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Abstract 

The Paper deals with a two variable analogues of certain 
fractional integral operators introduced by M. Saigo. Besides 

giving two variable analogues of earlier known fractional 
integral operators of one variable as special cases of newly 

defined operators, the paper establishes certain results in the 
form of theorems including integration by parts. 
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1 Introd uction 

The fractional calculus has been investigated by many mathemati
cians [14]. In their works the Reimann- Liouville operator (R-L) defined 
by 

(1.1) 

was the most central, while Erdélyi and Kober defined their operator 
(E- K) in connection with the Hankel transform [9] as 

101 ' 11 f = x-a-r¡ {x (x - t) 01 - 1 t 11 f(t) dt. 
O,x r(a) lo . (1.2) 

Weyl and another Erdélyi-Kober fractional operators are defined as 
follows: 

w~oo f = r(
1
a) 100 

(t- x)Ot-l f(t) dt (1.3) 

and 

K 11 '
01 f = -- (t- x) 01

-
1 t11 - 01 f(t) dt 

xTI ¡oo 
X,OO r(a) X 

(1.4) 

respectively. 

In 1978, M. Saigo (15] defined a certain integral operator involving 
the Gauss hypergeometric function as follows: 

Let a > f3 and r¡ be real numbers. The fractional integral operator 
I(; ,{3 '11 , w hich acts on certain functions f ( x) on the interval (O, oo) is 
defined by 

x-Ot-{3 r t 
I~·f3,r¡ f = r(a) lo (x- t) 01

-
1 F(a + (3, -r¡; a; 1- -;) j(t) dt, (1.5) 
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where r is the gamma function, F denotes the Gauss hypergeometric 
series 

( ) 
~ (a)n(b)n n l 

2F1 a, b; e; z = ~ ( ) 1 z , zl < 1 

n=O e nn· 

(1.6) 

and its analytic continuation into 1 arg(1- z)l < 11", and (a)n = r~(!)). 

Such an integral was first treated by Love [10] as an integral equa
tion. However, if one regards the integral as an operator with a slight 
change, it will contain as special cases both R - L and E - K owing to 
reduction formulas for the Gauss function by restricting the parameters. 
The more interesting fact is that for this operator two kinds of product 
rules may be made up by virtue of Erdélyi's formulas [3], which were 
first proved by using the method of fractional integration by parts in the 
R- L sense. From the rules, of course, the ones for R- L and E- K are 
deduced. Moreover, this operator is representable by products of R- L' s 
from which it is possible to obtain the integrability and estimations of 
Hardy-Littlewood type [4]. Saigo [15] also defined an integral operator 
on the interval (x, oo) asan extension of operators of Weyl and another 
Erdélyi - Kober operators as follows: 

Under the same assumptions in defining (1.5), the integral operator 
J~,f3,r¡ is defined by 

J~,f3,r¡ f = r(~) 100 

(t- x)a-lca-!3 F (a+ (3, -r¡; a; 1- Í) j(t)dt. 

(l. 7) 

Later on in 1988, Saigo and Riana [17] obtained the generalized 
fractional integrals and derivatives introduced by Saigo [15], [16] of the 
system S~(x) where the general system of polynomials 

[n/q] ( ) 
sn(x) = '""' -n qr A xr 

q ~ 1 n,r r. 
r=O 

were defined by Srivastava [18], where q > O and n ~ O are integers, and 
An,r are arbitrary sequence of real or complex numbers. 
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2 Two Variable Analogues of Operators (1.5) 
and (1. 7) 

We define the two variable analogues of Saigo's operators (1.5) and 
(l. 7) as follows: 

34 

I. Let e > O, a, b, b' be real numbers. A two variable analogue of 
fractional integral operator Igf• 11 dueto M. Saigo is defined as , 

l a,b,b' ;e j ( ) 
1 O,x;O,y X' Y 

= z-av-; J,z J,Y( _ )c-1( _ )c-1 F [ a,b,b'; 1 -~· 1 -; ] J(u,v)dvdu. 
{r(c)} o o x u y v 1 e; 

SPECIAL CASES: 

(i) For a= b = b' =O, e= a, (2.1) reduces to 

1Ig:2;g;; f(x, y) =1 Ro,x;o,y f(x, y) 

(2.1) 

(2.2) 
=M fax 1Y(x-uy:r-1 (y-v)o:- 1 j(u,v) dvdu. 

