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Abstract

The present papers deals with three variable analogue of
Boas and Buck [14] type generating functions for
polynomials of two variables and then the same has been
extended for m-variable analogue. The results obtained are
extensions of those obtained by us in our earlier paper [14].
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1. Introduction

Extending the results of Boas and Buck [14] the present authors [14]
considered two-variable analogues of certain theorems given by Boas and
Buck. Let P,(x,y) be a polynomial in two variables defined by means
of the generating functions of the form

oo

A(t)¢(xH (8)(yH (1)) = ;Pn(% y)t” (1.1)
and
¢(t)§:0% ", 0 # 0 (1.2)
w(t)Zni)% t", b0 # 0 (1.3)
A(t):ni:;an ", ag £ 0 (1.4)
H(t) = ihn "2 by £ 0 (1.5)
=0

Then the following theorems analogous to those obtained by Boas and
Buck [14] hold for two variable polynomials:

Theorem A. If P,(z,y) is defined by (1.1) with (1.2), (1.3), (1.4) and

(1.5) holding, P,(z,y) is a polynomial in z and y and P,(z,y) is of
degree precisely n if and only if 7, # 0 and §,, # 0.
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Three variable analogue of Boas and Buck type generating functions

Theorem B. For the polynomials P, (z,y) defined by (1.1) with (1.2),
(1.3), (1.4) and (1.5) holding, and 7, # 0, d, # 0, there exist sequences
of numbers ay, and §; such that, forn > 1,

( 36x yg?)Pn(”f’y)—” Py(z,y)

n—1

==Y ok Poo1k(w,y)— Z/Bk( +y§>Pn—1—k(1‘,y)
= (1.6)
Indeed,
tA’ Zantn+1 (1_7)
tH'(t) nt1
i) _1+Zﬁt+ (1.8)

n=0

In our earlier paper [14], a function extension was given by considering
the generating relation

At)p(xH () + g(t))p(yH (1) an (z,p)t"  (1.9)
In which
= Z’Vn tn7 Yo 7£ 0 (1]‘0)
n=0
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=Y 6 t", G # 0 (1.11)
n=0
At) = ant", ag # 0 (1.12)
n=0
=S bt By £ 0 (1.13)
n=0
o0
)= g t"" (1.14)
n=0
and -
r t) = Zrn tn+2 (115)
n=0

The following theorems were proved to hold:

Theorem C. If P, (x,y) is defined by (1.9) with (1.10), (1.11), (1.12),
(1.13), (1.14) and (1.15) holding, f,(x,y) is a polynomial in 2 and y and
fn(z,y) is of degree precisely n if and only if v, # 0 and d6,, # O.

Theorem D. For the polynomials f, (z,y) defined by (1.9) with (1.10),
(1.11), (1.12), (1.13), (1.14) and (1.15) holding, and v, # 0,5, # O,
there exist sequences of numbers ay, Bk, Ap and pg such that, forn > 1

:_Zak Jn—1- kajy ZBk( +yaa> fnflfk(xay>
:_Z<)‘k+ﬂka>fn 1-k(7,y) (1.16)
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Three variable analogue of Boas and Buck type generating functions

Indeed,
tj(g) = éant"“ (1.17)
tf[/(g) =1+ gﬁnt"“ (1.18)
g(%) = 2/\“75”“ (1.19)
’Z/((f)) = Ti pint™ ! (1.20)

2. Main Results

Here we obtain three variable analogues of theorems A, B, C' and D
mentioned above. Let P,(z1,x2,z3) be a polynomial in three variables
defined by means of the generating functions of the form

A(t) ¢1(.Z‘1H(t)) ¢2($2H(t>) ¢3($3H(t>) = ZPn(.’L‘l,l‘Q,l‘g)tn (2.1)

n=0

and .
()= mt" 0 # 0 (2.2)

n=0
Ga(t) =D 0ut", by # 0 (2.3)

n=0
¢3(t) = Z >\n tn’ )\0 7£ 0 (24)

n=0
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At) = ant", ag # 0 (2.5)
n=0

)= ht"" % by # 0 (2.6)
n=0

Then the following theorem holds:

Theorem 1. If P, (21,22, z3) in defined by (2.1), with (2.2), (2.3), (2.4),
(2.5) and (2.6) holding, P, (x1,x2,x3) is a polynomial in x1, xo and x3
and P, (z1,x2, x3) is of degree precisely n if and only if v, # 0,6, # 0
and A\, # 0.

