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ON A GENERALIZATION OF
APPELL’S FUNCTIONS OF TWO
VARIABLES
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Abstract

The present paper introduces 10 Appell’s type
generalized functions M;,1=1,2,...,10 by considering
the product of two 3F» functions instead of product
of two Gauss functions taken by Appell to
define ', Fy, F3 and Fy functions. In the concluding
remark it has been pointed out that by considering the
product of two ,F,_, functions a set of n*> +n — 2
functions analogus to Appell functions will emerge.
The paper contains fractional derivative represen-
tations, integral representations, symbolic forms
and expansion formulae similar to those obtained
by Burchnall and Chaundy for the four Appell’s
functions, have been obtained for these
newly defined functions My, M,, ..., M.
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1 Introduction

The great success of the theory of hypergeometric functions of a
single variable has stimulated the development of a corresponding theory
in two or more variables. In 1880, P. Appell [1] considered the product
of two Gauss functions from which the four Appell’s functions emerged.
Later, in 1893 Lauricella [4] further generalized the four Appell func-
tions Fy, F5, F3 and F; to functions of n-variables denoted by
FM FM FS and FY where FO = FQ = FP =FY = ;R
and Fff’ F, FO = F, F(z) Fyand F® = F.

During 1940-41, Burchnall and Chaundy (2, 3] obtained a large num-
ber of expansions of Appell’s double hypergeometric functions. Particu-
larly in [3] they obtained certain interesting integral representations for
Fy and in its last section gave a glimpse of possible extension of their
result to functions of higher order (i.e. with more parameters) in two
variable for instance they defined.

. N ! ! ! .
a: by, by ... by; bl by ..., b

b p‘
P+1F(2) T,y
Cl, €2y.--yCp5 €1y Chy vy Cps
- i Z (@)mtm (b1)m - (bp)m (B1)n - - (b;;)n ™ y"
o = min! (e)m - (ep)m (€)n - (Cp)n
a, bi,....,bp; a, b,.... b,y
= V(a)p+1Fp p+1Ep (1.1)
C1,...,Cp; cll’ ’Cp’

and gave the result

p+1F;S2) T,y
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(a)r( o (bp)r (W) r - (b;,)r xz"y"
B E T'(Cl )r (cp)'r(ca)r s (dp)"‘

atry  bhitrbptr oz atr, bi4r,. b4y
p+1Fp pt1Fp (1.2)

7 U
c1+7,..,Cp+T; C1+7yC 4T

Motivated by this section of [3] and the fact that such functions
were encountered during our study of two variable analogues of Saigo’s
[6] fractional integral operators in a separate communication, we consider
in this paper the product of 3F,» hypergeometric functions viz.

3F2 (G,, b: [oH da €; (ZI) 3F2(G,’, b,a C,; dlv 6’; Z/)

0 y ) /n m ,n
-5 3 E)) Ee)(C) ol (13)

!' n!
m=0 n=0

This double series, in itself, yields nothing new, but if one or more
of the five pairs of products

(@)m (@)ny O)m (B, (©)m ()ny (D (d)ns (€)m (€)n
be replaced by the corresponding expressions

(a)m+m (b)m-f—na (C)m-{-n, (d)m+n, (e)m+’n

we are lead to eleven distinct possibilities of getting new functions. One
such possibility, however, gives us de double series

- i i (@)min D)min (min _-"i £

(d)m+n (€)m+n m! n!
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which is simply the 3F» hypergeocmetric series for

3F2(a7 ba G da ez + y))

since it is easily verified that (c.f., e.g. H. M. Srivastava [7])

> o]

s m N
DIPILINEL D WICE

m=0 n=0

The remaining ten possibilities lead to the ten generalized Appell’s
type functions of two variables, which are as defined below subject to
suitable convergence conditions:

! / /. I,
Ml(a,a,b,b,c,c,d,e,e,x,y)

