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Abstract

The present paper introduces 10 Appell’s type generalized
functions N;, i =1, 2, ...... 10 by considering the product of
n — skFy functions. The paper contains Fractional derivative
representations, Integral representations and symbolic forms
similar to those obtained by J. L. Burchnall and T. W.
Chaundy for the four Appell’s functions, have been obtained
for these newly defined functions Ny, Ns....... Nio. The
results obtained are believed to be new.
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1. Introduction

The great success of the theory of hypergeometric functions of a
single variable has stimulated the development of a corresponding theory
in two or more variables. In 1880, P. Appell [1] considered the product
of two Gauss functions from which the four Appell’s functions emerged.
Later 1893, Lauricella [7] further generalized the four Appell functions
Fi, Fy, F3 and Fy to function of n-variable denoted by F}, Fig, F# and
F2, where F} = F}, = FA = F}, = oF and F3 = F», F3 = Fj3,
Fg« = F3 and F% = Fl.

During 1940-41, J. L. Burchnall and T. W. Chaundy [2,3 | obtained
a large number of expansions of Appell’s double hypergeometric func-
tions. H. M. Srivastava [10] and H. M. Srivastava and P. W. Karlson
[12] gave certain interesting integral representations for Fy. Recently
M. A. Khan and G. S. Abukhammash [4] introduced 10 Appell’s type
generalized functions M;,7 = 1,2,3,---,10 by considering the product
of two 3 F5 functions instead of product of two Gauss functions taken by
Appell to define Fy, Fy, F3 and F, functions. They obtained fractional
derivative representations, integral representations symbolic forms and
expansion formulae for these newly defined functions My, M, --- , My
similar to those obtained by J. L. Burchnall and T.W. Chaundy for the
four Appell’s functions.

In the last section of J. L. Burchnall and T. W. Chaundy [2, 3] gave
a glimpse of possible extension of their result to functions of higher order
(ie, with more parameters) for two variable for instant they defined.

p+1F1§2) a; by,byee lfpﬂ,’ubz"' b, .y
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By bocerens b.: I Y
:V(a)erle |: a, 1,02 P?x :|p+1Fp CL/, l17 2 , pay
Cr,Cp e Cp; C1,Camr Cps
(1.1)
and gave the result
P+1F1£2) a; blabQ""‘: ?p;ll)l,62~;~.bp;x,y
01702 ...... Cp7 cl’cz... Cp ;

; Ay
—0 (c1)r(ca)r--vv (cp)r(cr)r(ca)r (cp)r
a+r, bi+rbg+r----- by +r;x
X pr1Fp )
cL+rycog+reae Cp+1;
A AL L R Rt (1.2)
C1,Co e Cps

Motivated by this section of [3] and the fact that such functions were
encountered by M. A. Khan and G. S. Abukhammash [5, 6] during their
study of two variable analogues of Saigo’s [9] fractional integral oper-
ators, we consider in this paper the product of n-3F5 hypergeometric
functions viz,

3Fy(a1,b1,c15d1, e1;x1)3Fa(ag, ba, co;da, €25 ) - - - - -

[eS) [eS) [eS)
3F2(an7bnacn;dnyen;xn) = g E """ 5
m1=0mo=0 my,=0

(a1)m, (@2)ms *+ (@), (01)my (b2)ms =« (bn)m, (€1)my (€2)my + - (Cn)m,
(dl)m1 (d2)m2 e (dn)mn (el)ml (62)mz e (en)mn

mi m
Ty . Ty "

ol (m)! 13)

the n series, in itself, yield nothing new, but if one or more of the each
five pairs of products
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al)ml e (an)mnu (bl)ml e (bn)mn7 (cl)ml e (Cn)mnv(dl)ml T (dn)mn»
€1)my * - - (én)m, be replaced by corresponding expression

(

(

(@) miy+mat- may> O)mytmat mns (©my+mat mps (D)mytmat mns
(€)my+mat- m, we are leading to eleven distinct possibilities of getting
new functions. One such possibility, gives us

oo o0

:ZZ ......

m1=0mso=0

2 (D mytmate +ma (B)mq 4o mot mp (C)my+mattmn,
b 7
=0 ()i ma et (€ 4t
o T
(ma)! (mn)!

