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Abstract

Popa [13] introduced the notion of rare continuity. In the
same spirit, we introduce a new class of functions called
rarely B0-continuous functions by utilizing the notion of
B-0-open sets. We also investigate some of its fundamental
properties. This type of continuity is stronger that rare
B-continuity [9].
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1. Introduction and Preliminaries

Popa [13] introduced the notion of rarely continuity as a generaliza-
tion of weak continuity [10] which has been further investigated by Long
and Herrington [11] and Jafari [7] and [8]. Jafari [9] also generalized the
notion of rare continuity to rare [-continuity by involving the notion
of pB-open sets. The purpose of the present paper is to introduce the
concept of rare Sf-continuity in topological spaces as a notion stronger
of rare f-continuity by utilizing the notion of -6-open sets introduced
by Noiri [12] and investigated also by Caldas [3, 5, 4, 6]. We investigate
several properties of rarely S6-continuous functions. The notion of I.36-
continuity is also introduced which is stronger than rare S6-continuity.

Throughout this paper, (X,7) and (Y,o0) (or simply, X and Y)
denote topological spaces on which no separation axioms are assumed
unless explicitly stated. Abd El Monsef et al. [1] and Andrijevi¢ [2] in-
troduced the notion of S-open set, which Andrijevi¢ called semipreopen,
completely independent of each other. In this paper, we adopt the word
B-open for the sake of clarity. A subset A of a topological space (X, 7)
is called f-open if A C Cl(Int(CI(A))), where CI(A) and Int(A) de-
note the closure and the interior of A, respectively. The complement
of a fB-open set is called S-closed. The intersection of all S-closed sets
containing A is called the f-closure of A and is denoted by SCI(A).
The family of all open and S-open sets will be denoted by O(X) and
BO(X) respectively. We set O(X,z) = {U | ¢ € U € O(X)} and
BO(X,z) ={U |z € U € BO(X)}. Recall that a rare set is a set R such
that Int(R) = 0.

Now we begin to recall some known notions which will be used in
the sequel.

Definition 1. [12]. Let A a subset of X. The (-0-closure of A, denoted
by BClg(A), is the set of all x € X such that BCI(O)N A # () for every
O € BO(X,x). A subset A is called S-0-closed if A= BClg(A). The set
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{z € X | BCly(O) C A for some O € BO(X,x)} is called the 3 f-interior
of A and is denoted by BIntg(A). A subset A is called 3-6-open if A =
BIntg(A). The family of all 5-0-open sets will be denoted by BOO(X).
We set fOO(X,z) ={U |z € U € pOO(X)}.

The following theorem is know and given by Noiri [12].

Theorem 1.1. For any subset A of X:

(1) BCly(BCly(A)) = BCly(A).
(2) BCly(A) is B-0-closed.

(8) Intersection of arbitrary collection of B-0-closed set in X is [5-0-
closed.

(4) BClg(A) is the intersection of all B-0-closed sets each containing
A.
(5) If A € BO(X) then, BCI(A) = SClg(A).
Definition 2. A function f: X —Y is called:

i) Weakly continuous [10] (resp. weakly-B0-continuous [12]) if for
each © € X and each open set G containing f(x), there exists

UeOX,z) (resp. U € pOO(X,x)) such that f(U) C CI(G).

it) Rarely continuous [13]( resp. rarely B-continous [9]) if for each
x € X and each G € O(Y, f(x)), there exist a rare set Rg with
GNClURg) =0 and U € O(X,z) (resp. U € BO(X,x) such that
f(U) C GURg.

2. Rare (6-continuity

Definition 3. A function f : X — Y is called rarely 36-continuous if
for each x € X and each G € O(Y, f(x)), there exist a rare set Rg with
GNCIl(Rg) =0 and U € BYO(X,x) such that f(U) C GU Rg.
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By V. Popa and T. Noiri [[14], Remark 2.6], S. Jafari [9] and Defi-
nition 2, we obtained the following diagram:

continuity — weak continuity — rare continuity

¢

rare f0-continuity — rare [-continuity

Example 2.1. (I) Let X = {a,b,c}, 7 = {0, X, {a},{a,b}}, o0 = {0, X,
{a},{b},{a,b}} and let f : (X,7) = (X, 0) be the identity function. We
obtain:

BO(X,7) =10, X,{a},{a,b},{a,c}}= BOO(X,T).

Then, f is not continuous and not rarely f6-Continuous, but it is weakly
continuous, rarely continuous and rarely  Continuous.