= — a') m .m (1.5)
22-:'02 e e S (O 2 47
Mi(a, d', b, ¢ c;d e z,y)

— N gm gm (1.6)
= e e e e
Ms(a b ¥, c, did d, e ez y)
PP L e
Mi(a, b ¥, ¢ ¢;d e &2, y)
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M5 (a7 b) b,, ¢, CI; d’ € x, y)

o« o0

mnb )mln
ZZ +(()(c (C)%%T

. m=0 n=0 m+n( )m+'n

Mg(a,b,¢c,c';d, d e, €, z,y)

SR (a Ymtn (C)m (C')n ™ y"
2 +(e Jm(€)n  m! n!

m=0 n=0

M7 (aa b7 c, CI; da €, elv z, y)

oo oo

=3 3 @ntn Onin @ () 2 3
m=0 n=0 d)m+n (8) (6 In m! n!

Ms(a,b,¢c,c;d, e, z,y)
= i i m+n m+'n (C)m (cl)n CL'_TZ £
(d m4+n ( )m+n m! TL'

m=0 n=0

M9 (a'v b7 [oH dv d’> €, el; z, y)

_ — oo()m n()m+n(c)m+nf_£
"ZZ (d)m (

dVp (€)m(e)n m! n!

= i i (@mn (b)m'*)':l(c)m+n z™ y*

(d)m+n (6 (e’)n m! n!

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)
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2 Symbolic Forms

Burchnall and Chaundy (2, 3] introduced the operators

T(h)T(S + 6 + h)

VIR = e RTO R 1)
_ T +RT@ +h)
AN = FHTeoro ) 22)

Where § = x% and § = ya%

by means of which they factorized the four Appell’s functions and ob-
tained certain transformations of these functions. These symbolic forms
were used by them to obtain a large member of expansions of Appell’s
functions in terms of each other, of Appell’s functions in terms of prod-
ucts of ordinary hypergeometric functions, or vice versa.

In this section we have followed Burchnall and Chaundy’s method

to obtain the following factorizations of our newly defined functions
M, i=1,2,...,10.

M1 (a" ala ba b’v C, C’; d’ €, 6,; z, y)
= A(d)3Fy(a, b,c;d, e; z)3F(a, b, c;d, e y) (2.3)

M‘Z (a) ala b1 blv c, cl; da €, x, y)
= A(d)A(e)3Fa(a, b, c; d, €; x) 3 Fp(a, V', 5 d, €; y) (2.4)

M3 (a5 bv bla c, Cl; d, dl) €, 6,; z, y)
= V(a)sFi(a, b, c; d, e; x)aF2(a, V', s d', €5 y) (2.5)

M4 (a» b’ bla c, CI; d) €, 6,; z, y)
= V(a) A(d)3F2(a7 b7 (&N d'l € fl:) 3F2(a1 b’v C,; d1 e’; y) (26)
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M,

M,

Ms

[ ’b’ b’,C, ,; xr, a)aabv b,’ 7cl; ) ]
a C y]zv(a)Ml[ C )’ T,y

i .
a,a,b, b,cc; z,y]

[ 0,0V, ¢ z,y ] — V(a)M, [ a,a,b,8', ¢, ¢; ,y ]

(a, b, %, ¢, csd, e; x,9)
V(a) A(d) Ale) 3Fx(a, b, ¢; d, e; 1) 3F2(a, V', ¢'; d, e; y) (2.7)

(a,b,¢,csd, d, e €5z, y)

V(a) V(b)3F2(a’ b’ C; d) €; 2:) 3F2(a’ ba CI; dl) el; y) (28)
(a’ ba c, C’; d7 €, el; z, y)

V(a) V(b)A(d) 3F2(a', b? c, d1 €; :L') 3F2(a'1 b) C’; da el; y) (29)

(a,b,¢c,c;d, ez, )

Vi{a) V(b) A(d) Ale) 3F2(a, b, c; d, e; ) 3F3(a, b, ¢'; d, e; y)
(2.10)