which is simply

oo 00 9] mi

T Ty
Z Z ...... Z flmy+mot- - er”)lil R '
m1=0ma=0 my=0 (ml) (mn)
e (:L-l + :L.2 _|_ ...... + xn)N
- Z NI (1.4)
N=0 ’

The remaining possibilities lead to the ten generalized Appell’s type
functions of n-variable, which are as defined below subject to suitable
convergence conditions:

Nl (a17a27"' an7b17b27"' bnacl7027"' 7Cn;d7€1,€2,"' y €n;
oo oo oo
xl’x27..a xn) —_— E E ...... E
m1=0m2=0 my,=0
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(a1)my (@2)my =+ (an)m, (01)m, (02)my, -+ (0n)m, (€1)m, (€2)my -+ (Cn)m,,
()i +mat-tmn (€1)my (€2)my =+ (€n)m,

mi My,
o« B Tn (1.5)
(m1)! (mn)!
N2(a1;a2;"' anab17b27"' bn7cl7027"' acn;dae;xbea """ l‘n)
0o e e
m1=0mo=0 my=0

(a1)m, (@2)ms =+ (@), (01)my (b2)ms =~ (bn)m, (€1)my (€2)ms -+ (Cn)m,
(d)M1+m2+~~+mn (6)m1 +mot-tmy,

x?“ I
1L ... n 1.6
" Tmy)! (mn)! (16)

NS(aab17b27"' bn7017027“' 7Cn;d17d2"' 7dn7617627'“ y€n; 1,2,

o0 o0

.xn)zz Z ......

m1:0 mz:()

oo

(a)m1+m2+~~+mn (bl)m1 (b2)mz c (bn)mn (Cl)ml (C2)mz c (Cn)mn
2
=0 (d1)m, (d2)my *++ (dn)m, (€1)m, (€2)m, + - (€n)m,
% (21)! ...... (fri)! (1.7)

N4(a7b17b27"' bn7017027"' 7Cn§d7€1a€27"' s €ni L1, T2, " ITL)

oo o0

:ZZ ......

m1=0mgo=0
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o0

(@)my+mat-tmn (01)my (2)ms =+ (bn)m, (€1)my (€2)msy + - (€n)m,
Z (d)m1+m2+~~+mn (el)ml (eZ)mg ce (en)mn

my, =0
m a
X e 18
)l Gt (1.8)

oo o

N5(Cl,b1,b2,"' bnaclac2a"' ,Cn;d,e;l'l,l‘Q,"' xn): E E """

m1:0 m2:0

o0

Z (@) +mat--tmp (01)my (02)my = (bn)m,, (€1)ms (€2)my =~ (Cn)m,
(d)mytmattmn (€)my+mat-tmn,

my,=0
% ot T (1.9)
(ma)! (ma)! '

Ng(a,b,c1,¢0,++ ,cpidi,da--- dp,er,e, -, €n321, T2, Tp)

oo o0

:ZZ ......

m1=0mqo=0

oo

(a)m1+mz+~~~+mn (b)rrm1+mz+~~+mn (Cl)m1 (CQ)mz c (Cn)mn
Z (d1)mi (d2)ms *++ (dn)m, (€1)my (€2)ms <~ (€n)m,

ma,=0
ma My
I B Tn (1.10)
(ma)! (mn)!
oo 0o
N7(a’7b7617627'“ 7Cn;d7615627'” y€niy L1, T2, - l'n) = Z Z """"

o0

(@)matmat-tmn (O)matmot-tm, (€1)my (€2)ms * (Cn)mn,
Z () +matrtmn (€1)my (€2)my * -+ (€n)m,

my=0
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x (“;”El)' ...... (ﬁ;l (1.11)

NB(avbaclaCQa"' 7Cn;d76;x17m2;"' mn) = E E """

oo

Z (@)my +mattmp, (D) my+mat-tm, (€1)my (€2)my *++ (€n)m,
(d)m1+mz+~~+mn (e)m1+mz+~-+mn

My =
il Tn” 1.12
X (ml )' ...... (mn) ' ( . )

N9(a7bac;d17d2"' adn7€17627"' 3 €ny L1, T2, xn): E E """

oo

Z (@) +ma+-tm, (O)my+mot-+m, (€ my+mat-+m,
o (d1)my (d2)ms -+ (dn)m,, (€1)m, (€2)ms -+ (€n)m,