() Let X ={a,b,c}, 7 = {0, X, {c},{a,b}}, 0 = {0, X, {a}, {0}, {a, b}}
and let f: (X,7) = (X, 0) be the identity function. We obtain:

BO(X,7) = BOO(X,7) = {0, X, {a}, {b},{c}, {a, b}, {a,c}, {b, c}}

Then, f is not rarely continuous but, f is rarely 50-Continuous.
Theorem 2.2. The following statements are equivalent for a function
f:X—>Y:

(1) f is rarely B0-continuous at x € X.

(2) For each set G € O(Y, f(x)), there exists U € BOO(X, x) such that
Int[f(U)N(Y\G)] = 0.

(3) For each set G € O(Y, f(x)), there exists U € BOO(X, x) such that
Int[f(U)] C CU(G).

(4) For each G € O(Y, f(x)), there exists a rare set Rg with G N
Cl(Rg) = 0 such that x € BInty(f~1(GU Rg)).

(5) For each G € O(Y, f(x)), there exists a rare set Rg with C1(G) N
R = 0 such that x € BInty(f~1(CI(G) U Rg)).
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(6) For each G € RO(Y, f(x)), there exists a rare set Rg with G N
Cl(Rg) = 0 such that x € BInty(f~1(GU Rg)).

Proof.

(1) = (2) : Let G € O(Y, f(z)). By f(z) € G C Int(Cl(G)) and the
fact that Int(Cl(G)) € O(Y, f(x)), there exist a rare set Rg with
Int(Cl(G)) N Cl(Rg) = 0 and a (-6-open set U C X containing
x such that f(U) C Int(Cl(G)) U Rg. We have Int[f(U)N (Y —
G)| = Int[f(U)|NInt(Y — G) C Int[CI(G)URs|N(Y —CI(Q)) C
(CU(G)UInt(Rg)) N (Y — CUG)) = 0.

(2) = (3) : It is straightforward.

(3) = (1) : Let G € O(Y, f(x)). Then by (3), there exists U € S00(X, x)
such that Int[f(U)] C CI(G). We have f(U) = [f(U)—Int(f(U))]U
Int((U)) € [f(U) - t(f(U))] U CUG) = [F(U) — Int(F(U))] U
GUCHG)-G) =[fU)—Int(f(UN)NY -=G)UGU(CIG)-G).
Set R* = [f(U) — Int(f(U))]Nn (Y — G) and R** = (CI(G) — G).
Then R* and R** are rare sets. Moreover Rg = R* U R** is a rare
set such that CI(Rg) NG = () and f(U) C GU Rg. This shows
that f is rarely- $60-continuous.

(1) = (4) : Suppose that G € O(Y, f(x)). Then there exists a rare set
R¢ with GNCI(Rg) = 0 and U € BOO(X, ) such that f(U) C
G U Rg. It follows that x € U C f~1(G U Rg). This implies that
S Blnt(ﬁ)(f—l(G URg)).

(4) = (5) : Suppose that G € O(Y, f(x)). Then there exists a rare set
Rg with GNCU(Rg) = 0 such that = € BInty(f~(GURg)). Since
GNCU(RG) = 0, Re C Y—G, where Y —G = (Y —CI(G))U(CUG) —
G). Now, we have Rg C (RgU(Y —=CI(G))U(CI(G)—@G)). Set R* =
RN (Y —CIl(@)). It follows that R* is a rare set with CI(G)NR* =
(). Therefore = € BInty[f (G U Rg)] C BInte[f~H(CI(G) U R*)].
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(5) = (6) : Assume that G € RO(Y, f(z)). Then there exists a rare set
Rg with CI(G) N Rg = ) such that = € BInte[f~1(CI(G) U Rg)].
Set R* = Rg U (CI(G) — G). Tt follows that R* is a rare set and
GNCI(R*) = 0. Hence
x € BInty[fH(CU(G)URG)] = BInte[f~H(GU(CI(G)-G)URg)] =
BInte[f (G U R")].

(6) = (1) : Let G € O(Y, f(x)). By f(z) € G C Int(CIl(G)) and the
fact that Int(Cl(G)) € RO(Y), there exists a rare set Rg and
Int(Cl(G)) N Cl(Rg) = 0 such that x € BInte[f 1 (Int(Cl(G)) U
Rg)]. Let U = BInty[f~1(Int(Cl(G)) U Rg] and U € BIO(X, ).
Therefore f(U) C Int(CIl(G)) U Rg. Hence, we have Int[f(U) N
(Y — G)] = 0 and therefore, f is rarely $6-continuous.

Definition 4. A function f : X — Y is I.80-continuous at x € X
if for each set G € O(Y, f(x)), there exists U € BOO(X,x) such that
Int[f(U)] C G.

If f has this property at each point x € X, then we say that f is I.56-
continuous on X.

It should be noted that I.86-continuity is stronger than rare 36-
continuity.