Here (2.2) may be considered as a two variable analogue of 
Riemann - Liouville fractional integral operator Ro,x. 

(ii) For a= e= a, b = -r¡, b' = O, (2.1) becomes 

1I~·;;iJ·.0;o: f(x,y) = fEg,~~o.y f(x,y) 

- X-a-'ly-a z v( - )o:-1( - )o:-1 11J( )d d 
- {f(o:)}2 fo fo X U y V U U, V V U. 

(2.3) 

(iii) For a= e= a, b =O, b' = -r¡, (2.1) gives 

I o:,O,-r¡;o: J( ) _y Eo,r¡ J( ) 
1 O,x;O,y x,y -1 O,x;O,y x,y 

= x~;r:);~,., ¡; g(x- u)o:- 1(y- v)o:- 1v 11 j(u,v)dvdu. 
(2.4) 

Here (2.3) and (2.4) may be considered as two-variable 
analogues of Erdélyi-Kober fractional integral operator Eg,·~. 



Under the same conditions of (2.1), a two variable analogue 
of another fractional integral operator J(;,!:/' due to M. Saigo 
is defined as follows: 

Ja,b,b';c J(x y) _ 1 ¡=¡=( )c-1( )c-1 1 x,oo;y,oo , - {r(c)}2 ., Y u-x v-y 

[ 
a b b'·1-~ 1-11. ] . p ' ' ' u' v -a -a¡( )d d 1 U V U 1V V U. 

e· , 

SPECIAL CASES: 

(i) For a = b = b' =O, e= a, (2.5) reduces to 

1J2;~~t~oo f(x, Y) =1 L~,oo;y,oo f(x, y) 

(2.5) 

00 00 (2.6) 
= •1 ~ (u- xrl!-1 (v- y)a-1 f(u, v)dvdu. 

lt can be considered as a two variable analogue of Weyl 
fractional integral operator L~,oo· 

(ii) For a = e= a, b = -r¡, b' = O, (2.5) becomes 

1J(;,~?y~~ f(x, Y) = Í K(;,'!lo,y,oo f(x, y) 
(2.7) 

(iii) For a = e = a, b = O, b' = -r¡ (2.5) gives 

Ja,O,-r¡;a f(x y) - Y Ka,r¡ f(x y) 
1 ~,oo¡y,oo ' - 1 x,oo;y,oo ' 

(2.8) 

Here (2. 7) and (2.8) may be considered as two variable analogues 
of Erdélyi-Kober fractional integral operator K(;::lo· 

II. Let e > O, e' > O, a, b, b' be real numbers. Then a second two 
variable analogue of J~f·r¡ is as given below: 

l a,b,b';c,c'¡( ) x-ay-a z y e-l c'-1 
2 O,x;O,y X, Y = r(c)f(c') fofo (x-u) (y-v) 

F2 [ a,b,b:~1-~,1-~ ] J(u, v)dvdu. 
c,c 1 

(2.9) 

35 



36 

SPECIAL CASES: 

(i) For a = b = b' = O, e = a, e' = a', (2.9) reduces to 

2lg,'~';0d~;a' f(x, y) = 2R~,':~,y f(x, y) 

X y (2.10) 
= r(a)ha') 11 (x- u)a-1(y- v)a' - 1 f(u, v)dvdu. 

Here (2.10) may be taken as second two variable analogues 
of Riemann-Liouville fractional integral operator Rg x· For 
a' =a, (2.10) reduces to (2.2). ' 

(ii) For a = e = a, b = -r¡, b' = O, e' = a', (2.9) becomes 

I0:,-1],0;o:,a' J( ) _ x a,a' ,1J J( ) 
2 O,x;O,y x,y - 2EO,x;O,y x,y 

(2.11) 
-0:-7) -o: 

= ha)r(a') J; fJ'(x-u)"'- 1 (y-v)"''- 1 u'1f(u,v) dvdu. 

For a' =a, (2.11) reduces to (2.3). 

(iii) For a = e= a, b = O, b' = -r¡, e' = a, (2.9) gives 

a,O,-r¡;o:,o.' ( ) _ y o,a.l ,r¡ ( 
2Io,x;O,y f x,y - 2Eo,x;O,y f x,y) 

(2.12) 
-a: -0:-7J 

= xr(a~r(a') J; Jci'(x-u)"'- 1 (y-v)"''-lv') f(u,v) dvdu. 

For a' =a, (2.12) reduces to (2.4). 