(a,b,c;d,d' e, e 2,9)

V(a)V(b) V(c)3Fz(a, b, ¢; d, e; T)3Fa(a, b, ¢; d', €5 y) (2.11)

(a, b, ¢c; dy e, €' 2, y)
V(a‘) v(b) V(C) A(d)3F2(a7 b) G d, € (L‘) 3F2(G,, b7 G dv 6,; y)
(2.12)

I.
d,e,e;

/

/.
d,e,e;

= Aa) My [ a.b,
(2.14)

d,e;
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M,

My

M3

M,

M

; ’. ! ’.
a,a,b,¥', ¢ x,y]=A(a)M5[a,b,b, ¢,c; w,y]

d,e; d,e;
(2.16)
[ ! /. ! UN
aa b, l;7ecig,.1 x!y ] - A(d)M3 [ a,b7 d?di::éce)’. a:’y }
(2.17)
[ a,b,b,c,d; zy ]| _ a,b, b,c,c; z,y
d,d,e,e'; ] = V(d) M, [ d,e,e; ]
(2.18)
[ a,b¢ z+y | _ V()M a,b, ¢ ¢ =,y (2.19)
L d,e; ] 8 d7 6 .
-a,b,C; Cl:‘i'yﬂ "'A(C)M a,b,c; z,y (220)
d,e; i - 10 dve»el; .
-a,b,c; il?+y- _ G,,b,C,C; T,y
e - —V(c)A(e)M-,[ e ] (2.21)

[ . /.
a,b,i,c,. z,y } =V(b)M3[ a,b,b,cc; x,y] (2.22)

i’ 1.
d,d,e,e;

[ UR /.
a’b)b7c’c) a:)y ] — A(b)M6 { a1b7c’c’ x’y ] (2.23)

’ ’. ’ /.
d,d,ee'; d,d' e,e

[ !, U
a» b7 C) C,’ -’L’,y ] — V(b)M4 [ a1 b) b)Z,c’,. xay ] (2.24)

d,e,e’;



M,

Ms

M,

Mg

Mg

a,bbc,cs z,y ] _ [
[ d,e e J*A(b)M7 | d,e, e

/. 1 [ /.
[a,b, AL L TOVP ab,b, e z,y]

[ a,0,b, cc; z,y ] _ a,b, ¢c; z,y
_ d,e; ] _A(b)Ms[ d,e; ]

(2.27)

a,bc; z,y | _ a,bc,c; z,y
| d, dee’ ] = V(c)Ms [ d,d',e,e; ](2'28)

a,b,b,c,c; z,y ] = A(c)Ms [ abe  zy ] (2.29)

| d.d’,e,€’; d,d',ee';
[ a,be; zy ] _ a,b,c,c; =,y
Lo ] = V(o) M; [ e (2.30)
[ a,bc,c; zy | _ a,b¢; z,y
d,e,e’; ] —A(C)Mlo [ d,e,e’; (231)

Fractional Derivative Representation

In 1731 Euler extended the derivative formula

DMz} = A2 =1)...A—n+1)z*"

'(A+1)

F_(j\‘__nil-)z’\'”(n =0,1,2,...) (3.1)
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to the general form:

(A +1)

Di{z*} = O atD)

A (3.2)
where g is an arbitrary complex number.

Using (3.2) we give here the following fractional derivative
representations:

o 4 )

= (A -1 )‘7 a:ﬂ; az
= Fé;%z” 3F2 [ 27 ] (33)

e Ca R R

= H - My (N 0,0, B, B 1,7, Y 22, y2) (3.4)

‘g r_ ;o ' - a, b,C; +
Y U L )

= —é—H—l; Z: ; S)yd'_lzelflMs(a,b, b,e,d;d,d e e 2,y2) (3.5)