Mn

mi mMn
% it B Tn (1.13)
(m)! (mn)!
(oo} (oo} oo
Nio(a,b,cid,ex, e, enian, T, Tp) = 3 Y coeeee >
m1=0mo=0 my=0
(@)my+matfmn (O)mytmat - +mn () mytmat-+ma " g
(D) my+mat-tmn (€1)my (€2)ms «++ (€n)m, (ma)! (mn)!)
1.14
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2. Symbolic Form

We introduce the inverse pairs of symbolic operators

L(R)T(61 + 62+ -+ + 6n + D)

V(h) = 2.1
() I' (61 +R)T (024 h)--- T (0, + h) 21)
I' (61 +h)T (02+h) -+ T (0p,+h)
A(h) = 2.2
(h) LC(R)T(61 4+ 02+ -+ 0n+h) (22)
where 5 5
01 =$167xl,52 = $28x2,"' On :J)nﬁ
then
V(h) ()i (W) -+ (W), 27 @5 - 2™ = (R)mymote m, @1 T
-z and so , if (h)my (R)my -+ (B)m, occurs in the numerator of
the coefficient of x5 - -+ ' it is changed into (h)m,tmot-- m, DY

the operator V(h). The operator A(h) effects a similar change in the
denominator. These symbolic forms were used by them to obtain a large
number of expansions of Appell’s functions in terms of each other, of
Appell’s functions in terms of the products of ordinary hypergeometric
functions, or vice versa.

In this section we have followed Burhnall and Chaundy’s method to
obtain the following factorizations of our newly defined functions N;, i =

N]_(G]_,GQ,"' an;b17b27"' bn7cl7627"' ,Cn;d,€1,€2,"' y€ny L1, L2,

xn) = A(d) 3F5(a1,b1,c15d, e1;21)3F(az, be, co;d, ea;x0) - -+ - - -
SFZ(an;bnacn;d; en;l'n) (23)
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Ng(al,az,... Apy b1, b2, by,c1,09, -+ yCpyd, €@, X0, -Tn)

= A(d) A(e) sFy(a1,bi,c1:d,e;21)3F2(ag, ba, coyd, e;w2) -+
3F5(an, by, cnid, €5 xy) (2.4)

N3(a7b17b27"' bn7617627"' 7Cn;d17d2"' ;dn7€1;e27"' y€ns L1, T2, "

z,) = V(a) 3F2(a, b1, c1;d, e1;71)3F2(a, ba, co5d, ea; ) - - - -
3F2(a, bn, cn; d, en§$n) (25)

N4(a7b17b23"' bn7017027"' ac’n;d7617627"' 3y i1, T2,y x’n)

- V(Q)A(d) 3FQ(CL, bl, C1; d, €1, .T1)3F2(a7 b27 C2; d7 €2; zz) ......
3F2(a, bn,Cn;d, en;xn) (26)

N5(a,b1,b2,... bp,C1,Co,+ ,Cpid, €01, T, - l'n)

= V(G)A(d)A(B) 3F2(Cl, bl; C1; d, €; Il)gFg(a, b2’ C2; d’ e; $2) ......
SFZ(avbnacn;dae;xn) (27)

N@(a,b701,027-.. ,Cn;dladQ"' dn7€1’e2,... L en; Ty, T, - xn)

= V(CL)V(Z)) 3F2(a, b,c1;dy,eq; $1)3Fg(a, b, co;da, €9 x2) ......
3F2(aabacn§dnaen§xn) (28)
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N7(avb7617627"' 7C’n;d7617627'” 3 Eny T1,T2, xn)

= V(Q)V(b)A(d) 3F2(a, b7 C1; d, €1, CEl)gFQ(a, b, C9; d, €2; .TQ) """
3F2(a7b7 Cn;d7 en7xn) (29)

Ng(a,b,c1,ca,- - ,cnyd, €301, 22, Tp)

= V(a)V(b)A(d)A(e) 3Fa(a,b,c13d, e;x1)3F2(a,b,co;d, e529) - -+ - -
3F2(a7bv cn;d,e;xn) (210)

NQ(avva;dhdZ"' dna617627"' y€ny L1, T2, xn)