Proof: Let

oo oo o0

P, (z1,22,3) ZZZSkrsn ) ¥ o x

k=0 r=0 s=0
(2.7)

A(t) ¢r(x1H(t)) ¢2(x2H (1)) ¢3(wsH(T))

:i ZZSkrsn ) ok ah af

0r=0 s=0

so that m partial differentiations with respect to x1, followed by putting
x1 =0, yields
A(t) [H@O)™ ¢ (0) da(w2H (1)) da(raH (1))

oo o0 XX

=230 (mh) S(m,rs,m) afaf " (25)

n=0r=0 s=0
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Three variable analogue of Boas and Buck type generating functions

Similarly, m partial differentiation of (2.8) with respect to x2, followed
by putting x2 = 0, gives

A() [HOPP™ 6{™(0) 657 (0) ds(z3H (1))

= Z Z (m)? S(m,m, s,n) x§ t" (2.9)

Again, m partial differentiation of (2.9) with respect to x3, followed by
putting x3 = 0, gives

A() [H(#)]P™ ™ (0) 5™ (0) 4™ (0) = i (m))® S(m, m, m,n) t"
" (2.10)
Because of (2.2)-(2.6), one can write (2.10) as
A(t) [H(@)P™ 6™ (0) 65 (0) ¢5™ (0)
=ag B3™ t™ Y O Am (M) + i C(m,m,m,n) t",  (2.11)
n=m-41

In which the precise nature of C(m,m, m,n) is not important to us.

Comparison of (2.10) and (2.11) leads to
s(m,m,m,n) =0  forn < m (2.12)

s(m,m,m,n) = ao hd™ Y SmAm (2.13)

The condition (2.12) shows that P,(z1,22,x3) is a polynomial of de-
gree < n. The condition (2.13) with 3m replace by n, shows that
P, (x1,x2,x3) is of degree precisely n if and only if v, # 0, d, # 0,
An # 0, since aphg # 0 by (2.5) and (2.6).
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Theorem 2. For polynomials P, (x1,x2, x3) defined by (2.1), with (2.2),
(2.3), (2.4), (2.5) and (2.6) holding, and ~,, # 0, é, # 0, A, # 0, there
exist sequences of numbers aj and S such that, for n > 1

0 0 0
(xlaxl + xga—m + x38> Po(x1,x9,x3)—nPy (21,22, 23)

€T3
n—1
=— E apPn_1-k(z1, 2, x3)
k=0

n—1
0 0 0
_ E B (3716951 +xo— + 1‘3) Pnflfk(ml,xg,l'g) (2.14)
k=0

81‘2 81‘3
Indeed,
tAM) o~
Ol nz;;oznt +1 (2.15)
tgg) =1+ nz:% Bttt (2.16)
Proof: Let
F = A(t) ¢1(z1H(t) ¢2(x2H (1)) ¢s3(z3H (1)) (2.17)
Then oF
pre H()A(t) ¢y b2 b3 (2.18)
OF
B H()A(t) ¢1 ¢ b3 (2.19)
oF ,
pre H(t)A(t) ¢1 ¢2 ¢35 (2:20)
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Three variable analogue of Boas and Buck type generating functions

% = A'(t) ¢1 ¢2 P3
a1 H' (t)A(t) ¢} ¢2 ¢34 x2H'(t)A(t) ¢1 ¢y b3+ x3H'(t)A(t) ¢1 b2 d3

(2.21)

Eliminating ¢1, ¢}, ¢2, ¢5, ¢3 and ¢4 with the aid of (2.17), (2.18),
(2.19), (2.20) and (2.21), the result may be written in the form

tH' () [ OF OF aF] 7 (PO

o "0 Mmoot T T AW

If we define v, and §,, by (2.15) and (2.16) and recall that

F = Z Pn(l‘l,l‘g,xg)t"

n=0
equation (2.22) leads us to
> x> ) ) ) ]
1+ nz_:oﬁntnﬂl LZ_:O <9618J31 3 +r35— B3 ) P (21, z2, z3)t"