Here (2.11) and (2.12) may be taken as second two variable 
analogues of Erdélyi-Kober fractional integral operator Eg,~r¡. 

Under the same conditions of (2.9), a second two variable analogue 
of J(;;t:J 11 is as defined below: 

Ja,b,b';c,c' J(x y)= 1 100 

¡oo(u _ x)c-1(v _ y)c'-1 
2 x,oo;y,oo ' r(c)r(c') 

X y 

(2.13) 

D [ a,b,b';1-~,1-~ ] -a -a J( ) d d .r2 , U V u, V V U. 
c,c j 



SPECIAL CASES: 

(i) For a= b = b' =O, e= a, e'= a', (2.13) reduces to 

J O,O,O;a,a1 J(x y) _ La,a1 J(x y) 
2 x,oo;y,oo ' - 2 x,oo;y,oo ' 

(2.14) 

We may consider (2.14) as second two variable analogues of 
Weyl fractional integral operator L~ 00 • For a' = a, (2.14) 
reduces to (2.6). ' 

(ii) For a= e= a, b = -r¡, b' =O, e' =a', (2.13) becomes 

O 1 1 

2 Ja·-"!· ;a,a J(x y) = x Ka,a _,r¡ J(x y) 
x,oo,y,oo ' 2 x,oo,y,oo ' 

(2.15) 
x"'~ ¡=¡oo a:-1 a- 1 -1 -o-ry -a: = f(a)r(al) z y (u-x) (v-y) U V f(u,v) dv du. 

For a' =a, (2.15) reduces to (2.7). 

(iii) For a= e= a, b =O, b' = -r¡, e' =a, (2.13) gives 

O 1 1 

Ja, ,-r¡;a,a J(x y) = Y Ka,a ,r¡ J(x y) 
2 x,oo;y,oo ' 2 x,oo;y,oo ' 

(2.16) 
y"'~ ¡oo oo a:-1 o: 1 -t -o: -a:-= f(a)f(al) z fy (u-x) (v-y) U V TI f(u,v) dvdu. 

For a'= a, (2.16) reduces to (2.8). 

We may consider (2.15) and (2.16) as second two variable analogues 
of Erdélyi-Kober fractional integral operator K~;~-

III. Let e > O, a, a', b, b' be real numbers. Then a third two variable 
analogue of Ig,f·r¡ is as follows: 

l a,a' ,b,b';c, J( ) {-av-; z y c-1 c-1 
3 O,x;O,y X, y = f(c)} fo fo (x-u) (y-v) 

(2.17) 
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SPECIAL CASES: 

(i) For a= a' = O, e= a, (2.17) reduces to 

I O,O,b;b' ,a J( ) _ Ra J( ) 
3 O,x;O,y X, Y - 1 O,x;O,y x, Y 

1 1x 1Y = {f(a)p 
0 0 

(x- u)a-1(y- v)a- 1 f(u,v) dvdu. 

which is (2.2). 

(ii) For a= e= a, a' =O, b = -r¡, (2.17) becomes 

¡a,O,-r¡,b';af( ) _ xEa,r¡ J( ) 
3 O,x;O,y X, Y - 3 O,x;O,y X, Y 

(2.18) 
-O:-'} 

= ~ f 0"' f¿'(x-u)"- 1 (y-v)"- 1 u'~ f(u,v) dvdu. 

(iii) For a= O, a' =e= a, b' = -r¡, (2.17) gives 

I O,a,b,-r¡;a J( ) _ yEa,r¡ J( ) 
3 O,x;O,y X, Y - 3 O,x;O,y X, Y 

(2.19) 
= {~(:~;2f0"' Jci'(x-u)a-l(y-v)a-lv'1 f(u,v) dvdu. 

Here (2.18) and (2.19) may be thought of as the third two variable 
analogues of Erdélyi-Kober fractional integral operator E~~r¡. 

Under the same conditions of (2.17), a third two variable analogue 
of J';;!·r¡ is as defined below: 

Ja,a' ,b,b' ;e f(x y) = (u _ x)c-1 (v _ y)c-1 1 100100 
3 x,oo;y,oo ' {f(e)}2 x Y 

(2.20) 

F3 [ a,a',b·:::1-~,1-~ ] u-av-a' f(u,v) dvdu. 