Question. Are there examples showing that a function is rarely
B0-continuous but not I.56-continuous?

Theorem 2.3. Let Y be a regular space. Then the function f: X —Y
is 1.80-continuous on X if and only if f is rarely BO-continuous on X.

Proof. We prove only the sufficient condition since the necessity condi-
tion is evident.

Let f be rarely [6-continuous on X and x € X. Suppose that
f(z) € G, where G is an open set in Y. By the regularity of Y, there
exists an open set G; € O(Y, f(x)) such that CI(G;) C G. Since f
is rarely [B6-continuous, then there exists U € B00(X,x) such that
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Int[f(U)] C Cl(Gy) (Theorem 2.2). This implies that Int[f(U)] C G
and therefore f is I.56-continuous on X.

We say that a function f : X — Y is r.f60-open if the image of a
[3-0-open set is open.

Theorem 2.4. If f : X — Y be an r.B0-open rarely (50-continuous
function, then f is weakly B6-continuous.

Proof. Suppose that z € X and G € O(Y, f(z)). Since f is rarely
B0-continuous, there exists a rare set Rg with Cl(Rg) N U = () where
U € BO0O(X, z) such that f(U) C GURg. This means that (f(U)N(Y"\
Cl(GQ)) C Rg¢-. Since the function f is r.86-open, then f(U)N (Y \CI(Q))
is open. But the rare set R has no interior points. Then f(U) N (Y \
Cl(G@)) = (. This implies that f(U) C CI(G) and thus f is weakly
B6-continuous.

Definition 5. Let A = {G;} be a class of subsets of X. By rarely union
sets [7] of A we mean {G; U Rg,}, where each Rg, is a rare set such
that each of {G; N Cl(Rg,)} is empty.

Recall that, a subset B of X is said to be rarely almost compact
relative to X [7] if every open cover of B by open sets of X, there exists
a finite subfamily whose rarely union sets cover B.

A topological space X is said to be rarely almost compact [7] if the set
X is rarely almost compact relative to X.

A topological space X is called S00O-compact if every cover of X by
[-0-open sets has a finite subcover.

Theorem 2.5. Let f: X — Y be rarely f0-continuous and K an $00O-
compact set relative to X. Then f(K) is rarely almost compact subset
relative to Y.

Proof. Suppose that Q is a open cover of f(K). Let B be the set of all V
in © such that V' N f(K) # (). Then B is an open cover of f(K). Hence
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for each k € K, there is some Vi, € B such that f(k) € Vj. Since f is
rarely 30-continuous there exist a rare set Ry, with VN CI(Ry,) = 0
and a [-6-open set Uy containing k such that f(Uy) C Vi U Ry,. Hence
there is a finite subfamily {Uy }rea which covers K, where A is a finite
subset of K. The subfamily {Vi URy, }rea also covers f(K).

Recall that a space X is called STy-space [3] if every [5-6-closed set
in X is closed in X.

Theorem 2.6. Let f : X — Y be rarely B0-continuous and X a 5Ty-
space. Then f is rarely continuous.

Lemma 2.7. (Long and Herrington [11]). If g : Y — Z is continuous
and one-to-one, then g preserves rare sets.

Theorem 2.8. If f : X = Y is rarely fO-continuous and g : Y — Z is
continuous and one-to-one, the go f : X — Z is rarely 50-continuous.

Proof. Suppose that z € X and (go f)(x) € V, where V is an open
set in Z. By hypothesis, g is continuous, therefore there exists an open
set G C Y containing f(z) such that ¢g(G) C V. Since f is rarely
B0-continuous, there exists a rare set Rg with G N Cl(Rg) = 0 and
an (-6-open set U containing x such that f(U) C G U Rg. It follows
from Lemma 2.7 that g(R¢) is a rare set in Z. Since R is a subset of
Y \ G and g is injective, we have Cl(g(Rg)) NV = (. This implies that
(go f)(U) Cc VUg(Rg). Hence the result.

Recall, that a function f: X — Y is called pre-86-open [4] if f(U)
is B-0-open in Y for every pg-6-open set U of X.

Theorem 2.9. Let f : X — Y be pre-B0-open and g : Y — Z a function
such that go f : X — Z is rarely B0-continuous. Then g is rarely B6-
continuous.

Proof. Let y € Y and z € X such that f(z) =y. Let G € O(Z, (g o
f)(x)). Since g o f is rarely B6-continuous, there exists a rare set Rg
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with GNCI(Rg) = 0 and U € SOO(X, z) such that (go f)(U) C GURg.
But f(U) (say V) is a B-6-open set containing f(x). Therefore, there
exists a rare set Rg with GNCI(Rg) =0 and V € BOO(Y,y) such that
g(V) C GU Rg, i.e., g is rarely 36-continuous.