- -
an(ﬂfhiz,fl?s)t
n=0

—ZnP x1,x9, x3)t" = [Za t"+1]

or

> 0 0 0
Z |:<1:18$1 +x287$2 +I38{I]3> Pn(xlvx27x3) - npn('rlax27x3):| tn
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o0 n
= _ Z Z P (z1, 22, xS)tn—H

n=0 k=0

- Z Bk (xl +To— +x3— ) Po_k(z1, 29, 23)t" !
= Oxo Ozs

n=0

0 —1
—E E apPn_1_p(x1, 2, x3)t"
k=0

n=1 k=
co n—1
0 0 n
—ZZﬁk .’L‘l +.’)32 +l‘3 Pnflfk(l'hl‘z,{)?g)t (223)
0x4 0xs

n=1 k=0

from which the result given below follows at once:

0 0 0
<x13z1+ 28 +x3a 3>Pn(xl,xg,xg)—npn($17$2,3?3)

n—1

== > arPu1 (71,72, 73)

k=0
n—1
_I; Bk <£U18x1 6 + T3 — O3 > Pnflfk($1,$2,$3) (2.24)

It is important that the oy and Sy in (2.24) are independent of n.
Example: Consider the polynomials f,(z1,x2,z3) of [13] in which

o 2] 5] [ ] - E o
(2.25)

The f, (1,22, x3) fit into the Boas & Buck theory with

—4t
(1)

Aty =1 =)~ H(t)=
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Three variable analogue of Boas and Buck type generating functions

tA/ / 0
Z " 7) =14 2t"*!
n=0

Hence a,, = ¢, 8, = 2 and the relation (2.24) becomes

(30188361 + xz% + 363381,3) Pp(x1, 2, x3) =Py (21, 22, 23)

n—1
= —¢C Z fr—1-k(@1, 22, 23)
k=0

n—1

0 0]
*22 <:C1 +x 26 +x ,3a 3) fn—l—k(xlvl?a’r:s) (226)

which is equation (3.6) of theorem of [13] with the right member written
in reverse order.

The Boas and Buck type work obtained in the present paper for
three variable polynomials applies to polynomials considered in [11] and
[13] but not to those of [9].

3. An Extension

Consider the generating relation

A(t)pr[ar H(t) + g(t)] ¢or2H (1) + q(t)]ds[xs H(t) + r(t)]
= falar, wo, za)t" (3.1)
n=0

In which -
= Z'Yn ", Yo # 0 (32)
n=0
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d(l) = 26" " S £ 0 (3.3)

3(t) = g)xn ", Ao # 0 (3.4)

A(t) = ian ", ay # 0 (3.5)
=0

H(t) = ihn "5 hy # 0 (3.6)
n=0

g9(t) = i%gn s (3.7)

q(t) = ni_oqn ¢t (3.8)

and

r(t) = f: Ty 7 (3.9)

=0

Note that g(t), ¢(t) and r(t) are permitted to be identically zero.
It is not necessary to require that ¢’(0) = 0, ¢’(0) = 0 and 7/(0) = 0, but
these involve no loss of generality.

Theorem 3. If f,,(x1, 2, x3) is defined by (3.1) with (3.2)-(3.9) holding,

fn(x1,22,23) is a polynomial in 1, 2 and x3, and f,(x1,x2,x3) is of
degree precisely n if and only if v, # 0, d,, # 0 and A, # 0.
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Three variable analogue of Boas and Buck type generating functions

Proof: The Proof is similar to that of theorem 1. Put

[o olNe O lNe o)

fo(z1, 22, 3) ZZZ (k, 7, §,n)z? b x)

k=0 r=0 j=0

Then

A(t)pr[z1 H(t)+g(t)] dolraH (t)4-q(t)]pslws H () +r(t)]

=333 slkargim)at af it

n=0 k=0 r=0 j=0

(3.10)

from which m times partial differentiation with respect to x; followed by
putting 1 = 0 and then m times partial differentiation with respect to
xo followed by putting x5 = 0 and finally m times partial differentiation

with respect to x3 followed by putting x3 = 0, yields

(e}

AHE™ 6™ [g(0] 5 a1 5™ r(®)] = 3 (m)*s(m, m, m, n)t"

n=0

Because of (3.2)-(3.9), we obtain

AGHEBP™ ¢ [g(6)] 65 [a(t)] 5™ [r(t)]
= aphd™ (M) Y Om Amt™ = i e(m, m, m,n)t"

n=m-+1

In which the nature of ¢(m,m, m,n) is not important to us.