SPECIAL CASES: 

(i) For a = a' = O, and e = a, (2.20) reduces to 

JO,O,b,b';a f(x y) - La f(x y) 
3 x,oo;y,oo ' - 1 x,oo¡y,oo ' 

= M J,= JY=(u-x)a-l(v-y)a-l f(u,v) dv du 

which is (2.6). 



(ii) For a' = O, a = e= a, b = -r¡, (2.20) becomes 

3Ja,O,-:-r¡,b';a f(x y) = x Ka,r¡. f(x y) 
x,oo,y,oo ' 3 x,oo,y,oo ' 

(2.21) 

(iii) For a = O, a' = e= a, b' = -r¡, (2.20) gives 

JO,a,b,-r¡;a f(x y) = Y Ka,r¡ f(x y) 
3 x,oo;y,oo ' 3 x,oo;y,oo ' 

(2.22) 

Here (2.21) and (2.22) may be taken as the third two variable 
analogues of Erdélyi-Kober fractional integral operator Ki;~. 

IV Let e> O, e' > O, a, b be real numbers. Then a fourth two variable 
analogue of I~f·TJ is as defined below: 

' 

a,b;c,c' x-ay-a {x {y e-l c'-1 
4lo,x;O,y f(x, y) = f(e)f(e') lo lo (x-u) (y- v) 

(2.23) 

F4 [ a,b;l-~,l-~ ] f(u, v) dv du. 
c,c j. 

Under the same conditions of (2.23), afourth two variable analogue 
of J<;;/l¿TJ is as given below: 

1 roo /.00 4J::~~{oo f(x,y) = r(e)r(e') lx y (u- x)c-l(v- y)c'-l 

(2.24) 

D [ a,b;l-~,1-~ ] -a -a J( ) d d r4 
1 

U V U, V V U. 
c,c ; 

39 



3 In this Section Certain Theorems lnvolving 
the above Operators will be given 

Theorem 3.1. For functions f(x, y), g(x, y), f ( ~' ~) and g ( ~' ~) 
defined for O :::; x < oo, O :::; y < oo and e > O, we have 

a-e-1 a,b,b ;e 1
00100 (1 1) 1 

0 0 
(xy) f ;'y 1Io,x,O;y g(x, y)dy dx 

(3.1) 
_ a-e-1 a,b,b ;e 1

00100 (1 1) 1 -
0 0 

(xy) g ;'y 1Io,x,O;y f(x, y) dy dx 

provided that each double integral exists. 

Proof of Theorem 3.1 We have 

a-e-1 a,b,b1 ,e 1
00100 (1 1) 

0 0 
(xy) f ;'y 1Io,x;O,y g(x, y) dy dx 

- roo /.00 ( )a-e-1 f (1 1) (xy)-a 
- lx=O y=O xy ;'Y {f(c)}2 

!.u=x ¡v=y e-1 e-1 [ a,b,bl;1-"i-,1-1l ] 
u=O v=O (x-u) (y- v) H e; Y g(u,v) dvdu dydx 

= /.00 /.00 roo roo (xy)-e-1 f (.!., .!.) (x- u)e-1(y- v)e-1 

u=O v=Ojx=u}y=v {f(~} 2 
X y 

= roo roo roo /.00 (tw)-e-1 f (.!., ~) (t- py-1(w- qy-1 
Jp=O Jq=O lt=p w=q {f(c)}2 t w 

p 1 [ a,b,:1 : 1 -1f, 1 -~ ] g(p, q) dw dt dq dp 
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(using the property of definite integrals that lb f(x) dx =lb f(t) dt). 

n:r k h b . . 1 1 1 d 1 Th vve now ma e t e su st1tut10n p = -, q = -, t = - an w = -. en 
X y U V 

the above becomes 

1
00 100 

( )a-e-1 ( 1 1) (xy)-a = xy g -,- 2 
x=O y=O X y {r(e)} 

ru=x r=y (x- u)e- 1 (y- vy-1 F¡ [ a,b,b
1

.;
1-;-'1-; ] f(u, v) dvdu dydx 

lu=O lv=O e, 

= roo roo (xy)a-e-1 f (.!., .!.) 1[~:;;~1.: f(x,y) dydx 
lx=O }y=O X Y 

This completes the proof of Theorem 3.1. Similarly, we can prove 
the theorems 3.2 to 3.8. 

Theorem 3.2. Under the conditions stated in theorem 3.1, we have 

(xy)a-e-1¡ -,- 1r,b,~;e g(x,y)dydx 1
00 100 

( 1 1) 1 
O O X Y x,oo,y,oo 

(3.2) 

= (xy)a-e-1g - - Ja,b,~ ,e f(x y) dy dx 1
00100 (1 1) l. 

