it follows from (2.1) that

& () (2a) 2k

= kL (n — 2k)! (@) n—k '

M@ () = (2.2)

Examination or equation (2.2) shows that M,(,“)(z) is a polynomial
of degree precisely n in = and that

M (g) = % + 1t (2), (2.3)

in which m,_s(z) is a polynomial of degree (n — 2) in . From (2.2)

it follows that M{* (z) is an even function of z for even n, and odd
function of z for odd n:

M®(~2) = (1" M) (2). (24)

From (2.2) it follows readily that

Mz (0) = 4= ; M, (0) =0
d sl — (=" . d pasle) _
[dz M2n+l (IL‘)] =0 T ala)pgr ! [dz M2n (.’L‘)] 2=0 =0.

3 Recurrence Relations

From (1.9) and (2.1), we obtain the following differential recurrence
relation:

e DM (z) = DM (z) +nM(¥(z), D= % (3.1)

Further, we have



(_1)k2'n—2k (n - Qk)mn_l—Zk
k! (n = 2k)! (@)n—k

DM{(z) =

—
[NE

_1)k2n—2kmn—2k ] (_1)k2n+1-—2kxn—1—2k

&~

Hn = 2k)(a)n—k “ (k=D (n—2k)(a)n-k

—1)k+1 Qn+1-2k—2 pn—1-2k-2
Kl (n =2 = 2k)H (0)n—k—1

k

Il

= ZM) - (

2 ( 1)k2n22k n—2-2k
= Pueg)+ —Z
T ar Kn—=2-=-2K) {a+ Dn_2-%

= 2 MPE) + = M @),
Thus we arrive at

z D M) (z) =n M{*)(z) += 2 M (). (3.2)

From (3.1) and (3.2) we obtain the following pure recurrence relation:

na M (z) = 2z M,S‘f;l)(x) - 2M,(1‘$1)(:1:). (3.3)

4 Additional Generating Functions

Consider

(a)n (_1)k 2n—2k xn—?k "
k! (n — 2k)! (@)n-+




1)k 2n gn g2k

_ = o +ok (
- EZ Jn klnl (a)n+k

n=0 k=0
_ i (2zt Z (@ + n)ag (—1)* 12

— ont = Kl(a+n)

atn atn+tl.

= n 2 2 3
= > (2“;) 2 F1 —4¢2

n=0 i a+n;

2 t 2 a+n+l

= Z (2zt) 1+ 4t2) [—-—\/—1_—__—} by (1.4)

—d

> n
xt
1+‘/1+4t2] 2 (1+m)

n=0

= (1+4t%)2 [

Thus we arrive at the generating function

2 a—1
1+4t%)72 <_____) ot/ (14+V/IFiE)
( ) 1+ V1 +4¢2

(&)

= Y (a)a M{I(z) t™. (4.1)

n=0

Next consider,

[e o)

Z(a -1 M,(,,a) (Z‘) t"

n=0

ﬁ]
o0 2

— (a - 1 (—1)* (2z)n—2k tn
" X L= 2 @k

=0 k=0

3

_ o0 (a—l)n 2$t (a+n—1)% (- l)kt2k
= Z )n Z B (o +n)s

n=0
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- atn  atn _ 1.
— 1), (2zt)" T 2 T2

n=0 n! (@)n a+n;
& (= 1), (22t)” 2 otn-t
B ngo n! (a), [1 +VI+ 4t2] by (1.5)

2 a—1 a—1;
F 4zt
[1+ 1+4t2] . LHVIHE |

a;

We now use Kummer’s formula (1.8) and arrive at the following
generating function

_ 1;
[ 2 }a ! 4zt /(1+/1+4t7) , —4zt
_— e 15 T+v1itae
,/ 2 1+V1+4t
1++V14+4t o
o
= Z(a - 1), M () t".
n=0

Using the definition of Bessel’s function, yet another generating re-
lation is as given below:

i M (2) " = T(a)(iv2xt — £2)1= Ju_1(2iV2zt — 2)  (4.2)
n=0

5 Finite Series of Product of Polynomials

In view of (1.6), we have

0F1 2zt — t2 0F1 2zt — t2
20; 20;

ath, a+f-3
= oF 4(2zt — t%) (5.1)
2a,28; 2a+28 -1,
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Using (2.1) in (5.1), we obtain

or

o0
MEN )t > M) (z) ¢+

WL

3
I}
(=]

(a + B)n (a + IB - %)n 4n(2xt - t2)n
n! (2a)n (2ﬂ)n (20( +20 - l)n

WK

3
Il
=}

)(z) MPP)(z) ¢

WK
NIE
5\

3
1l
°
kol
Il
=3

(0 +B)n (a+ B — 3)n 47(22)"F (- 1)* 7HE
k! (n = k)L (20)n (28)n (2a + 28 — 1)

WL
M:

3
I
o

—
i
— o

(0 + Bn—ila+ B — FIn—i 4" F(2z)" "2 (1)~ t»
k! (n - 2’9)' (2a)n_k(2ﬂ)n_k(2a “+ 2,8 — l)n—k
+ B)nla+ B — 1)n(8zt)”
20)n(28)n (200 + 28 — 1)n

K

3
Il
=}
I
=)

’5?&-

RN
:’*_

—_—3
LSRN

—

—n)zk(l — 20— ’I’L)k(]. - Qﬁ - n)k(2 - 2a - Qﬂ - n)k
B (1=a—B—n) (3 —a-B—n) (1622

ES
!
=)

Equating the coefficient of t™ on both sides, we get

(@ +B)n (o + B~ 3)n(82)"
n! (2a), (28)n 2a+28-1),

~-2,-2+3%, 1-2a-n,1-28-n, 2-2a—28-n;
) =
vy (5.2)

ME) @) MPP) (z) =

l—-a—B-n, %—a—ﬁ—n',

Using (2.1) in (5.2), we obtain
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(o] oo o0

o) () t" (20) ;s _ (=1)™ (2zt — t2)%"
Z M,(R (z) t ZMk ( x)zk tk = Z n! (2a), (@), (a + %)n4n

n=0 k=0 n=0
Where 1 = +/~1.
0 n
or Z M,(lmk) (@) MED (iz)i*
n=0 k=0

2n
B < ( )n+k (2n) (2:1:t)2" k t2k
=2 Zn!( @)n(@)r (@ + 1)n 227K (20 — k)

2n 1)n+k (%) ( )Zn kt2n+k
L L HI2n — k)! (20)a (@) (@ + D)n

o n (_1 (l)n 2x)2n—2r 2n+2r
3> )"(3)n(22)

— (21')! (2n - 2r)! (2a), (@)n (@ + 3)n

n=0
oo n—1 n+1 ) (2:E)2n 127 t2’n+2"+1
+
;:;;) 2r+1 N(2n—1-2r)! (2a)()(a-+—2)n
_ i % )n r (%) (2:!2)2" 4r t2n
n=0 r=0 (2r)! ( 2” 4r)! (2e)n—r(a )n—r(a+’z')n—r
* li——l] JRrHL(L), L (2g)n =14 g2n
+ Zo Z (2r+1)' (2n T=4r)! (26)n—r (@Dner GFDner (5-3)
n=— r=0

o 1 (2a) (20) (-nrz*»
o [ k _ z
kZ::oMzn_k () M (i) 1* = — (2a)n (@) (@ + L)n
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Equating the coefficient of t2"*! on both sides of (5.3), we get

S P, () ME i)+ = D G (20
Pt antl—k k (2n - 1)1 (20)n (@)n (@ + 3)n
-3+3,-%2+3.—3+3,-3+1,1-2a—n,l-a-n, F—a—n;
x 7F2 —f,; (5 5)
$.3-n;

6 Hipergeometric Form of M (z)

From (2.2), we obtain the following hypergeometric form of M (2):

ON

3

2241l 1-a-n;
n..n PR 29 )
M@ (@) = 22 o{ 4,] 6.1)

7 Relationship with Shively’s Pseudo-Laguerre
and other Polynomials

Shively [3] studied the pseudo-Laguerre set

(a)Zn

n! (a),

which are related to the proper simple Laguerre polynomial

R, (a;z) = 1Fi(-n; e +n; z), (7.1)

Lu(z) = 1F(-n; 1; )
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by

Rn(a; (B Z (a'_ 1 n+k Ln k( ). (72)

a—-l)n

Shively obtained Toscano’s following generating relation:

1 1 > R.(a, z) t"
2 R =24 Zg 2= :2:_.______." ! . .
0 1( ,2+2(1, t .’Et) (% +}%a)n (73)

n=0

Replacing a by 2a — 1, t by it and z by 2iz in (7.3), we obtain

n(2a — 1,2 ) i"t?

2y = -2t -
oFA(—; a; 2zt — t%) Z . ,i=v-1
or
d et 2t)" 2\ Ri(2a =1, 2i )ik ¢k
Sup@e = 3 CAS
n=0 e S (@)
B iz": )"k ik R (20— 1, 21 z) ¢"
n=0 k=0 (n = k)l {a)s

Equating the coefficients of t" on both sides we get the following rela-

tionship between M,(za) {(z) and Shively’s pseudo-Laguerre polynomials

Z": (-2)"* ik Ry (2a -1, 2 x)'

(@) () =
M) = 2 T (o

(7.4)

In view of (7.2) the polynomials M (z) has following relationship
with proper simple Laguerre polynomials:

n k -k k
= ) (2a~2)k r Ly (2i7)
M) = M g (e (o~ (7:3)
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Generalized Laguerre or Sonine polynomials Lg{”)(m) have the fol-
lowing generating function:

0 L(I)(IE) tn
e oF (= 1+ —xt) = = 7.6
oFi( ) nz:% 0T o (7.6)

We can rewrite (7.6) as

c- —nr ey etk
oFi(— o —2ot) = Y (-1)"L>Y (22)t

0 kZ:O n! ()i
2": (=1 * L* D (22) ¢

n=0 k=0 ('IL - k)l (a)k'

I
NE

o & (LY @) (e - )
o2t = ) = ) P (@

© N (a=1) )"
= ZZ( DFL 7 (22) ¢ (1_i)n

= (n—k)! (@) 2z

B © n n (_1)k+r n!L(a—l) (2z) s
=2 2> = BTt~ 17T (e G2

oF1(—

(~1)k+r(n — )1 LY (21) ¢
~ (n—7 — k)l (n—2r)!rl(a)e (22)""

3
|

o
3
I
o
o
Il

=
,,
O

Equating the coefficient of t*, we get the following relationship be-
tween M,(La)(:c) and generalized Laguerre polynomials

n (3]
=227

k=0 r=0

~1)k+r(n — ) LD (22)
(n—r—k)t(n=2r)r! (a) (2z)"’

(7.7)
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Legendre polynomials P,(z) have the following generating relation:

1 P (
zt 142002 — E n
e gFl('—,l,Zt (.’E - 1)) = .

ad ) t"?
nl) (7.8)
n=0 :

We can rewrite (7.8) as

ol _ 2\ e~ (~z)" Py ()t tE

PRI VTS N o oY = - L
n=0 k=0

—x)" kPk(z)

>3

n=0 k=0

k)! k!

Replacing =z by +/1+ 8z and t by\/t—%,weget

[e )

F(- L2zt -2 = n("z @) 3
0 l(—s y 4T -t ZZ |k' (t_%)

Z MO (z)t"
n=0

n=0 k=0

— v (—2)"F P(z) ¢ (1 - £)

:L:B ; (n— k) k!

(_l)n—k zn—k—r (_%)r Pk(.’E) t%+r
(n—k) kI rl 27

.—
s
it

108
= I
1

— o

(_l)n—k gn—k-r ("‘%)r Pk(.’L‘) 3T
(n—k) k! rtor

M8
M=

i

3
il

=)
=}

,—‘
ol
=,

(-1t ank=r (1) (1) Py(a) £3+7
(n—k)! k' rl (1), 2"

gk
iM
M- r
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[

a3

]Tl 27‘ n+r k pn—k-3r (1) . Pk(x)t%

kzz;) n—k 2r) kL r! (1)g —or 27

3

(n—k—=2r) kl 7!

||M8 IiMiB
M= AM

f =2 + 1) (1)t okgn k-3 Py (z)2rtE

Equating the coefficients of ™ on both sides, we get

(3] 2n— 2 k g2n—k=3
_ l)r n T or Pk( )
(1)
M ; kzo 2n —~k=2r) k! 7! (7.9)

8 Integral Representation

Using the definition of Beta function it is easy to derive the follow-
ing integral representation for M) (z) (see Rainville [2]. p.18) by using
the form (2.2) of M{* (z):

2"T(1 + B +n)T(y) tPHrtn
n! 1+ +v+n)(a)

t
/ Pt — ) M () dz =
0

-3, —3+hi-a-n, }(~B-y-nm), $(-B-v-n);
X5F2 :l!- (81)

3(-B-n), 1(1-8-n);

9 Fractional Integral

Let L denote the linear space of (equivalent classes of) complex-
valued functions f(z) which are Lebesgue-integrable on {0,a},a < oo.
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For f(z) € L and complex number u with R&(u) > 0, the Riemann-
Liouville fractional integral of order p is defined as (see Prabhakar [1],

p. 72).
1 z
Pf(x)] = == / (z —t)*~! f(t)dt for almost all z € {0,a]. (9.1)
' T'(i) Jo
Using the operator I* on the form (2.2) of M,(,a)(z), we obtain

) 27zt (1 + B+ n)I(7)
I [P M{?(z)] = n!T(1+B8+~+ n)n(a): g

n n 1 .
—5,-"2-"}'5,1—(1—'”, _B_’Y—n,

—B—n;

x 4 F 2 1. (9.2)

10 Laplace Transform
In the usual notation the Laplace transform is given by

L{f(t): s} = /000 e~*t f(t)dt, Re(s — a) > 0, (10.1)

where f € L(0,R) for every R > 0 and f(t) = 0(e®),t = oo. Using
(10.1) on the form (2.2) of M{* (z), we obtain
2'". xTE

L{tl3 M,,(la) (Zt) : S} = W

-3 ~24+11-a-—n; ]
3y ﬁ!- . (10.2)
3(=B-n),3(1 =B -n);
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