=V(a)V(b)V(c) 3Fz(a,b,c;d, e1;21)3Fa(a, b, c;d, ea; ) -+ -+ -
3F2(a7b7 (6N d; en;mn) (211)

Nig(a,b,c;d,e1, ez, -+ ,en; 21,02, - Tn)

= V(a)V(b)V(c)A(d) 3F2(a,b,c;d, e1;1)3F2(a, b, c;d, ea;09) -+ - - -

ska(a,b,c;d,en;an) (2.12)
N aablabQ"' abn7cl762a"' » Cns
4 d . T1,T2, " ,Tn
;€1,€2,° " ,En;
Q, @, - - - 7a7b17b27"' abn7cl7027"' y Cny
:V(a) N1|:d . T1,T2, " ,Tn
y€1,€2,° " ,En;

(2.13)
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N a’aay"'7a7b17b27“'abnaclaCQa"'7CTL;
1 . L1, X2, " yIn
daelae%"'aen?
a’ablabQ"' abnvclaCQa"' y Cny
_A(a) N4|: d . T1,T2, "+ ,Tp
y€1,€2,° " ,€n;
(2.14)
N, aab17b2"' 7b’n7017027"'7cn;
5 d e: L1, X2y ", Tn
y €5
a,a,"',a7b1,b2,"',bn,Cth,"',Cn;
:V(G’)N2|:d . T1,T2, ,Tn
y €3
(2.15)
ay Q-+, a,b1,ba, o by, c1,00,0 00 Cn
N2 s &y s &, U1, U2, s Un, €1, €2, s Cny T1, T, Tn
d,e;
a7b17b2"' 7bn7cl7627"' y Cns
A(G)N5|: d. e: L1, X2, " ,Tp
) €5
(2.16)
N a7b17b2"' abn3013027"'7cn;
4 d . L1, X2, ", Tn
y€1,€2, " ,En;
ablbg"- b C1,C2," "+ ,Cp;
A(d) N3 » V1, V2, y Un, €1, €2, s Cny L1, To, e T (217)
d. d d . ) ; s bn
y Gy ,A,€1,€2, ,€n;

N. a'7b1ab27"' 7bn701702,"' » Cns
3 dd d . T1,T2, " ,Tn
y Ayt ,4,€1,€2, 0, Cp;
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:v(d) N4 |: a7b17b2"' 7bn,C1,C2,"' yCnj T1, T2, Tn
daelae27"'7en;
(2.18)
b .
3&[2’6’_67 $1+$2+"'+9€n]
a,b,c,c,~-~,c;
=V(c) Ng X1, T, 5Ty (2.19)
d, e;
b .
3F2[§,e,.67 $1+$2+'-'+$n]
=A(e) N a,b,¢; X1, T, T (2.20)
N 10 d,€1,€27"‘,6n; b o .
b, ¢;
3F2[a’ € x1+m2+~-~+xn]
d,e;
— V()A(e) Ny | BBEE G 2] (2.21)
N 7 dveaev"'ae; b ’ n_ '

a,b,Cl,CQ,"' sy Cnj |
T1,22, " ,Tn

N6[
d17d2a"' 7dn7€17e2a"' y €n;

a7b7b"' ab7017627"' » Cn;

= V(b) N3 [ T1,Ta, - ,xn] (2.22)