Comparison of (3.11) and (3.12) leads to
s(m,m,m,n) =0, form<m

s(m,m,m,m) = aohgm'ymém)\m

Pro Mathematica, 26, 51-52 (2012), 11-33 ISSN 1012-3938
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from which the conclusions in theorem 3 follow.
Theorem 4. For polynomial f,(z1, 22, x3) defined by (3.1), with (3.2)-

(3.9) holding and ~, # 0, 6, # 0, A\, # 0, there exist sequences of
numbers ay, Bk, Vg, O and py such that, for n > 1

0 0 0
(mlazl + flczafz2 + 1‘38I3> fn(@r, @2, 23)—nfr (21, x2, 73)

n—1
= - Z g fr—1—k(T1, T2, x3)

k=0

n—1
0 0 0
- E B (9618 +$278 +$3> Jn—1-k(x1, 22, 23)
Pt 1 To Oxs

n—1
0 o )
_ ];) (Vk(?:cl + chaix2 + Mk(’hg) fr—1-k(z1, 22, 23) (3.15)
Indeed,
LA'() N~ e
=2 omt” 3.16
a2 (3.16)
tH' (1) 0 )
=1+ But"" 2.17
a2 (217)
tg'(t) _ N~ ni
=2 vl 3.18
)~ 2 (3.15)
tql<t) o0 )
=D Ont"™" 3.19
H(t) nZ:o (3.19)
tr'(t) -
=2 pnt" 3.20
H(t) ,;)“ (3.20)
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Three variable analogue of Boas and Buck type generating functions

Proof: Let

F=At)p1[x1 H(t) + g(t)] p2lzaH () + q(t)]|ps[zsH(t) +r(t)] (3.21)

Then O _ H)Aw) 6, 6 s (3.22)
0z
I~ HOAW) b1 o4 05 323)
I~ HOAW) 1 2 0} (524
OF _ 2t) b1 62 09

+ A2 H'(t) + 9/ ()] ¢ 62 ds + A(t)[v2H'(t) + ¢'(t)] ¢1 ¢ b3

+A(t)[xsH' (t)+7'(t)] 1 P2 P4
(3.25)

Eliminating ¢1, ¢}, ¢2, @5, ¢3 and ¢5 from (3.21)-(3.25), we obtain

citH'(t)  tg'(t)] OF [aotH'(t) tq(t)] OF
[ H(t) H(t)}&m [ H(t) H(t)]axz

F (3.26)

n [:E;;tH’(t) tr’(t)] or  OF _ tA'(Y)

H@) | H@) | om0t AQ)

Since

F = Z fn(xl,.ng,l’g)tn
n=0

It follows from (3.26) with the aid of (3.16)-(3.20) that

n+1 g 0 A .
(1 + ;@Lt ) [Z <l’1 B, + 9 By + z3 8353) fo(z1, 22, 23)t ]

n=0
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n=0

+ (Z unt"H) <Z %fn(:ﬁl; xz,xs)t”> = nful(wr, T, 23)"

> 9 ) 9 .
> leaxl +aag +x38x3> fn(@1, @2, 23) — ”fn($1;332am3):| t

=_ 2_: Z H(mﬁk + l/k)ail_l + (228 + 9;6)5%2 + (z3Bk + uk)aig)}

fr—k(@1, 22, 23) +ou froop(@1, w2, 23)] "1

from which (3.15) follows after a shift from n to n-1 on the right.

The polynomials g, (x1, z2,23) of [9] fit into the above scheme with
an,=0, 8,=0, vy=-1, v,=0, 6y=-1, 6,,=0, po=-1, u,=0 for n > 1.
4. Generalization to m-Variable

Here we obtain m-variable analogues of theorems 1, 2, 3 and 4 men-
tioned above. Let P,(x1,%2, - ,&;) be a polynomial in m-variables
defined by means of the generating functions of the form
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Three variable analogue of Boas and Buck type generating functions

A(t) H d)j(.’l?jH(ﬁ)) = Z Pn(acl,mg, tee ,.’Em)tn (41)

and

¢i(t) = Yjm t", Yo # 0:j=1,2,---,m (42)
n=0

At) = ian t", ap # 0 (4.3)
n=0

H(t) = ihn "t hg #£ 0 (4.4)
n=0

Then the following theorem holds:

Theorem 5. If P,(x1,22, - ,2Zm) in defined by (4.1), with (4.2),
(4.3) and (4.4) holding, P, (z1,22, - , &) is a polynomial in zq, za,
<+, Ty and P, (21,29, - ,Ty,) is of degree precisely n if and only if
Yin #F 05 7=12,--- ,m.