Definition 6. A space X is called r-separate [8] if for every pair of
distinct points x and y in X, there exist rare sets Ry,, Ry, and open
sets Uy and U, with U, N Cl(Ry,) = 0 and U, N Cl(Ry,) = 0 such that
(Uz U Ry,)N (U, U Ry,) = 0.

In [13], Popa obtained the following result.

Theorem 2.10. The function f : X — Y is rarely continuous if and

only if for each open set G C Y, there exists a rare set Rg with G N
Cl(Rg) = 0 such that f~Y(G) C Int[f~(GU Rg)].

Theorem 2.11. If Y is r-separate and f : X — Y is rarely (B0-
continuous injection and X a BTy-space, then X is Hausdorff.

Proof. Since f is injective, then f(z) # f(y) for any distinct points z
and y in X. Since Y is r-separate, There exist open sets G; and G5 in Y
containing f(z) and f(y), respectively, and rare sets Rg,and Rg, with
G1NCl(Rg,) =0 and GaNCI(Rg,) = 0 such that (G1 U Rg,) N (G2 U
Rg,) = 0. Therefore Int[f~*(G1URg,)]NInt[f 1 (G2URg,)] = 0. Since
X is fBTy-space, then every rarely [6-continuous is rarely continuous
and by Theorem 2.11, we have x € f~*(G1) C Int[f~'(G1 U Rg,)] and
y € f~1(G2) C Int[f~1(G2 U Rg,)], This shows that X is Hausdorff.

References

[1] M. E. Abd. El-Monsef, S. N. EL-Deeb and R. A. Mahmoud, -open
and B-continuous mappings, Bull. Fac. Sci. Assiut Univ. 12 (1983),
77-90.

[2] D. Andrijevi¢, Semi-preopen sets, Mat. Vesnik 38 (1986), 24-32.

Pro Mathematica, 26, 51-52 (2012), 75-85, ISSN 1012-3938 83



Miguel Caldas

3]

[10]

[11]

[12]

[13]

[14]

84

M. Caldas, On 0-3-generalized closed sets and 0-3-generalized conti-
nuity in topolological spaces, J. Adv. Math. Studies, 4 (2011), 13-24.

M. Caldas, Weakly sp-0-closed functions and semipre-Hausdorff
spaces, Creative Math. Inform., 20(2) (2011), 112-123.

M. Caldas, On characterizations of weak 6-3-openness, Antartica J.
Math., 9(3) (2012), 195-203.

M. Caldas, Functions with strongly B-0-closed graphs, J. Adv. Stud-
ies Topology, 3 (2012), 1-6.

S. Jafari, A note on rarely continuous functions, Univ. Bacau. Stud.
Cerc. St. Ser. Mat., 5 (1995), 29-34.

S. Jafari, On some properties of rarely continuous functions, Univ.
Bacau. Stud. Cerc. St. Ser. Mat., 7 (1997), 65-73.

S. Jafari, On rarely B-continuous functions, Jour. of Inst. of Math.
& Comp. Sci. (Math. Ser.), 13(2)(2000), 247-251.

N. Levine, decomposition of continuity in topological spaces, Amer.
Math. Monthly, (60)(1961), 44-46.

P. E. Long and L. L. Herrington, Properties of rarely continuous
functions, Glasnik Mat., 17(37)(1982), 147-153.

T. Noiri, Weak and strong forms of B-irresolute functions, Acta
Math. Hungar., 99 (2003), 315-328.

V. Popa, Sur certain decomposition de la continuité dans les espaces
topologiques, Glasnik Mat. Setr I11., 14(34)(1979), 359-362.

V. Popa and T. Noiri, On some properties of rarely quasicon-
tinuous functions, Anale Universitatii din Timisoara, Math. Ser.,
29(1)(1991), 65-71.

Pro Mathematica, 26, 51-52 (2012), 75-85, ISSN 1012-3938



On rarely B0-Continuous Functions

Resumen

En este paper nosotros introducimos una nueva clase de funcién de-
nominada funcién raramente S6-continua usando la nocién de conjuntos
(-0-abiertos. Este tipo de continuidad es una nocién mas fuerte que la
nocién de funcién rare G-continua dada por Jafari [9].

Palabras clave: Conjuntos raros, conjuntos (-6-abiertos, funciones
raramente continuas.

Miguel Caldas

Departamento de Matemédtica Aplicada,
Universidade Federal Fluminense,

Rua Mério Santos Braga, s/n°
24020-140, Niter6i, RJ BRAZIL.

gmamccsOvm.uff.br

Pro Mathematica, 26, 51-52 (2012), 75-85, ISSN 1012-3938 85