dl»d27"' 7dn761762a"' y Ens

a,b, b, bycy,co, e Cp
N3[ b I ) ) L » =Ny

T1,T2, " ,Tn
d17d23”' 7dn7617€25"' y €n;
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a7ba015027"'7cn;
= A(b) Ns T, L2, Ty
d,€1,€2,"',€n;
N. a,b,Cl,CQ,"',Cn;
|4 o L1200, T
,€1,€2,°°° ,€En;
a,b,b--- ,bycr,co, -, cC
:v(b)N4 Y (] b b =Ny xl,xQ,"',xn
da617627'“76n;
a,b,b,"',b,Cl,CQ,"',Cn;
N4[d . T1,T2, " ,Tn
y€1,€2, ", En;
aab5617627"'acn;
= A(b) Ny T, L2, Tn
d761762a"'76n;
N, a‘aba C1,C2, " ,Cnj;
8 d . T1,T2, " ,Tn
y €3
aabvb"' 7b7017027"' ; Cns
:V<b) N5|: de' T1,X2,  ,Tp
» &
a,b,b b,c1,co Cn;
N5 s Oy Uy » U, 61, €2, " T1, Ty, T
d
y €5
a,b701702,~~- ; Cnj
:A(b) N8|: d.e: T1,T2, " ,In
» &
a,b,c;
N9|:d d d L1, T2, 5, Tn
1,02, " ,0n,€1,€2," ", En]
(L,b,C7C,"',C;
:v(c)N6|: d d d . T1,T2, " ,Tn
1,02, ,0p,€1,€2, " ,€En;
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N a,b,b,~-~,b,c7c,~~~,c; T T e
0 d17d27"' 7dn7617€27"' ; €ns b T
a, b, c
:A N ) ) ) e
(C) ? |: d17d27"' 3Cny€1,€2,°°° ,€En; S ’xn:|
(2.29)
Nig [ @ b,¢; T1,T2, - ,xn}
da617627"' ; €ns
= A(c) N, @066 T1,T, -, T (2.30)
B ! d,61,627"'76n; b T '
N, [ a,bcc,--- ,c o1 ag ,xn}
d,€1,€2,"' ; €ns
=Ac) N a,,¢; X1,Ta, & (2.31)
N 10 da€17627"'7en; b e .
3. Fractional Derivates
In 1971 Euiler extended the derivative formula
DM = AA=1)A=2)--(A—n+1)22"!
r (1+)‘) A—n
== =0,1,2,3------ 3.1
TA+r—n) (n=0,1,2, ) (3.1)
to the general form
1+ _
DF{M = — = T A 3.2
2 = F e (32)
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where p is an arbitrary complex number.

Using (3.2) we give the following fractional derivative representations:

pA-n {z,\1 JF [ o, P a:lz] JF { 2, B2 mz} ______
71 Y25

« ; INON
2F1 |: nvﬁna (Enzj|} — ( )Zu 1
n L'(p)
N4(A,Oél,()(2,"' anaﬁlaﬁQ:"' aﬁn;ﬂ'a’yh’yQa"' y Yns T1Z5 X225 " anZ)
(3.3)
bz—dg b3—d3 . by, —d Ca—e€2 c3—ez C e
Dyl Dyz DyzflnDh Dzz DZZ ln
ba—1_b 1, —1 1 1, —1
X {yﬁ yor e bt s T i (L — iz — gz
—a a b1 C1; x
Yn—1Zn-1) X 3l% T T12
di,e1; (I-yizi—yzza- Yn—12n—1)
_ D(b2)- Pn)l(ez)- Ten)  dy—1 dy—1 —1_ea—1_e3—1 en—1
= Yi© Yo yn 141 22 T Zp—1
I(d2)-+ T'(dn)T(e2)- T'(en)
X N3(a7b17b27"' bnachCQa"' acn;dth"' 7dn7617627"' ; €n,
T, Y121, Y222, Yn—1%n—1) (3.4)
c1—e Co—en Cp—e c1—1 cz 1., cn—1
D=1 D - DS "{x R
F by booe bocdido. - . do:
X A [aa 1,02, s Uny 001, €2, y U3 L1, T2, 7'Tn]
_ I‘(Cl)]‘—‘(c2)'“ F(Cn) e1—1_ea—1 en—1 N. bi. b
— xl 1'2 xn X 3(0,’ 1,02, -
I(en)T'(e2) -+ T'(en)
bn,c1,¢0,+ yCpydiyda -+ ydp,e1,€a, €y X1, Lo, Tp) (3.5)
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c1—eq Co—e€g Cn—E€En
D& peer... pen
c1—1,.co—1 en—1p(n) . .
{xll $22 SR FD [a7b17b27"' 7bn7dax1ax27"' 7xn]}
_ Dle)l(e2) -~ Tlen) ey-1_er1 en—1
= :I/.I xz .. l’n

I(er)l(ez) -+~ Tlen)
X N4(a7b17b27“' bnyclyc27“' )C’V’L;d7el7€23"' 7en;x1ax27"' xn)
(3.6)

c1—e1 yca—ea | | Cp—e c1—1_c2—1 = cn—1
D =D D {xl Ty Ty

(n) . .
X FB [a13a25"' aan7b17b27"' ,bn,d,ﬂfl,xg,"' 71"@]