D¢=eDS=¢ {z¢ 1y~ Fyla; b, d, d'; 2, 9]}

= DAL pe-1ye' L 0y (a, b, ¢, &5 d, ' e, €'; 2, ) ‘ (3.6)

Dgme Dy~ {z*~ y ™! Fyfab, b d; v, y])
= %S%xe"lye'_lM,;(a,b, b,e,d;d,e ez, y) (3.7
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D¢ D~ {x¢~ 1y~ Fyla,a’;b,b';d; 2, 3]}
_ rgcgré ; e=lye' =171 b, b, d,
= Lalie) 1{a,a’, c,cid,e e z,y)

D;—eD;'_ei {ac“ly‘"-l F4[a; b d, d’;:v,y]}

_ —1,,e —1 ‘. ’ I.
= %Ze ye Mﬁ(a,b,c,c,d,d,e,e,x,y)

po-d | a1 p | 0 c ¢ wzyz

z 2 e,e’;
_ Tla) _d— a, by d; xzz,yz
o R
D¢ {za—l j2) [ b, ¢ c; zz,yz }}

 Ie) de1 a,b, c¢c; zz,yz
—ﬁg%z Ms[ d,e;

Da_d{za"lF;; [ bbt',c, 5 =zz,yz ]}
z e;

— I'(a Zd_lM a, bvb’1 G, C'; Tz,Yyz
rédg 5 d,e;

pa-d{ o-1p, b,c; zxz,yz
z e e

- T'(a zd_lM a‘? b,c; zz’ yz
O 01 dye,e;

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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/ ' .
D;‘“d{za_lF;, [ a,a'abv b,C,C, TzZ,Yz :|}

a,e,e’;

~ a,a',b, V,cd; zzyz
= [8. 1M1[ g y ] (3.14)

Dzzz—d Dﬁ)-d' {wd—lza—lv(d)F4 [ b,C,; rz,wyz ]}

e e,

,b,c; 2z ,wyz
:lfg,w-ldlM[d Poe ”’y] (3.15)

! !,
D(zz—dDz,]'—a {wa'-lza—1A(a)F3 [ b,b 6, €5 Tz, wyz ]}

[=H
') a—1_d— a,a',b,b, ¢ c; zz,wyz
ggorinag [ 200 o o

4 Integral Representations

In the theory of Eulerian integrals, the elementary formulas

Yo 1, _ Da)l(B)
/0 w1 = u)’ du = m,Rl(a) >0, R1(B) >0 (4.1)

and

// a—1 B 1 l—u U)'y—-ld dv F((Z)i(g)i(’y))

u>0,v>,u+v<1,Rl{a) >0,R1(B) > 0,R1(y) >0 (4.2)

are fairly well known. Making use of (4.1) and (4.2) we give the following
integral representations for My, Ms, ..., Mio.
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I(c)T ()T (d—c=c’

‘u—r)?a%—__z Ml(a‘7al,bablvcv C,;d’eael;x7y)
vbs b

= ff'u.“‘l'uc’‘l(l—u—u)’i‘c"“’_1 2F1{ e ]21"1[ ¢ . g ]dudv,
€. 3

w>0,v>0,u+v<1, Rl(c) >0, R1(c) >0,

Rl(d~c—¢) >0,

T(e)I(¢') M a,a’, b,b’,C,c’; z,y
Tc+c’ 1 C+C’,d,d’;

1 SRt
:/ uc~(1 —u)cl_1 2 F1 [ a,:.w ] 2Fy [ @b ':,1 i jl du (4-4)
0 y )

R1(c) > 0, R1(c) >0,

()T (' (d—c—c' M. a’a,)b,b/a c,c; T,y
el rl(dj" == 2 de;

— ffuc—lvc’—l(l —u— v)d-—c—c’—l F; [ a0’ b; b uz,vy ]dudv

€;

