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Abstract

We review properties of the Beurling correlation function
related to differentiability and functional equations. The
relevance of this function is due to the fact that some
properties of the Riemann zeta function can be expressed in
terms of it.
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In 1955 A. Beurling proved the following theorem [5]
Theorem 1. If

N
M = {f|f(= Z%P( )Zakak—00<9k<1ak6(€
k=1

1<E<N,N>2}

where p(x) = x — [x], is the fractionary part function, then the Riemann
Hypothesis (RH) holds iff M = L?(0,1). Moreover this last condition
holds iff 1 € M.

In trying to verify the condition 1 € M, one comes across the fol-
lowing integrals

/01 <0>d9c01n0+(1 76, 6 € [0,1],

/01 P <Z)2dm = (In(2m) —7) 0 — 6%, 0 € [0,1],

[ 2= (o)

where 0 < a < § <1 and ~ is Euler constant.

The Beurling correlation function is defined by

76 = | y (;) o (f) dz, § € [0,1] (1)

In [4] it is studied the closely related function
A(N) :/ p(t)p(\)t2dt, A >0 (2)
0

160 Pro Mathematica, 26, 51-52 (2012), 159-168, ISSN 1012-3938



Some properties of the Beurling correlation function

that is called the multiplicative correlation function for the fractionary
part function. It is not difficult to show that

A(A):{ A+J(N) i Ae0,1] @

L+ AJ(AY) if A>1

It is proven in [4] that A is absolutely continuous, has a strict local max-
imum at each point in @QN]0, 1], and it is not differentiable in this set.

If in (1) we assume that 8 > 1, it can be shown that

J(B)=BJ(BH)+1-B+[AIng—1n[g], B>1 (4)

where [f] is the greatest integer < .

In [2] from the fact that the function

(5o () -0 (5)

only takes the values 0 and 1, it is proven that J obeys the following

functional equation

ol (QZ9ml=0) 50y - () - J0-a) +at

(1 — a)J(%), Vo € {o, ;] (5)

In a similar way from the fact that the function

() o(z) +o (57) () -0 (2)

only takes the values 0 and 1 we get the functional equations

Pro Mathematica, 26, 51-52 (2012), 159-168, ISSN 1012-3938 161



Julio Alcdntara-Bode

1 «Q
~[n2+3n7— 401 — 202
2[n +3lnm — 37] + 4( a)J(l_a>+ a

:1+%1—®J(%ﬁiﬂ)+

>+MQ+U+J@®+2OMJ<%£%Q»

2a

l—«

+uaﬂ<

Va e {o, ;] (6)

1 o 9
5[21n2+31n7773’y] +4(1—a)J (1 —a> + 2«

—1+2(1a)J(0‘)+

21 — )

11—«

+2aJ ( 7

Va ¢ B ;] (7)

A closed formula for J is

3

+% {In(27) — v — 1}, Ya € [0,1]  (8)
From (8) we can get the behaviour of J for small «:
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J(a):—“1;10‘+%{1n(2w)f771}+
2 n\2 n
g Jmo 1 p(n) 1 (%)
ta 72—’_2;;1 n? 2; n? *

(=2}

n n\3 n\2
R TPIEHER D DL SRS B N SRV

n
n>1

If 1 is the Mdobius function it can be shown that [7]

3 u(n) [%} =1, Vo >1 (10)
and
> @ =0 (11)

From these last two equations it follows that

> o () = ~xw (o). .o 0.1 (12)

na
n>1
It can be shown that this series (6 fixed, x variable) does not con-

verge in L?(0, 1), but it does in L(0,1), [3], theorem 2.2. Therefore one
can multiply (12) by p (%) and integrate from 0 to 1 to get

SUTHC) BRI SE S O B

n>1
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The series in (13) converges since [9], p.74

Z @lnn:—l (14)

n>1

To find the distributional derivative of J it is convenient to rewrite (8) as

J(a)z—f“;”+ Y fn(2m) — 7 —1}— Z/ { ()—;}dt

n>1

Va € [0,1] (15)

From the formula

3

- ]
n 1 1 n 1 arn o
S)=5tdt=1-y-m(%) "*H** 16
/0{p<t> 2} 7 na+ Il nla 2n()
it can be shown that the right hand side is diff rentlable if and only if
g d N and the value of the derivative is (E) , but 1f — € N the

1
value of the left hand derivative is —5 and of the right hand derivative
n
1
is —. Therefore for « irrational in [0, 1] the distributional derivative of

n
the Beurling correlation function is

=

J(0) = ¢ {In(27) — 7 - 2}71“—6“72 Pla) =3 gy

n>1

Now it is known that for an absolutely continuous function the dis-
tributional derivative and the usual derivative coincide almost every-
where [11], p.5, corollary 1.1. We conjecture that the ordinary derivative
of J coincides with (17) at every point where the series

Z P (g) — % (18)

n
n>1
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converges. Fortunately the convergence of the series (18) has been stud-
ied in the literature [6], [8], where it is proven that if {g;(x)};>1 is the
sequence of denominators of the convergents of the continued fraction
expansion of the irrational number z, then the series

> (19)

n>1

converges if and only if the series

Z (_1)J 111(]j+1(.’l,') (20)

= q;(x)

converges.

It is shown in [8] that the Hausdorff dimension of the divergence set
of (20) is equal to zero. If we derive (5) and replace (17) in the resulting
equation we get

This formula can also be proven rigourosly by other method if we assume
the convergence of both series.

In [1] it is proven the following theorem

Theorem 2. Let

4,00 = [ y (z) f(w) da
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be considered as an operator on L*(0,1). Then RH holds iff KerA, =0
oriff h ¢ R(A,), where h(x) = z,Vx € [0,1].

By a result of Sebestyén [10], h € R(A,) iff there is a constant
myp, > 0 such that

| <é,h > <mu]Ap0l, Yo € L2(0,1) (22)

If ¢ is real one can show that

HA;¢||2 = 2/01 /Ou o(u)o(v) {uJ (%) +v— uv} dv du (23)

Therefore RH holds iff one can find a sequence {¢,},>1 in L*(0,1)
such that

zm' < p,h >
| A% |

The relation (24) could be amenable to numerical experimentation.

(24)
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Resumen

Se repasan algunas propiedades de la funcién de correlacién de Beurl-
ing, que sirven para expresar ciertas propiedades de la funcion zeta de
Riemann.
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cionales y condicion diofantica para diferenciabilidad.
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