_ T(e)l(e) - -- F(cn)xel—lxeg—l B
P(e)l(ez) - Tlen)™ 72

b27"' bn7cl7c27"' 7Cn;d7617625"' 7en;$1a'1:27"' In) (37)

en—1
: xnn X Nl (a17a27"' )a’n)blﬂ

ci1—e1 )cz—ez || Cn—€n
Dg =1 pe2 D

Tn
c1—1 _co—1 cn—1 (n) . he. .
{xll 1'22 xn” FC [a7bad17d27”. 7dn,$1,l‘2,"' 7.’1171]}

T(c)l(ca) - T(Cn) ;-1 ep1 B
Plag T ar T xN, e,
[(e1)l'(ez) - F(en)x1 2 zr " X Ne(a,ci,co,0 00 ¢

C1,C2, " acn;dhd?"' 7dnael7€2a"' y €n3 L1, T2, " -Tn) (38)

a—d | ja—1p(n) 7. . .
Dz {Z FA [b7017027”' yCni€1,€2, " ,E€n;T12,T2%," - a‘rnz]}

T'(a) ,_
= ngizd 1 Nz(a,byc1,c0,- - yenydyer e €y 12,22, TpZ)

(3.9)
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Dg_d {Za_lF[()n) [b7 C1,C2,** ,Cpi €512, T2%, """ ,"EnZ]}
r
= (a) 247 Ng(a,b,c1, ¢, s enid,e; 12,22, -+ Tpz) (3.10)
I'(d)
Dgid {ZailFén) [b17 b27 e 7bna C1,C2, ** ,Cn;€;T12,T22, 73:712]}
r
= FEZ;zd_l Ns(a,by,ba, -+ by, 1,0, Cp3d,e; 12,92, + TnZ)
(3.11)
D,(zz_d {Za_lFén) [b7 C;€1,€2, " ,€En;T12,T2%2," " axnz]}
T
= (a) 2 No(a, by dy e, en - en; 012,292, Tn2) (3.12)
I'(d)
Dgid {ZailFén) [alv CLQ, e 7a’TL7 b17b2) e ?bn7 Cla 627 e 7CTL;
T
d; €1,€2, " ,En, T12,T2%2," 71.”’2]} - FEZ;Zd_lNl (a7a27 ce Ay,
b17 b2a e 7b’nvcl7c27 5, Cpy d7€17 €2 ,En; T12,T2%2, " "+ x’ﬂz) (313)

a—di yd1—dz ydi —d: dy—d di—1,, di—1 di—1 _ja—1
Dz 1Dw11 szl2 3... D% n{wl 1=l R L

Wp—1
X V(dl)Fé”) [bicser, €9, €n; T12, W1 T2Z, WokoZ - - - ,wn—ﬁnz]}
I'(a) dy—1
- 1=+ N, b,c;dy,da, -+ ,dp,e1,e2- -+ ,en;
F(dl)F(dg) F(dn)z 9(a7 ,Cyd1,d2, ) €1,€2 €
T2, W1T2Z,*+ Wy, TpZ) (3.14)
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a1—d nyas—a az—a a a as—1 az—1 an—1_ai1—1
Dzl Dw21 lDwi 1., Dwn 1{11)12 we ™3 T 201
(n) b17b27"’ abn7cl7027"' ; Cns
x A(ar)Fp . T12, W22, , Wp_1TpZ
)
I'(a)
di—1
X 27 NQ(a17a27"'7an7blvb27"'abn7

T T(d)T(da) - T(dy)

c—1,co,  ,cpid, €212, W1 X022, -+ Wp_1TpZ) (3.15)

4. Integral Representations
In the theory of Euilerian integrals, the elementary formulas

1ua—1 _u)ft U_F(Q)F(ﬁ) ela e
/0 (1= = O Re(@) > 0.Re(8) >0 (1)

//alﬁlluv)'yldudv ()(5)(’7)

Tla+p5+7)

u>0,v>0,ut+v< 1,Re(a) > 0,Re(S) > 0,Re(y) >0 (4.2)
and so,
// ...... / u?lilugzil ...... u"alnil(l_ul_uQ_ ...... _un)ﬁ 1

durdus -+ duy — enTlaz) Llan)T(B)