(4.5)
u>0,v>0,u+v <1, Rl(c) >0, RI(c) >0,

Rl(d-c—-¢') >0,

T()I{(c a,a,vba blyc»c’; z,y
1 , ! N —

:/ uc—l(l - u)c -1 F3 [ a,a vba Z.v Ux,(l u)y ] du (46)
0 3

R1(c) > 0, R1(c') > 0,
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TOTT (D ()d - ) (d - ¥)[(e—c)I(e - )
T(d)T'(d)T'(e)T'(e)

! '
a, b,b,C,C, T,y

x M.
3 d,d,eé;

- fol fol fol fol -1 ub'—-lvc—lwc’—l(l _ t)d—b—l(l _ u)d’—b’—l
(1=0)e (1 = w)e =11 = tvz — uwy)™® dw dv dudt  (4.7)

R1(d) > R1(b) > 0, R1(d’') > R1(¥') > 0, R1(e) > R1(c) > 0,
R1(e') > R1(c') > 0,

T(c)F ()T {d—c—¢’ M. a7b7 b’,C, CI; z,y
@) ! d,ee’;
— c—=1,¢c' =1¢1 _ . _ .\d—c—c'—1 a.b,b's  uz,vy
Jfue (1 ~u=-v) F [ " ]dudv (4.8)

u>0,v>0,u+v <1, Rl{c) >0, R1(c) >0,

Ri(d-—c—-) >0,

T (c)T(" T (d=c~c' a,bb, cc; T,y
T(d) M; [ de;
— c—-1,¢' =171 _ ., _ ,n\d—c—c'—1 ab, b'juz,vy
=[fu=t 11 —u—v) )31 [ . }dudv (4.9)

u>0,v>0,u+v<1, Rl(c) >0, R1(c') >0,

Rl(d—c—-C) >0,



L(e)T(c )T (d—c)D(d' —c') a,bc,c’; x,y
T (d)F'(d") M [ d,d, e, e ]

a,b;  uz,vy ]dudv (410)

1 p1 ’ ‘7
- we=lye = 1oyt em 1y -~ -1 gy
fO fO C,e’;

R1(d) > R1(c) > 0, R1(d) > R1(¢) > 0,
T(c)D(c' )T (d—c—c' a, byecd; zy

_ e—1,¢'-1¢1 _ ., _ ,n\d—c—c'—1 a,b;  uz,vy
= [[fut T (1~ u—v) F4[ , ]dudv (@11)

e.e’;
u>0,v>0,u+v <1, Rl{c) >0, R1(c) >0,

Rl{d—c—-c)>0,

D(e)N(¢)D(d=e=c') 37 ab, ¢c; z,9
r'{d d,E;

— c=1,¢"=1¢1 _ ) _ ,\d—c~c'—1 ab;  uz+tvy
=[[u U (1-u-v) 2F1[ . ]dudv(4.12)

u>0,v>0,u+v<1, Rl(c) >0, R1(c') > 0,

Rl(d—c—¢) >0,

{T(e)}2r(d—e)l(d —cYI'(c' ~¢) M. a,b,c; z,y
r d F d’ 9 d7 d,’e7 e,;

- fol fol fol uc—lvc'—lwc—l(l _ u)d~c—1(1 _ ,U)d’—c’—l
(4.13)

(1 — w)'~e=1V(c)Fy [ :’eb,;. uz, vwy } dudv, dw

R1(d) > R1(c) > 0, R1(d') > R1(c') > 0, R1(¢') > R1(c) > 0,
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L(c)T(d—c’ a,b,c; =,y
M
Td 101 dyee;

= w1 )il R [ a,b;  uz,vy } du (4.14)
e e';

R1(d) > Rl(c) >0

5 Expansions

Following the procedure adopted by Burchnall and Chaundy (2, 3]
we obtain the following expansions of M;,i =1,2,...,10:

I ! /.
M a’a’b) b’c’c) m’y
1 d,e, e
b 9 ?