0 
Ó X' Y 1 x,oo,y,oo ' 

provided that each double integral exists. 

. (1 1) (1 1) Theorem 3.3. For functwns f(x,y),g(x,y),J ;'y and g ;'y 
defined forO ::; x < oo, O ::; y < oo ande> O, e' > O, we have 

xa-e-1ya-e -1 f -,- 2r•: ;e,c g(x,y) dydx 1
00 ¡00 

1 ( 1 1) b bl 1 

O O X y O,x,O,y 

(3.3) 

= 1oo1oo xa-c-1ya-e~-1g (.!.,.!.) 2r,b:bl;e,clf(x,y) dydx 
O O X y O,x,O,y 
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provided that eaeh double integral exists. 

Theorem 3.4. Under the eonditions stated in theorem 3.3, we have 

1oo 1oo Xa-e-1ya-e~-1 f (~, t) 2J~;~~~~~~ g(x, y) dy dx 

(3.4) 

provided that eaeh double integral exists. 

Theorem 3.5. For funetions f(x, y), g(x, y), f (~. ~) and g (~. ~) 
X y . X y 

defined forO :S x < oo, O :S y< oo ande> O, we have 

a-e-1 a -e-1¡ _ _ ¡a,a, , ;e ( ) d d ¡00 ¡00 
1 ( 1 1) 1 b b' 

X Y ' 3 O x·O y g X, Y Y X 
O O X Y ' ' ' 

(3.5) 

_ a-e-1 a -e-1 _ _ ¡a,a , , ;ej( ) d d ¡00 ¡00 
1 ( 1 1) 1 b bl - X y g , 3 o x·O y X, y y X 

O O X Y ' ' ' 

provided that eaeh double integral exists. 

Theorem 3.6. Under the eonditions stated in theorem 3.5, we have 

(3.6) 

provided that eaeh double integral exists. 

Theorem3.7. Forfunetionsf(x,y), g(x,y), !(~·t) andg(~·t) 
defined forO:::; x < oo, O:::; y< oo ande> O, e' >O, we have 
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xa-c-1ya-c-1¡ -,- 4¡a,b:c,c g(x,y) dydx ¡ 00 ¡00 1 ( 1 1) 1 

O O X y O,x,O,y 

(3.7) _ ¡00 ¡00 
a-c-1 a-c1 -1 ( 1 1) - X y g -,-

O <;J X y 
I a,b:c;c

1 J( ) d d 
4 O,x;O,y X, y y X 

provided that each double integral exists. 

Theorem 3.8. Under the conditions stated in theorem 3. 7, we have 

(3.8) 

provided that each double integral exists. 

From these theorems certain interesting corollaries follow reedily for 
the operators (2.2), (2.3), (2.4), (2.6), (2. 7), (2.8), (2.10), (2,11), (2,14), 
(2.15), (2.16), (2.18), (2.19), (2.21) and (2.22). Further, we can prove 
the following theorems: 

Theorem 3. 9. If 

and 'll(x,y) = 1Ig,';;~~.~ f(x,y) for e> O, then we have 

'l!(x, y) = 1oo 1oo s>--1t¡.¡,-1g(s, t) 

[ 

(ap):(bq);(cr)i l 
¡a,b,b1 ;c >.-1 ¡.¡,-1Fp:q;r dtd 

1 O,x;O,y X y l:m;n sx, ty S 

(at):(¡J,);{'Yn)i 

provided that the double integrals involved exist. 

(3.9) 
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Proof of Theorem 3.9 We have 

.T. ( ) 1a,b,b' ;cf( ) 
'J.' X, Y = 1 O,x;O,y X, Y 

= ¡~~~~}a2 1x 1Y (x- u)c-1(y- v)e- 1 F1 [ a,b,:': 1 -~' 1 -~ ] f(u, v)dv du 

= ¡~~~~}a2 1x 1Y (x _ u)e-1(y _ v)e-1 p 1 [ a,b,:';;1-~,1-~ ] 

_ xy .x-1 JL-1 ( ) -a 1oo 1oo 
- {f(c)}2 o o s t g(s, t) 

[ 

a b b'·1-.!!. 1-.!!. ] . . [ (ap):(b.);(cr); l 
F '' ' "'' Y Fp.q,r su,tv dvdudtds 

1 e; l:m;n 
(al): (.Bm );('Yn); 

[ 

(ap):(bq);(er); l 
l a,b,b' ;e .X-1 JL-1pp:q;r sx, ty dt ds. 