Dl +ag +- ay + B)
up 2 0,ug >0, ,up > 0,u1 +ug + - +u, < 1,
Re(a1) > 0, Re(a) > 0,--- , Re(a,) > 0, Re(fB) > 0 (4.3)
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Making use of (4.1) and (4.3) we give the following integral representa-
tions for

(I—ug—ug—-v-v-- —up) T me gy duy - - - duy,
« oF, { ay,by; U1371:| JF, { ag, by; um} ______ oF, { Ay b w xn}
€1 ; €2 ] n ;
T Tlco)--n-- Tl )T(d—ci—ca—-+ —cp
o sy D) Ty ey e
X Nl (a,a27"' ;anab17b2a"' 7bn>cl7027"' acn;dveheQ"' y €n;

X1, T2, Ty) (4.4)
u1207u2207"' 7un207u1+u2+"'+un§ 1,R€(Cl)>0,
Re(cg) > 0,--+ ,Re(cn) > 0,Re(d—c1 —ca— - ¢y) >0

T Tlco)--n-- T
(Cl) (62) (Cn) X Nl (a/,a/Qa"' 7an7b17b27”' ,bn,61,627"' » Cnj

Tler+eca+-- +cn)

a+et- Fen,dida dpx, 2,0 Ty)

1 .
e e [ ]
0 )
L, az, ba; (1= wan| -eee- oF, Gy b (- u) 2] du
da ; dn ;

(4.5)
Re(c1) > 0, Re(cg) > 0,--+ ,Re(c,) >0
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(I—up—ug—------ — )t =y dugy - - - duy,
sy ) y T 7bn7
X Fg |: o, a2, “ bl b2 UL T1,U2T2 " y UnpTn
€]
L(ci)T () D ) T(d—c1—ca— -+ —cp)
duy dusy - - - du, =
Uy aus Un F(d)
X NQ(CL!LQ,"' 7a'rL7b17b27"' ?bn7017027"' 7Cn;d76;1'1,[172,"' xn)

(4.6)
up > 0,u9 >0, ,u, > 0,u +ug + - +u, < 1,Re(cr) >0,
Re(ecg) >0, ,Re(cp) >0,Re(d—c1 —ca— -+ ¢y) >0
F(Cl)F(Cg) ...... F(Cn)

x N aa,-~-,an,b,b,~-~,bn,c,c,---,cn;
T(cr + 2+ +cn) 2 (a,a2 1,02 1,C2
cit+cat- Hep,dydyce dyimy, 0,0 Ty,)
1
i
0
crt Un, 5 [ 7bn7
x Fp [ 21.70127 @ by b2 uzy,(l—wxzy-- (1 —w)z,| du
(4.7)

Re(c1) > 0, Re(cg) > 0,--+ ,Re(c,) >0

F(bl)r(bg) s F(bn)F(Cl)F(Cg) tee F(Cn)r(dl — bl)r(dg — bg) s F(dn — bn)

T(e1)T(e2) - T'(en)

I'(eg —c1)(ca —ea) -+ T'(en — cn)
[(dy)l(dz) - - - T'(dn)
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a7b17b2>"' abn7cl7027"' y Cny

N3[ X1,Tg - Tn
dlad2"' adnaelae2)”' y€n 3

_ bj—1_ ba—1 b,—1,c1—1_ ca—1 en—1
— //. / ul u2 un” Ul 'UZ ...... ,U’I’LW )

% (1= )y —y 1 (1 — ug) =021 oL (1= gy )dnbn 1
X (1_U1)61—c1—1(1—1}2)62_62_1-~- (1_1}”)@”—0”—1

X (1—ugv1@1 —UgVaXo—- -+ - *—UpUpTp) “dvrdvy - - - dvy, durdus - -+ duy,

(4.8)