_ f_: (=1)"(a)r (@) (b)-(5)r(c)r(c)r 27"

L ri(d+r = 1)(d)ar(e)r(€)r (5.1)
F. at+r,bt+rctriz F a+rb4+rcd+ry
352 d+2r,e+r; 302 d+2r.e +r )
) b1 3 /, b/’ ’;
o [ ) d,z; ’ ] of [ ’ d,g; ’ ]
'
_ 5 @O0 ()r 2 .

D)2 (€)r(€)r

r=0

M [a+r,a’+r,b+r, b +r,c+r,c +r; m,y]
1 )

d+2r,e+r,e +r;
Similarly, (2.13) and (2.14) give
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!/ /.
M4[a)b7 b,C,C, m??)’]

1,
d,e,e;

Z (@)r (b)r(¥)r(c)r(c')r 2"y"

P1{d)2r () () (53)

M,

a+r,a +r,b+r, V+rc+r,d+r; z,y
d+2r,e+r,e' +71; )

and

a,a,b, V,c,c'; z,y
Ml[ d,e,e'; ]

(5.4)

_ 3 GV @0 ) ()Y [ b0, '3,y
r=0 r!(d)27‘(e)r(e’)'r 4 d,e,e;

Now (2.15) and (2.16) respectively yield

a,bd, cc; =,
Ms [ d,e; Y

_ E (@)r(0)r (B)r(c)r(c)r 2"y" (5.5)

T'(d 2r(e)2r

M a+r,a+nrb+r,b+r, c+rcd+r;, z,y
2 d+2r,e+ 2r;

and
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! ',

M a,a,bb/, ¢, z,y
2 de:
’e’

_ Z (=1)7(a),(b) ('), (c),(c')r &7

- 5.6
= r(d)2r(€)ar (56)
M a+r,b+r,b+r, c+rd+r; z,9
5 d+2r,e+ 2r;

Further (2.5) gives

a, bb,ccd; =z,
M3 { d, d’,e,e'; y ]
= (), b) (®)r(e)r(c)ray"
Z Nd), (@) () (€)r (5.7)

r=

F a+r,b+rctr,x P a+r,V+rd+ry
352 d+r,e+r; 372 d+r',e +r;

Conversely, we have

a, b) ¢ al, b’,C’;
3F2 [ d,e, ] 3F2 [ dl,el; Yy ]

o (5.8)
= Z (S @) (b (8 )l (e 27 ? D, | OHTbTY AnetTtriay
- rH{d)y (d)r{e)r(eDr dtr,d +retre +r; ’
From (2.17) and (2.18) we get respectively
! .
M4 a, b7 b Yc7c’1 $7y
/.
de e
(5.9)

= § (=17 (8)2r @)r (W )r()r () aTy” a+2r, b+r,b' +r.etrc’+r z,y
T
i {d+r—1)r(d)2p(e)r (e ),- d+'27‘,d+2'r,e+7‘,e'+r;
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and

a, bb,ccd; z,y
M3[ d,de,e’; }

(5.10)

24
_ § :((A)h(b):»(b')r(c)r(c’)r:m"'y" M [ a+2r,b+r, b +rcdrc’+r o,y
- 4

7'!('1)r(d)2r(5)r(31)r d+27‘ e+r,e'+'r'
r=0 ' '

= 1);(d)2-(e)r(e")r (5.11)

P a+r,b+rc+r, z I a+r, b +r,d+ry
352 d+2r,e+r; 352 d+2r,e +r; ’

a, bec, = a, b,c; vy
3k [ e J 3Fy [ de }

_ o (=)@ (0)r (B)r()r(¢)r(d = @), YT
> r(d), (d)2r(€)- () (5.12)

M a+r,b+r, b +rc+r,d+r, z,y
4 d+2rie+re +r; ’