Theorem 6. For polynomials P, (x1, 2, - , &) defined by (4.1), with

(4.2), (4.3) and (4.4) holding, and v;, #0; j=1,2,--- ,m, there exist
sequences of numbers ay and i such that, for n > 1.

m

0
ijT Pn(mlax%"' ,IL’,n)*Tan(l’l,il?Q,"' axm)
=1 o

n—1 n—1 m 9
= - E apPp_i—p(x1, @2, ) — E Bk E Tig
k=0 k=0 =1 J

Py _p(xy, 20, ,2)  (4.5)
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Indeed,
tA’
Z "t (4.6)
tH !
=1+ Z Bt (4.7)
Example: Consider the polynomials f,(z1, 22, , Zy,) of [13] in which

m

(1—1)~ H¢J [ Zix] ] an Ty, Lo, Ty )" (4.8)

The fp(z1,22, -, %) fit into the Boas & Buck theory with

., —4t
Alty=(1-t)~¢ H({) T

tA'(t) — 3 1 tH'(t) _ - n+1
o ZB iany T 1 —&—;%

Hence a,, = ¢, 8, = 2 and the relation (4.5) becomes

0
ZT .Tl,mg, 7xm)7npn(l'1yz23"' ,Im)

n—1

n—1 m )
:_Can—l—k(x1,xg,-~- ,xm)—2z Zx](??
k=0 |j=1 J

k=0

Jo—1—k(x1, 22, @) (4.9)

28 Pro Mathematica, 26, 51-52 (2012), 11-33 ISSN 1012-3938



Three variable analogue of Boas and Buck type generating functions

which is equation (3.6) of theorem of [13] with the right member written
in reverse order.

The Boas and Buck type work obtained in the present paper for m-
variable polynomials applies to polynomials considered in [11] and [13]
but not to those of [9].

5. An Extension

Consider the generating relation

A(t) H ¢J[ H( +g] Z fn T1,T2," 7xﬂ1)tn (51)
j=1
In which
ZZ’Yj,n ", o #F 05 5=12,---.m (5.2)
= ant", ag # 0 (5.3)
n=0
s 1
)= hyt"Tw, ho # 0 (5.4)
o0
t):Zgjm tn+2;j:1’2’...7m (55)
n=0

Note that g;(¢t) ; j = 1,2,---,m are permitted to be identically zero.
It is not necessary to require that ¢7(0) =0; j=1,2,--- ,m but these
involve no loss of generality.
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Theorem 7. If f,(x1, 22, - ,zpn) is defined by (5.1) with (5.2), (5.3),
(5.4) and (5.5) holding, f,(z1,22, - ,Zm) is a polynomial in z1, 3, -,
T, and fr(x1, 2, -+ ,2py) is of degree precisely n if and only if -y, ,, #
0;7=,2,---,m

Theorem 8. For polynomial f,(x1,29,: -+ ,x,,) defined by (5.1) with
(5.2), (5.3), (5.4) and (5.5) holding and v;, #0; j=1,2,--- ,m, there
exist sequences of numbers ay, Bx and uy such that, for n > 1

ija fn x17x27 7xm)_nfn(x17x27"‘ »xm)

n—1
=— Z apfo—1-k(T1, T2, , Tm)

n—1 m 9
_Zﬁk ij% fnflfk:(x17x27"' 7xm)
k=0 j=1 J

n—1 m 6
B Z Z:ujai fn—l—k(xlvx% T 7:17771) (56)
Y Ly
k=0 |[j=1
Indeed,
tA’
Zant" (5.7)
tH’
=1+ Zﬁ A (5.8)
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Three variable analogue of Boas and Buck type generating functions

tgi(t) & .
= ,u',ntn y = 1527"' , M (59)
A 2

The polynomials g, (21, za, - ,Zm) of [9] fit into the above scheme

with o, =0, 8,=0, pjo0=—-1;and pj, =0; j=1,2,--- ,mforn > 1.
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Three variable analogue of Boas and Buck type generating functions

Resumen

El presente articulo trata el andlogo de tres variables de la funcién gene-
ratriz de Boas and Buck [14] para polinomios de dos variables y lo
mismo se puede extender para el andlogo de m variables. Los resultados

obtenidos son extensiones de un articulo previo [14].

Palabras Clave: Funciones Generatrices del tipo Boas y Buck, conjuntos de

polinomios de tres variables, conjuntos de polinomios de m variables.
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