Re(dy) > Re(b1) > o, Re(ds) > Re(bs) > 0,---, Re(dy) > Re(b,) > 0,

Re(e1) > Re(ez) > 0,---, Re(en) > Re(cy,) >0

T(c)T(c2) - T(ca)T(d =1 —ca =+ —cp)
I'(d)
XN4 |: a7b17b27"' 7bnaclac2,"' ,Cns NP xn):|
d,ei,es, -, en;
:// ...... /“il_l ;2—1 ,,,,,, uf;l’l
(1 — Uy —Ug — -+ — un)d*CI*Q* —cn—1
by, bo, - b
XFX[CL, 1,02, ) ufl,USU2~-~,uiEn:| duy dug -+ duy,
C1,Co, " ,Cp
(4.9)
up > 0,u0 >0, Jupy >0,up +us+ - +u, < 17R6(Cl)>0,
Re(cy) > 0,--- ,Re(cn) >0,Re(d—c1 —ca— -+ ¢y) >0
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L(e)T(ea) - C(en)l(d—ci—co =+ —cp)
I'(d)
% N5 |: a7blyb25 abnvclaCQa"' y Cny S 71, T2, xn):|
d ) €5
= // ...... / uf 1u;2*1 ...... u%nﬂ
(1= w1 =ty — - — wy)der—cz==en=1
FB |: Za.blaan 7bna Ul T1, UL« + 7un$n:| dul dU2 dun
(4.10)
Ui ZoauQ Zoa ; Un 207U1 +u2++un S 1,R€(Cl) >Oa
Re(cg) > 0,--- ,Re(en) >0,Re(d—c1 —ca— -+ ¢) >0
F(Cl)r(cz) ...... F(Cn)r(dl — Cl)r(dQ — 62) ...... ]_—‘(dn — cn)
I(d)I(d2) -+ I'(dy)
avbtha"' abn7017027"' »Cn;
N : o,
x 6|:d17d27”')dn7617627”'3677,; P2 v ):|
1 1 1
/ / ...... / uftup ulr (1 — up )t
0 0 0
(1 _ u2)d27()271 - (1 _ un)dnfcnfl
n | @b
x F& [ Uy T1,UaTg * - ,unxn} duy dug - -+ du, (4.11)
€1,€2," " ,€En ;

Re(d1) > Re(c1) > o, Re(da) > Re(cg) > 0,---, Re(d,) > Re(c,,) >0

I(c1)T(eg) - D) P(1—c1—co—--- —cp)
I'(d)
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b e s
N7[a, yC1,C2, 0, C vy l‘n)}
d ;€1,€2,° ,€n;
= // ...... / u§171u5271 ...... U,'C,Ln_l
(]_ — U] — Uy — o — un)d_cl_CZ_”'_Cn—l
n| @b
x F& Uy T, UsTa -+, UpTy | duy dug <+ du, (4.12)
€1,€2,  * ,€n 3
up > 0,u0 >0, ,uy, > 0,u1 +ug + - +uy, < 1,Re(er) >0,
Re(c) > 0,--+ ,Re(cn) >0,Re(d—c1 —ca— -+ ¢p) >0
Ple)(e2) - D(c)I(d—cp—cy—--- —cp)
I'(d)
a,b,cl,02, ,Cn;
X Ng d.e ;T1, T2, Tp)
— // ...... u6171u6271 ...... uc”"_l
(1 — UL — Uy — - — un)d_cl_c2_"'_cn_1
X oF} [ U1 T1 + UTo + - - + unacn] duy dus duy,
(4.13)
ur > 0,u9 >0, ,up > 0,01 +us+---+u, < 1,Re(c1) >0,
Re(c) > 0,--+ ,Re(cn) >0,Re(d—c1 —ca— -+ ¢p) >0
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T(e)T(d—cg)-+---- I'(d - c,)
I'(d)
avba C1; .
XN10|:d,€1,€2,"',€n; y X1, T2, xn):|
1 a,b;
:/ ucl*l(lfu)dfcrng { Y UL T1,U2T2 "+ , UpTy | du
0 €1,€2, " ,€En ;
(1.14)
Re(d) > Re(c1) >0
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Resumen

El presente articulo introduce 10 tipo de funciones generalizadas tipo
Appell N;, 1 < i <10, considerando el producto de n funciones 3F5. El
articulo contiene representaciones por derivadas fraccionales, representa-
ciones integrales y formas simbdlicas similares a aquellas obtenidas por
J. L. Burchnall y T. W. Chaundy para las cuatro funciones de Appell,
han sido obtenidas para estas nuevas funciones Nj, Ns....... Nig. Los
resultados parecen ser nuevos.
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