Now (2.19), (2.20) and (2.21) give respectively

[+3

a, bec, z4+y | _ (a)2r(b)2r(c)r z™y"
32 [ d,e; } =2 r!(d)2r(€)2r

r=0

(5.13)
M a+2r,b+2r, c+r,c+r; z,¥
8 d+2re+2r; ’
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3F2 [ a, bvce7 T+y ] = i (_l)r(a)ZT(b)W(C)?T x'ryr

d,e; L rlie+1 = 1)r(e)ar(d)2r
(5.14)
M a+2r,b+2r,c+2r; =z,y
d+2r,e+2r,e + 2r; ’
a, bec, zT+y (€ = ¢)r(a)ar(b)ar(c)r 7y"
F )
3 2[ d,e; ] Z r'e+r—1 Jr(d)2r(€)2r
(5.15)
M a+2r, b+2r,c+r,c+r; 1,9
7 d+2r,e+2r,e + 2r; ’
Now from (2.22 - 2.31), we obtain respectively,
[ a,b,c,c; 1,y 2. (@)2r (B)r(C)r(c)r2™y"
M Y Yy ¥ ] I =
6 | da dl1eve/; ] Z T!(d)r(dl)’f'(e)'r(e’)r
(5.16)

M [a+2r, b+rb+rc+r,c+r, =x,¥
3 d+rd +re+re+r; ’

M [ a, bbcc; =y ] — i (”1);(a)2r(b)r(c)r(d)r zTy"

d,d,aerel; r=0 !(d)r(dl)T(e)T(e’)"‘
(5.17)
M a4+ 2r,b+rc+r,d 41 1,y ]
6.d+r,d’+r,e+r,e’+r; !
[ a, b,cc; z,y (a)2r ()rzy"
Mz L d, €, e,; ] Z T‘(d 2'r T(e,)r
(5.18)
M4'a+2r,b+r, b+rc+r,c +r; z,y]
| d+2r,e+r,e +1; ’
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M4[a’b be,c “’Fi( 1) (@)2r () (0)r (¢), 2"y"

d,e,e'; —o ri(d)zr(e)r(€)r
- (5.19)

M7[q+2r, b+r,c+r,d+r, z,y ]’

d+2r,e+r,e +7;

a, b7 C, CI; 1', y . (a)2T(b)7‘(C)T(CI)T$TyT
M. =
8 [ d7 €; } 7;0 T!(d)ZT(e)2r
(5.20)
M a+2r,b+r,b+r, c4+r,d+r; =,y
5 d+ 2r,e+ 2r; !

r

avb)bv CC ( 1 27‘(b ( ( )va‘y
s | "] Z S oo

! .
Ms[a+2r,b+r, c+r,c +r a:,y]7

d+r e+ 2r;

T,,T

a,b,c; T,y (@)2r(b)2r(c)r 27y
My [ d, d,ee; J “}4_:0 ri(d),(d)(€)r(e);
B (5.22)
d+r.d+r,e+r,e +7;

M [ a+2r,b+2r,c+r,c+r; T,y ],

a,bcc (= 1) a)zr b)zr(C)rwy
il gee, V)= Z RGN
(5.23)
M a+2r,b+2r,c+1r; z,y
Yld+r, d+re+re+r; ’
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MlO |: G/,b,c; xvy :| — za: (a’)QT(b)2T(C)T xryr

d,e,e’; ——r:O ri(d)2r(e)r(e')r
(5.24)
M [ a+2r, b+2rc+r,c+r; =z,y
7_ d+2r,e+re +r; ’
[ a, b,cc (-1 2r (b)2r(c)r z"y"
M Y ) b ’
7 d,e, e ] Z T' )ar(€)r(€)r
(5.25)
M a+2r,b+2r,c+r; z,y
V1 d+2re+re +r; '

6 Concluding Remark

In a manner similar to one considered in this paper if we consider
the product of two 4 F3 functions we get 18 Appell type functions and by
considering product of two 5 Fy functions we get 28 Appell type functions.
Thus in general if we consider the product of two ,F,.; functions we
will get n? +n — 2 Appell type functions. Qur subsequent paper’s study
will be based on this fact.
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