1 O,x;O,y X Y l:m;n 

(at):(.Bm);('Yn); 

This completes the proof Theorem 3.9. Similarly, we can prove theorem 
3.10. 

Theorem 3.10. Jf 

f(x,y) = 100 100

(sx).X-l(ty)IL-1FJ'!\: [ (ap):(b.);(er); sx,ty] g(s,t)dtds 

O O (at):(.Bm);('Yn); 

and 'll(x, y) = 1J~;i;;~,;~ f(x, y) for e> O, then 
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[ 

(ap):(bq);(er); l 
a, b, b'; e >.-1 p.-1 p:q;r 

1 Jx,=;y,oo X Y Fl:m;n sx, ty dt ds 
(at):(¡3m);("Yn); 

(3.10) 

provided that the double integrals involved exist. 

Results similar to (3.9) and (3.10) hold for other operators (2.9), 
(2.13), (2.17), (2.20), (2.23) and (2.24) also from which similar results 
for other operators can easily be deduced as particular cases. 

4 Results Analogues to Integration by Parts 

Certain results analogues to integration by parts for the operators 
(2.1), (2.5), (2.9), (2.13), (2.17), (2.20), (2.23) and (2.24) are given in 
this section in the form of the following theorems: 

Theorem 4.1. For functions of two variables f(x, y) and g(x, y) defined 
in the positive quadrant of the xy-plane ande> O, we have 

~o= ~o= f(xy) 1l~,':'o~~ e g(x, y)dy dx 

=loo 1
00 

g(xy) 1J::~;t;::0 f(x,y)dydx 

provided that each double integral exists. 

Proof of Theorem 4.1 We have 

~o= fooo f(x, y) 1/~.·!;g:~e g(x, y)dy dx 

roo roo (xy)-a 
=lo lo f(x,y) {f(c)}2 

( 4.1) 

ru=x ¡v=y (x- u)e- 1 (y- v)e-1 F1 [ a,b,:'~ 1 -~' 1 -~ ] g(u, v) dvdu dydx 
lu=O lv=O ' 
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r)Q roo roo roo (xy)-a 
= lu=O lv=O lx=u Jy=v {f(e)}2 f(x, y)(x- u)e-

1
(y- v)e-

1 

F1 [ a,b,:';; 1 -~' 1 -~ ] g(u, v) dydx dvdu 

roo roo 1 
= lu=O lv=O g(u, v) {f(e)}2 

roo roo (x-u)"-l(y-v)c-1 F¡ [ 

lx=u }y=v 

a,b,b';l-.;-,1-~ 

e; 
] x-a y-a f(x,y) dydx dvdu 

= rJ() roo g(u,v)1J~:~~~~oo f(u,v)dvdu 
lu=O lv=O 

This completes the proof of Theorem 4.1. Similarly, we can prove theo
rems 4.2, 4.3 and 4.4. 

Theorem 4.2. For functions of two variables f(x, y) and g(x, y) defined 
in the positive quadrant of the xy-plane ande> O, e' > O, we have 

100100 a ,b ,b' ¡e ,e' 

0 0 
f(x, y) 2Io,x;O,y g(x, y)dy dx 

= 100 100 

g(x, y) 2J::!;¿;~,;:;/ f(x, y)dy dx 

provided that each double integral exists. 

(4.2) 

Theorem 4.3. Under the conditions stated in theorem 4.1, we have 

100 100 

f(x, y)Jig:::o~~b';e g(x, y)dy dx 

= 100 100 

g(x, y)JJ::!;·y~-!; e f(x, y)dy dx 

provided that each double integral exists. 
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(4.3) 



Theorem 4.4. Under the conditions stated in theorem 4.2, we have 

1= 100 

f(x,y)4I;:~;~:~ g(x,y)dydx 

= 100100 

g(x,y)4J:;!;~,~ f(x,y)dydx 

provided that each double integral exists. 

( 4.4) 

From the theorems of this seetion eertain interesting eorollaries read
ily follow for the operators (2.2), (2.3), (2.4), (2.6), (2.7), (2.8), (2.10), 
(2.11), (2.14), (2.15), (2.16), (2.18), (2.19), (2.21) and (2.22). 
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